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ABSTRACT

Let G ⩽ Sym(Ω) be a permutation group on a finite set Ω. A base for G is a subset of Ω with
trivial pointwise stabiliser, and the minimal size of a base is called the base size of G, denoted
b(G). This classical invariant has found a wide range of applications and connections, attracting
significant attention since the early years of group theory in the 19th century. Historically, there
has been a particular focus on studying base sizes for primitive groups, which can be viewed as
the basic building blocks of all finite permutation groups, and this still remains a very active area
of research.

In the 1990s, Jan Saxl initiated a project with the ultimate goal of classifying the primitive
groups G with b(G)= 2. In order to study the bases for these groups, Burness and Giudici defined
the Saxl graph of G, where the vertex set is Ω, and two vertices are adjacent if they form a base.
This opened up a new direction of studying the graph-theoretical properties of the Saxl graphs of
primitive groups.

In this thesis, we focus on the study of base sizes and Saxl graphs of primitive groups. We
determine the exact base size of every primitive group of diagonal type, and this is the first
family of primitive groups arising in the O’Nan-Scott theorem for which the precise base size is
known. We also initiate the study of base sizes for product type primitive groups, focussing on the
groups with soluble point stabilisers. In addition, we extend the definition of the Saxl graph to
groups G with b(G)⩾ 3 and we study various connectivity properties of this graph for primitive
groups, including its diameter, arc-transitivity and completeness. We adopt probabilistic and
computational methods in order to establish the main theorems, which rely on a detailed analysis
of the conjugacy classes and subgroup structure of the finite almost simple groups.
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1
INTRODUCTION

1.1 Background

In this thesis, we study bases for finite permutation groups and related problems. Let G ⩽Sym(Ω)

be a permutation group on a finite set Ω of size n. Then a base for G is a subset of Ω with trivial

pointwise stabiliser, and the base size of G, denoted b(G), is the minimal size of a base for G.

For example, if Ω=V is a vector space and G =GL(V ) is the general linear group, then we have

b(G)= dimV .

This classical invariant has been studied intensively for many decades, stretching all the

way back to the early years of permutation group theory in the nineteenth century. The study of

bases has found a diverse range of applications and connections to other areas of mathematics,

including the study of relational complexity in model theory [58], and the metric dimension of

graphs [6]. Following the pioneering work of Sims [111], bases have also been used extensively

in the computational study of finite groups. For example, if ∆ is a base for G, then there is a

one-to-one correspondence between the elements of G and the pointwise images of ∆ under G (this

observation implies that b(G) ⩾ logn |G|), and hence elements of G can be stored as |∆|-tuples,

rather than |Ω|-tuples.

Historically, there has been an intense focus on studying the base sizes of finite primitive

groups (recall that a transitive permutation group is primitive if its point stabiliser is a maximal

subgroup), which can be viewed as the basic building blocks of all finite permutation groups. For

example, a classical result of Bochert from 1889 [8] shows that b(G) ⩽ n/2 if G is a primitive

group not containing An.

Two truly remarkable theorems proved in the 1980s have revolutionised the study of primitive

groups, namely the O’Nan-Scott theorem and the Classification of Finite Simple Groups (CFSG).

The former, recorded as Theorem 2.1.1 in Section 2.2.1, describes the finite primitive groups in

1



CHAPTER 1. INTRODUCTION

terms of the structure and action of the socle of the group, while the latter theorem (see Theorem

2.2.1) is widely regarded as one of the greatest mathematical achievements of the 20th century.

With these powerful tools in hand, Bochert’s bound has been significantly strengthened,

and it turns out that all primitive groups admit small bases in the sense that there is an

absolute constant c such that b(G)⩽ c logn |G| for every primitive group G. This was originally

conjectured by Pyber [106] in the 1990s and the proof was completed by Duyan et al. in [48]. It

was subsequently extended by Halasi et al. [67], who show that

b(G)⩽ 2logn |G|+24

and the multiplicative constant 2 is best possible. In fact, one can prove stronger bounds in

special cases. For example, Seress [110] proves that b(G)⩽ 4 if G is soluble, and this result was

recently extended by Burness [14], who shows that b(G)⩽ 5 if G has a soluble point stabiliser

(both bounds in [14] and [110] are best possible).

1.2 Main problems

In general, determining b(G) is a difficult problem and there are no efficient algorithms for

computing b(G), or for constructing a base of minimal size. Blaha [7] proves that determining

whether or not G has a base of size at most a given constant is an NP-complete (nondeterministic

polynomial-time complete) problem. However, determining the precise base size of a primitive

group is an interesting (and ambitious) problem, which has seen a wide range of applications.

Problem I. Determine the base size of every finite primitive group.

For example, a project initiated by Saxl in the 1990s has the ultimate goal of determining

all the primitive groups with a base of size 2 (these are the so-called base-two groups). Base-two

groups arise naturally in many other problems, including the proof of the k(GV )-conjecture [59],

the study of strong 2-generation properties of simple groups [24], the classification of extremely

primitive groups [31], and bounding the diameter of the soluble graph of an almost simple group

[29]. We will discuss this general problem in more detail in Section 2.3.

In [20], Burness and Giudici introduced the Saxl graph (named after Jan Saxl) of a base-two

permutation group G ⩽ Sym(Ω), as a tool for studying these groups. Here the vertex set is Ω

and two vertices are adjacent if and only if they form a base for G. Many new problems were

opened up to investigate the Saxl graphs of finite transitive permutation groups G with b(G)= 2,

including the connectivity, automorphisms and various invariants of the graph. We refer the

reader to [27, Section 7] for more details.

In Chapter 3, we will extend this concept by defining the following graph.

Definition. Let G ⩽Sym(Ω) be a permutation group with b(G)⩾ 2. Then the generalised Saxl

graph of G, denoted Σ(G), is the graph with vertex set Ω, with two vertices α and β adjacent if

and only if {α,β} is a subset of a base for G of size b(G).

2



1.3. MAIN RESULTS

For the remainder of this chapter, let Σ(G) be the generalised Saxl graph of a permutation

group G ⩽Sym(Ω) with b(G)⩾ 2. Clearly, Σ(G) is vertex-transitive if G is transitive on Ω, and

it is connected if G is primitive. An intriguing conjecture [20, Conjecture 4.5] of Burness and

Giudici asserts that if G is a primitive base-two group then any two vertices in Σ(G) have a

common neighbour. We extend this conjecture to general primitive groups as follows.

Conjecture II. Let G ⩽ Sym(Ω) be a primitive group with b(G) ⩾ 2. Then any two vertices in

Σ(G) have a common neighbour.

We will also consider the following two problems concerning the generalised Saxl graphs.

Problem III. Classify the primitive groups G such that Σ(G) is G-arc-transitive.

Problem IV. Classify the primitive groups G such that Σ(G) is a complete graph.

We refer the reader to Section 3.3 for more detailed discussion on these problems.

1.3 Main results

The main results in this thesis are selected from the following papers

T.C. Burness and H.Y. Huang, On base sizes for primitive groups of product type, J.

Pure Appl. Algebra 227 (2023), Paper No. 107228, 43 pp.

T.C. Burness and H.Y. Huang, On the Saxl graphs of primitive groups with soluble

stabilisers, Algebr. Comb. 5 (2022), 1053–1087.

S.D. Freedman, H.Y. Huang, M. Lee and K. Rekvényi, On the generalised Saxl graphs

of permutation groups, submitted (2024), arXiv:2410.22613.

H.Y. Huang, Base sizes of primitive groups of diagonal type, Forum Math. Sigma 12
(2024), Paper No. e2, 43 pp.

which are [26], [27], [52] and [71] respectively.

We first focus on Problem I, and we will give a complete answer for the family of diagonal

type primitive groups (this will be presented in Chapter 5). Here

(1.3.1) Tk P G ⩽ Tk.(Out(T)×Sk)⩽Sym(Ω)

for some non-abelian simple group T and integer k ⩾ 2, where Ω can be identified with the cosets

[Tk : D] of the diagonal subgroup D of Tk, and the subgroup P ⩽ Sk induced by the action of G

on the k factors of Tk is either primitive, or (k,P)= (2,1). An earlier paper of Fawcett [51] from

2013 determines the base size of G up to one of two possible values (see Theorem 5.2.3). However,

determining the precise base size is challenging, and a new approach is required. This will be
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discussed in Chapter 5 in further detail, where we resolve Problem I for diagonal type primitive

groups in full generality (a precise statement will be given in Theorem 5.1).

In terms of the O’Nan-Scott theorem, this is the first family of primitive groups for which the

exact base sizes have been computed in all cases.

Theorem A. Let G ⩽Sym(Ω) be a finite primitive group of diagonal type. Then b(G) is known.

Next let us turn to the primitive groups of product type. Here

(1.3.2) Tk P G ⩽ L ≀P

for some primitive group L ⩽Sym(Γ) with socle T and some transitive group P ⩽ Sk, and Ω can

be identified with the Cartesian product Γk. We refer the reader to Section 6.2.2 for the formal

definition of a product type primitive group. In particular, we may assume L is either almost

simple or of diagonal type.

Base sizes for product type groups of the form G = L ≀P have been considered by Bailey and

Cameron [6]. Indeed, they describe b(L ≀P) in terms of the number of regular L-orbits on Γm

for some integer m, and the so-called distinguishing number of P in its action on {1, . . . ,k} (see

Section 6.2.1). We refer the reader to Theorem 6.2.6 for this result.

As one might expect, there is a natural distinction to make in the study of Problem I between

the full wreath product L ≀P and its proper (primitive) subgroups. The analysis of bases in the

latter setting is significantly more difficult and there are very few (if any) existing results in the

literature that are tailored to this particular situation. In Chapter 6 we will take the first step

towards developing a general theory in this direction, and we will establish the following result

(see Theorem 6.6 for a more detailed statement).

Theorem B. Let G ⩽ L ≀P be a product type primitive group as in (1.3.2), where k = b(L) = 2,

P ⩽G and G has soluble point stabilisers. Then b(G) is known.

Next, we discuss our main results concerning the generalised Saxl graphs of primitive groups.

The first theorem studies Conjecture II for almost simple primitive groups.

Theorem C. Let G ⩽ Sym(Ω) be an almost simple primitive group with socle T. Then any two

vertices in Σ(G) have a common neighbour if one of the following holds:

(i) T is a sporadic simple group and b(G)⩾ 3.

(ii) G has soluble point stabilisers.

We are also able to establish Conjecture II for the almost simple groups G with socle L2(q),

except for one difficult case where the point stabilisers have a particular structure (see Theorem

4.2(i)), which we leave as an open problem. In particular, since the latter case only occurs when

G >L2(q), we deduce that Conjecture II holds for all primitive actions of L2(q).
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We will also establish Conjecture II for some base-two primitive groups of diagonal and

twisted wreath types. See Theorems 5.6 and 5.9.1, respectively.

Now we turn to Problem III, which involves determining the groups G such that Σ(G) is a

G-arc-transitive graph. We will resolve this problem for the diagonal type primitive groups in

Chapter 5 (see Theorem 5.3).

Theorem D. The diagonal type primitive groups G as in (1.3.1) such that Σ(G) is G-arc-transitive

are classified.

We are also able to resolve this problem for the groups with socle L2(q) apart from the

aforementioned special case (see Theorem 4.3 for more details). We refer the reader to Theorem

5.9.2 for a partial result on Problem III for primitive twisted wreath products.

Let reg(G) be the number of regular G-orbits on Ωb(G), with the componentwise action of

G. Then reg(G) ⩾ 1, and the equality implies that Σ(G) is G-arc-transitive (see Lemma 3.2.5).

With this observation in mind, we are also interested in classifying the primitive groups G with

reg(G)= 1. The following result is a simplified version of Theorem 4.5.

Theorem E. The almost simple primitive groups G with soluble point stabilisers and reg(G)= 1

are classified.

Finally, we present our main result on Problem IV, which concerns classifying the groups G

such that Σ(G) is a complete graph (see Theorem 4.6).

Theorem F. The primitive groups G with socle L2(q) such that Σ(G) is a complete graph are

classified.

We will also give partial solutions to Problem IV for almost simple groups with sporadic socle

and diagonal type groups. See Proposition 4.4.1 and Theorem 5.4, respectively.

Remark. In this thesis, we mainly focus on the problems discussed in Section 1.2, and we have

a particular interest in the following families of primitive groups:

(a) groups with socle L2(q);

(b) almost simple groups with sporadic socle;

(c) almost simple groups with soluble point stabilisers;

(d) diagonal type groups as in (1.3.1);

(e) product type groups as in (1.3.2) with soluble point stabilisers.

5
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Groups Problem I Conjecture II Problem III Problem IV
(a) 4.1 , 4.2(i) 4.3 4.6 ,
(b) [30, 104] , [20, Section 6], 4.2(ii) 4.4.1
(c) [14] , 4.2(iii) , 4.5
(d) 5.1 , 5.6 5.3 , 5.4
(e) 6.1, 6.6, 6.6.11 6.2

Table 1.1: Road map of the results

For these groups, Table 1.1 gives a brief road map of the results concerning Problems I, III, IV

and Conjecture II. In the table, a happy face , is given if the problem is completely resolved

for the relevant groups (see the corresponding reference). The cases that remain open (that is,

without , or even blank (which means partial results are given, or no progress so far) in Table

1.1) will be the subject of future work.

1.4 Methods

Let us briefly discuss the methods we will use to establish our main theorems.

In general, it is difficult to construct a base of “small” size. To overcome this difficulty, we

will adopt a widely used probabilistic method for studying bases, which was first introduced by

Liebeck and Shalev in 1999 [96]. Suppose G ⩽ Sym(Ω) is a transitive permutation group with

point stabiliser H. For a positive integer c, define

Q(G, c)= |{(α1, . . . ,αc) ∈Ωc :
⋂

i Gαi ̸= 1}|
|Ω|c ,

which is the probability that a uniformly random c-tuple of points in Ω is not a base for G. Note

that Q(G, c)< 1 if and only if b(G)⩽ c.

An upper bound on Q(G, c) can be obtained by estimating the fixed point ratios of prime

order elements in G with respect to their action on Ω. More precisely, let fpr(x) be the probability

that x ∈G fixes a randomly chosen element of Ω. In view of [91, Lemma 2.5], we have fpr(x) =
|xG ∩H|/|xG |, and it is straightforward to show that

Q(G, c)⩽
k∑

i=1
|xG

i | · fpr(x)c =
k∑

i=1

|xG
i ∩H|c
|xG

i |c−1
=: Q̂(G, c),

where {x1, . . . , xk} is a complete set of representatives of the conjugacy classes of prime order

elements in G. In particular, b(G) ⩽ c if Q̂(G, c) < 1. One can observe from the definition of

Q̂(G, c) that the study of prime order elements and their conjugacy classes plays a central role in

applying this method. Indeed, this approach turns out to be effective when G is an almost simple

primitive group thanks to a series of works on estimating the fixed point ratios (for example,

[15–18, 22, 82, 91, 96]).
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The same approach can also be applied to study the generalised Saxl graph Σ(G). Intuitively,

if the probability Q(G,b(G)) is “small”, then there are “many” bases of size b(G), and so Σ(G) has

“many” edges. For example, if Q̂(G,b(G)) < 1/2 (and so Q(G,b(G)) < 1/2), then any two vertices

in Σ(G) have a common neighbour (see Lemma 3.2.6(i)). This was first observed in [20] for the

original Saxl graphs, and it will be one of our key tools in the study of Conjecture II.

We also introduce and apply probabilistic methods in the proof of Theorem A for diagonal

type groups in Chapter 5. Here G is as in (1.3.1), and we will show that

b(G)= 2 if there exists a subset S of T of size k such that Hol(T,S)= 1,

where Hol(T,S) is the setwise stabiliser of S in the holomorph Hol(T)= T:Aut(T) of T (the precise

action of Hol(T) on T will be discussed in Section 5.3). Given this observation, we will bound the

probability that a uniformly random k-subset of T has trivial setwise stabiliser in Hol(T). This

will be introduced and discussed in Section 5.4.1.

Computational methods also play an important part in our study of bases and generalised

Saxl graphs. We refer the reader to Section 4.2 for more details.
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PRELIMINARIES

In this chapter we will introduce the relevant background for our work in Chapters 3–6. In

Sections 2.1 and 2.2 we will present some preliminary material on permutation groups and

simple groups, highlighting the O’Nan-Scott theorem on the structure of primitive permutation

groups and the Classifications of Finite Simple Groups. Some of the earlier work on bases for

primitive groups will be presented in Section 2.3. Finally, we present a powerful probabilistic

method for studying bases in Section 2.4.

Let us first set up the notation we will use in this thesis, which is all fairly standard. More

specifically, let n, m be positive integers and let G, H be groups. Then

[n] is the set {1, . . . ,n} or an unspecified group of order n (this should not cause any confusion)

(n,m) is the greatest common divisor of n and m

logn = log2 n

Cn, or sometimes n, is the cyclic group of order n

Gn is the direct product of n copies of G

G# is the set of non-identity elements of G

G×H is the direct product of G and H

G.H is an unspecified extension of G by H

G:H is an unspecified semidirect product of G by H

G ≀H is the wreath product Gn:H, where H ⩽ Sn permutes the components of Gn

[G : H] is the set of right cosets of a subgroup H of G

xg is the conjugate g−1xg for x, g ∈G, and xG is the G-conjugacy class of x

im(G) is the number of elements of order m in G

9
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Moreover, if G ⩽Sym(Ω) is a permutation group and ∆⊆Ω, then

αg is the image of α ∈Ω under g ∈G

αG is the orbit of G containing α

Gα is the point stabiliser of α in G

G(∆) is the pointwise stabiliser of ∆ in G

G{∆} is the setwise stabiliser of ∆ in G

We adopt the standard notation for simple groups of Lie type from [80].

2.1 Permutation groups

Let G ⩽Sym(Ω) be a permutation group on a finite set Ω. An orbit αG of G is the set of images of

α under G. That is,

αG = {αg : g ∈G}.

On the other hand, the point stabiliser of α, denoted Gα, is the subgroup of elements in G fixing

α, so

Gα = {g ∈G :αg =α}.

By the orbit-stabiliser theorem, we have

|G| = |Gα| · |αG |.

In particular, the orbit αG is called regular if Gα = 1 (or equivalently, |αG | = |G|).
The group G is called transitive if there is a unique G-orbit on Ω. In this setting, the point

stabilisers are G-conjugate subgroups, and the action of G on Ω is equivalent to its action on the

set of right cosets [G : Gα] given by right multiplication

(Gαx)g =Gαxg

for any x, g ∈ G. Thus, we can identify the set Ω with the right cosets [G : H] for some point

stabiliser H.

From now on, we assume G is transitive on Ω and H =Gα is a point stabiliser. An orbit of H

on Ω is called a suborbit of G. Clearly, {α} is a suborbit of G. If Ω\{α} is a suborbit of G, then G

is said to be 2-transitive. The classification of finite 2-transitive groups has been completed in

[69, 73], and this relies on the Classification of Finite Simple Groups (see Theorem 2.2.1 below).

In this thesis, we are mainly interested in primitive permutation groups, which can be

viewed as the basic building blocks of all finite permutation groups. Precisely, a transitive group

G ⩽Sym(Ω) is called primitive if its point stabiliser H is a maximal subgroup of G. In particular,

any 2-transitive group is primitive.

10
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Type Description
I Affine: G =V :H ⩽AGL(V ), H ⩽GL(V ) irreducible
II Almost simple: T ⩽G ⩽Aut(T)
III Diagonal type: Tk ⩽G ⩽ Tk.(Out(T)×P), P ⩽ Sk primitive, or k = 2, P = 1
IV Product type: G ⩽ L ≀P, L primitive of type II or III, P ⩽ Sk transitive
V Twisted wreath product: G = Tk:P, P ⩽ Sk transitive

Table 2.1: The five families of finite primitive groups in the O’Nan-Scott theorem

There is another way to define the primitive groups. A subset B of Ω is called a block if

Bg ∩B = B or ; for any g ∈ G. If B is a block, then the set BG of images of B under G is a

G-invariant partition of Ω, which is said to be a block system of G. Note that B is a block if B =Ω
or |B| = 1, and the associated block systems are the so-called trivial block systems. The group

G is primitive if and only if the only block systems are the trivial ones. This is due to the fact

that Gα <G{B} <G if α ∈ B and BG is a non-trivial block system, where G{B} denotes the setwise

stabiliser of B.

One of the key tools for studying the finite primitive groups is the O’Nan-Scott theorem from

the 1980s. Following [88], this theorem divides the primitive groups into five families, as briefly

described in Table 2.1 (in the table, T denotes a non-abelian finite simple group).

Theorem 2.1.1 (O’Nan-Scott). Suppose G is a finite primitive permutation group. Then G is of

one of the types described in Table 2.1.

We will discuss the structures of the groups of types III and IV in more detail in Chapters 5

and 6, respectively. For more information on twisted wreath products, we refer the reader to [5].

2.2 Simple groups

The study of finite simple groups has a wide range of applications in many areas of mathematics.

The O’Nan-Scott theorem makes it clear that understanding the finite simple groups plays a

central role in the study of primitive groups, especially the almost simple primitive groups. In fact,

many problems concerning the primitive groups of other types can often be reduced to questions

concerning simple groups (for example, see Lemma 5.3.1 in Chapter 5). In this section, we briefly

introduce the finite simple groups, highlighting the Classification Theorem, their automorphisms,

subgroup structure and conjugacy classes. Throughout, let T be a non-abelian finite simple group.

2.2.1 The finite simple groups

The Classification of Finite Simple Groups (CFSG) is widely regarded as one of the greatest math-

ematical achievements of the 20th century, which has revolutionised the study of permutation

groups in recent years. The classification is stated as below.

11
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Theorem 2.2.1 (CFSG). Let T be a non-abelian finite simple group. Then T is isomorphic to one

of the following groups:

(i) an alternating group An with n⩾ 5;

(ii) a classical group defined over a finite field Fq:

(a) linear: Ln(q) with n⩾ 2, except L2(2) and L2(3);

(b) unitary: Un(q) with n⩾ 3, except U3(2);

(c) symplectic: PSpn(q) with n⩾ 4 even, except PSp4(2);

(d) orthogonal: Ωn(q) with n⩾ 7 odd and q odd, or PΩε
n(q) with ε ∈ {+,−} and n⩾ 8 even;

(iii) an exceptional group of Lie type defined over a finite field Fq: G2(q) (q ⩾ 3), F4(q), E6(q),

E7(q), E8(q), 3D4(q), 2E6(q), 2B2(22n+1) (n ⩾ 1), 2G2(32n+1) (n ⩾ 1), 2F4(22n+1) (n ⩾ 1),
2F4(2)′;

(iv) a sporadic group: M11, M12, M22, M23, M24, J1, J2, J3, J4, Co1, Co2, Co3, McL, HS, He, HN,

Suz, Fi22, Fi23, Fi′24, Ru, Ly, O′N, Th, B, M.

Moreover, all the groups listed above are simple.

Remark 2.2.2. Throughout this thesis, we will assume n ⩾ 3 if T = Un(q), n ⩾ 4 is even if

T = PSpn(q), and n ⩾ 7 if T = PΩε
n(q). We will sometimes write Ln(q) = L+

n(q), Un(q) = L−
n(q),

E6(q)= E+
6 (q) and 2E6(q)= E−

6 (q). For the remainder of this section, if not specified otherwise,

we will also exclude the groups

(2.2.1) L2(4), L2(5), L2(9), L3(2), L4(2), U4(2), Sp4(2)′, G2(2)′, 2G2(3)′

as each of them is isomorphic to one of the following groups (see [80, Proposition 2.9.1 and

Theorem 5.1.1]):

A5, A6, A8, L2(7), L2(8), U3(3), PSp4(3).

2.2.2 Automorphisms

A finite group is called almost simple if its socle (the product of its minimal normal subgroups) is

non-abelian simple. Equivalently, a finite group G is almost simple if and only if

T P G ⩽Aut(T)

for some non-abelian simple group T (so T is one of the groups described in Theorem 2.2.1).

To understand the almost simple groups, we first need to determine the automorphism groups

of the non-abelian simple groups. If T = An, then Aut(T)= Sn apart from the case where n = 6,

12
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T Out(T) Conditions
Ln(q) C(n,q−1):(C f ×C2) n > 2

C(2,q−1) ×C f n = 2
Un(q) C(n,q+1).C2 f
PSpn(q) C2.C f p ̸= 2

C f .C2 p = 2, n = 4
C f p = 2, n > 4

Ωn(q) C2.C f nq odd
PΩ+

n (q) C2
(2,q−1).C f .S3 n = 8

C2
(2,q−1).C f .C2 n > 8, n ≡ 0 (mod 4)

C(4,qn/2−1).C f .C2 n ≡ 2 (mod 4)
PΩ−

n (q) C(4,qn+1).C2 f
2B2(q) C f
2G2(q) C f
2F4(q) C f q > 2
2F4(2)′ C2
3D4(q) C3 f
G2(q) C f p ̸= 3

C f .C2 p = 3
F4(q) C f p ̸= 2

C f .C2 p = 2
E6(q) C(3,q−1).C f .C2
2E6(q) C(3,q+1).C2 f
E7(q) C(2,q−1).C f
E8(q) C f

Table 2.2: Automorphism groups of the simple groups of Lie type

and we have Aut(A6) = A6.22 ∼= PΓL2(9) (see [121, Section 2.4]). For sporadic groups, we have

|Out(T)|⩽ 2, with equality if and only if T is one of the following groups:

M12, M22, HS, J2, McL, Suz, He, HN, Fi22, Fi′24, O′N and J3.

If T is a finite simple group described in parts (ii) and (iii) of Theorem 2.2.1, we say T is of Lie

type. A classical theorem of Steinberg [116, Theorem 30] asserts that the automorphism group

Aut(T) of a finite simple group of Lie type T is generated by Inn(T)∼= T and its diagonal, field and

graph automorphisms (see the terminology from [60, Theorem 2.5.1]). We record the structure of

Out(T)=Aut(T)/T in Table 2.2 from the relevant information in [121] (in the table, T is a finite

simple group of Lie type defined over Fq of characteristic p, and f = logp q, noting that we exclude

the groups listed in (2.2.1)).

Example 2.2.3. Let T =Ln(q) be a simple linear group as in Theorem 2.2.1(ii)(a), where q = p f

for some prime p, and let V = Fn
q be the natural module for T. Fix a basis {e1, . . . , en} for V .

Define δ ∈PGLn(q) to be the image of the diagonal matrix diag(1, . . . ,1,λ) ∈GLn(q), where λ is a

13
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T Inndiag(T)
Ln(q) PGLn(q)
Un(q) PGUn(q)
PSpn(q) PGSpn(q)
Ωn(q), n odd PSOn(q)=PGOn(q)
PΩε

n(q), n even T if q is even
PSOε

n(q).2 if q is odd (see [21, p. 57])
2F4(2)′ 2F4(2)
Eε

6(q) T.(3, q−ε)
E7(q) T.(2, q−1)
Other exceptional groups T

Table 2.3: Inner-diagonal automorphism groups of the simple groups of Lie type

T 2B2(q) 2G2(q) 2F4(q)′ 3D4(q) G2(q) F4(q) Eε
6(q) E7(q) E8(q)

d 5 7 26 28 14 52 78 133 248

T Lε
n(q) PSpn(q) PΩε

n(q)
d n2 −1 (n2 +n)/2 (n2 −n)/2

Table 2.4: The integer d for Lie type groups in Lemma 2.2.4

generator of F×q , noting that |δ| = (n, q−1) and 〈T,δ〉 =PGLn(q). We also define φ to be the field

automorphism of order f such that (a1e1 +·· ·+anen)φ = ap
1 e1 +·· ·+ap

nen for all ai ∈ Fq, and we

write PΣLn(q)= 〈T,φ〉 and PΓLn(q)= 〈T,δ,φ〉. In fact, the latter group is equal to Aut(T) if n = 2.

For the groups with n > 2, the inverse-transpose map on SLn(q) induces an automorphism γ of

T of order 2, which is called a graph automorphism. Then Aut(T)= 〈T,δ,φ,γ〉 and PΓLn(q) is a

subgroup of Aut(T) of index 2.

For a simple group T of Lie type, the group of inner-diagonal automorphisms, denoted

Inndiag(T), is the subgroup of Aut(T) generated by T and the diagonal automorphisms (see [60,

Theorem 2.5.1(b) and Definition 2.5.10(d)]). Following [60, Theorem 2.5.12(c)], we record the

precise structure of Inndiag(T) in Table 2.3 (once again, we exclude the groups in (2.2.1)). Here

we note that if T =PΩε
n(q) with n even and q odd, then |PSOε

n(q) : T|⩽ 2, and we refer the reader

to [21, p. 57] for the precise condition on when the equality holds.

Next we present [71, Lemma 2.10].

Lemma 2.2.4. Suppose T is a finite simple group of Lie type and let d be the integer defined in

Table 2.4. Then 1
2 qd < |Inndiag(T)| < qd.

Proof. This is [16, Proposition 3.9(i)] when T is a classical group, and the bounds for exceptional

groups are clear (see [121, Chapter 4] for |T|). ■
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From Lemma 2.2.4 and Tables 2.2, 2.3, we immediately deduce the following lemma, which is

[51, Lemma 4.8] (note that the statement for alternating and sporadic groups is straightforward).

Lemma 2.2.5. If T is a non-abelian finite simple group, then |Out(T)| < |T|1/3.

The following result was originally Schreier’s conjecture, which can be deduced from CFSG

immediately.

Lemma 2.2.6. If T is a non-abelian finite simple group, then Out(T) is soluble.

2.2.3 Subgroup structure

The problem of determining the (core-free) maximal subgroups of almost simple groups has

a long history, finding many applications. For example, recall that if G ⩽ Sym(Ω) is primitive,

then H = Gα is a (core-free) maximal subgroup. The ultimate goal here is to classify all the

maximal subgroups of a given almost simple group up to conjugacy (equivalently, to classify all

the primitive permutation representations of a given almost simple group, up to permutation

isomorphism).

Let G be an almost simple group with socle T, so T is isomorphic to one of the groups recorded

in Theorem 2.2.1.

2.2.3.1 Sporadic groups

If T is a sporadic group, then the complete list of maximal subgroups of G, up to conjugacy, is

given in the survey article [120] if T ̸=M, and an almost complete list of maximal subgroups of

the Monster group M is given in the same article. This information can also be found in the Web

ATLAS [123]. Recently, the result was extended to a complete list of maximal subgroups of M [45].

2.2.3.2 Alternating and symmetric groups

Next, let us turn to the case where T = An is an alternating group, so G = An or Sn unless n = 6.

In this setting, a variation of the O’Nan-Scott theorem determines all the maximal subgroups of

G, apart from an unspecified collection of almost simple subgroups (see part (iii)(d) of the theorem

below). To be precise, we record the theorem for G = Sn (typically, the maximal subgroups of An

arise as H∩An with H < Sn maximal), which can be found in [3, p. 79]. Recall that [n]= {1, . . . ,n}.

Theorem 2.2.7. Suppose G = Sn with n ⩾ 5, and let H be a core-free maximal subgroup of G.

Then one of the following holds:

(i) H = Sk ×Sn−k is intransitive on [n], where 1⩽ k < n/2;

(ii) H = Sa ≀Sb is imprimitive on [n], where ab = n with a,b ⩾ 2;

(iii) H is one of the following primitive groups on [n]:
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(a) H =AGLd(p), where p is a prime, d ⩾ 1 and n = pd;

(b) H = Sa ≀Sb, where n = ab with a⩾ 5 and b ⩾ 2;

(c) H = Rk.(Out(R)×Sk) for some non-abelian simple group R, where n = |R|k−1 and

k ⩾ 2;

(d) H is an almost simple group.

Conversely, the maximality of subgroups lying in classes (i), (ii) and (iii)(a)–(c) are determined

in [89]. Now let us briefly comment on the unspecified collection (iii)(d). As discussed in [89],

The general problem of listing all the maximal subgroups of An and Sn for all degrees

n remains intractable, since it involves essentially finding all primitive permutation

representations of all almost simple groups.

Indeed, if X is an almost simple group and Y is a core-free maximal subgroup of X with |X : Y | = n,

then the action of X on [X : Y ] embeds X in Sn. Thus, to study the groups in (iii)(d) (before even

trying to determine the maximality in Sn), we would essentially need to know all of the maximal

subgroups of all almost simple groups, up to conjugacy, which seems to be a non-achievable goal.

In some special cases, the maximal subgroups of An and Sn are completely determined, up to

conjugacy (for example, when n is odd [76, 92]).

2.2.3.3 Classical groups

Now let G be a classical group defined over a finite field Fq of characteristic p, and let V be the

natural module of G with n = dimV . The main theorem here on the subgroup structure of these

groups is Aschbacher’s theorem [2]. Indeed, Aschbacher defined 9 collections of subgroups of G,

namely C1, . . . ,C8 and S , as roughly described in Table 2.5, and he proved that any core-free

maximal subgroup of G is contained in a member of one of the collections (apart from the groups

with T = PΩ+
8 (q)). We refer to [80, Section 1.2] for a more detailed description of these classes.

Here an unspecified collection is the class S of absolutely irreducible almost simple subgroups.

As discussed above, listing all maximal subgroups lying in S for all classical groups is not

achievable, since it involves determining the degrees of all absolutely irreducible representations

of all almost simple groups.

Later on, Kleidman and Liebeck [80] dealt with the maximality and conjugacy of the sub-

groups in C i for n ⩾ 13, and Bray, Holt and Roney-Dougal [11] completely determined the

maximal subgroups, up to conjugacy, of every classical group with n⩽ 12 (this extends several

earlier works; for example, work of Dickson [44] for L2(q) from 1901). To summarise, let us record

these results on the maximal subgroups of classical groups.

Theorem 2.2.8. Suppose G is an almost simple classical group with socle T. Let H be a core-free

maximal subgroup of G. Then the following hold:
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Class Rough description
C1 Stabilisers of proper nonzero subspaces
C2 Stabilisers of direct sum decompositions V =⊕m

i=1 Vi, where dimVi = n/m
C3 Stabilisers of extension fields of Fq of prime degree
C4 Stabilisers of tensor product decompositions V =V1 ⊗V2
C5 Stabilisers of subfields of Fq of prime index
C6 Normalisers of symplectic-type r-groups, where r ̸= p is a prime
C7 Stabilisers of tensor product decompositions V =⊗m

i=1 Vi, where n = (dimVi)m

C8 Classical subgroups (stabilisers of non-degenerate classical forms on V )
S Absolutely irreducible almost simple subgroups

Table 2.5: The Aschbacher subgroup collections

(i) H ∈C i for some i, or H ∈S .

(ii) The group-theoretic structure of each H ∈C i is known.

(iii) The conjugacy amongst the members of C i is known.

(iv) For n⩽ 12, the group-theoretic structure and conjugacy of each H ∈S is known.

In this thesis, we will refer to the type of a maximal subgroup of a classical group, which is

consistent with its usage in [80, Section 3.5]. This provides an approximate description of the

structure of the maximal subgroup and can be viewed as a refinement of the classes recorded in

Table 2.5. For example, if T =Ln(q) then a maximal subgroup of type Pm is a maximal parabolic

subgroup that stabilises an m-dimensional subspace of the natural module V . For n⩾ 3, we also

use Pm,n−m to denote the stabiliser of a flag of subspaces 0<Vm <Vn−m <V , where m < n/2 and

dimVi = i, which is a maximal subgroup of G only if G is not a subgroup of PΓLn(q). Both groups

fall into the class C1. For details, see the tables in [80, Section 3.5].

2.2.3.4 Exceptional groups

Finally, assume T is an exceptional group defined over Fq of characteristic p.

If T ∈ {2B2(q),2G2(q),3D4(q),2F4(q)′} then the maximal subgroups of G are known, up to

conjugacy. See [117] for T = 2B2(q), [78] for 2G2(q), [79] for 3D4(q), [99] for 2F4(q) with q > 2, and

[118, 122] for 2F4(2)′.
Now assume T ∈ {G2(q),F4(q),Eε

6(q),E7(q),E8(q)}. Let X be the ambient simple algebraic

group over the algebraic closure of Fq and σ be an appropriate Steinberg endomorphism. Note

that Xσ = Inndiag(T). As summarised in [95, Theorem 2] (see also [31, Theorem 5.1]), if H is a

core-free maximal subgroup of G then one of the following holds:

(i) H = NG(Mσ), where M is a maximal closed σ-stable positive dimensional subgroup X ;
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(ii) H is a subfield subgroup (possibly twisted);

(iii) H is an exotic local subgroup (the normaliser of an r-subgroup with r ̸= p);

(iv) H is a Borovik subgroup [9] (T = E8(q), p > 5 and H∩T = (A5 × A6).22);

(v) H is an almost simple group which is not of type (i) or (ii).

In fact, the maximal subgroups in the collections (i)–(iv) have been determined up to conjugacy

(see [9, 39, 93, 95]). It is worth noting that, apart from the groups with T = E7(q) or E8(q), the

maximal subgroups of G lying in (v) have been completely determined up to conjugacy through

the work of numerous authors. In particular, we refer the reader to [38, 78] for the groups with

T =G2(q), and the recent paper of Craven [41] for the groups with T = F4(q) or Eε
6(q). For the

groups with T = E7(q) or E8(q), there is a short list of candidates of maximal subgroups in (v)

(for example, see [42] for E7(q)).

2.2.4 Conjugacy classes

The conjugacy classes in Sn and An are well-understood. Indeed, it is easy to show that the

conjugacy classes of Sn are determined by the cycle type of elements. Moreover, the conjugacy

class of an even permutation of Sn splits into two equal size conjugacy classes of An if and only if

its cycle type consists of distinct odd integers (see [121, Section 2.3.2]).

If G is an almost simple sporadic group, then the conjugacy classes of G can be read off from

its character table, which can be found in the Web ATLAS [123] and accessed computationally via

the GAP Character Table Library [12].

Now assume T is a finite simple group of Lie type defined over Fq of characteristic p, recalling

that Inndiag(T) is the group generated by T and its diagonal automorphisms. Let x ∈ Inndiag(T)

be of order m. The element x is called semisimple if (m, p)= 1, and it is called unipotent if m is a

p-power. Roughly speaking, for a classical group with natural module V , the conjugacy classes of

semisimple elements are distinguished by the multiset of eigenvalues of an appropriate lift of x

in GL(V ) over a suitable field extension of Fq, and the conjugacy classes of unipotent elements

are identified by the corresponding Jordan canonical form on V (so they are closely related to the

partitions of n = dimV ).

In order to apply the probabilistic methods briefly discussed in Chapter 1, we need detailed

information on the conjugacy classes of prime order elements in Aut(T). Assume x ∈ Aut(T) is

of prime order r. If x ∈ Inndiag(T), then x is semisimple if p ̸= r, otherwise x is unipotent. And

if x ∉ Inndiag(T), then x is a field, graph or graph-field automorphism (and if x is a graph or

graph-field automorphism, then r ∈ {2,3}). See [21, Chapter 3] and [60, Section 2.5] for more

details.

Estimating |CInndiag(T)(x)| for an element x ∈ Aut(T) of prime order plays a central role in

efficiently applying the probabilistic methods, noting that |xG | = |G : CG(x)| for G ⩽Aut(T). We
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refer the reader to [94] and [97] for |CInndiag(T)(x)| when x is a unipotent or semisimple element

of an exceptional group, respectively. For classical groups, this information is given precisely in

[21, Chapter 3].

2.3 Bases and regular orbits

In this section, we introduce the study of base sizes for finite permutation groups.

Let G ⩽Sym(Ω) be a permutation group on a finite set Ω of size n. Recall that a base for G is

a subset of Ω with trivial pointwise stabiliser. Note that any subset of Ω containing a base is also

a base, so it is natural to consider the minimal size of a base for G, which is called the base size

of G and denoted b(G). Equivalently, if G is transitive with point stabiliser H, then b(G) is the

smallest number b such that the intersection of some b conjugates of H in G is trivial.

Let us introduce another equivalent definition of b(G). Note that if {α1, . . . ,αc} is a base for G,

then the tuple

(α1, . . . ,αc) ∈Ωc

is in a G-regular orbit on Ωc with respect to the componentwise action of G. Thus, we have

b(G)=min{c ∈N : G has a regular orbit on Ωc}.

Let reg(G) be the number of regular G-orbits on Ωb(G), noting that reg(G) ⩾ 1. Determining

reg(G) is interesting in its own right, and it also arises naturally in the study of base sizes of

groups with product action structures (for example, see Theorem 6.2.6). In this thesis, we will

also be interested in determining the groups attaining the extremal case where reg(G)= 1 (see

Section 3.3.2 for details).

Example 2.3.1. Suppose G = Sym(Ω) with Ω = [n], n ⩾ 2. Let ∆ be a subset of Ω. Clearly, if

|∆| = n−1 then ∆ is a base for G. Moreover, if |∆| ⩽ n−2 then there is a transposition in G

interchanging a pair of points in Ω\∆, which fixes ∆ pointwise and so ∆ is not a base. This gives

b(G)= n−1, and since G is (n−1)-transitive (that is, G is transitive on the set of (n−1)-tuples of

distinct elements in Ω), we have reg(G)= 1.

Example 2.3.2. Let V be a finite vector space, Ω=V \{0} and G =GL(V ) is the general linear

group. Then a subset ∆ of Ω is a base for G if and only if ∆ spans the vector space V . In particular,

we have b(G)= dimV , and one can see that reg(G)= 1 (since G act transitively on the set of bases

for V ).

Example 2.3.3. Let G = D2n be a dihedral group with n⩾ 3, and consider its natural action on

the set Ω of n points, which we identify with the set of vertices of a regular n-gon. Here a point

stabiliser is of order 2, which is generated by a reflection of the n-gon. With this observation, we

see that any pair of adjacent vertices of the n-gon form a base for G of size 2, and so b(G)= 2 (note
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that b(G)= 1 if and only if G has a regular orbit, which is not the case here). One can compute

that reg(G)= ⌈ n
2 ⌉−1.

Note that for a base ∆ for G, there is a one-to-one correspondence between the elements of

G and the pointwise images of ∆ under G. This observation yields an upper bound |G|⩽ nb(G),

which in turn gives b(G)⩾ logn |G|. At the other end of this spectrum, it is not difficult to see that

b(G)⩽ log |G| as

G >Gα1 >G(α1,α2) > ·· · >G(α1,...,αb(G)) = 1,

where {α1, . . . ,αb(G)} is a base for G. In general, however, determining b(G) is a difficult problem

and there are no efficient algorithms for computing b(G), or for constructing a base of minimal

size. Indeed, Blaha [7] proves that determining whether G has a base of size at most a given

constant is an NP-complete problem.

The study of base sizes for primitive groups has a long history, stretching all the way back to

the nineteenth century, and this remains a very active area of research. The earliest result in this

direction might be work of Bochert in 1889 [8], which shows that b(G)⩽ n/2 if G is a primitive

group not containing An. Improvements to this bound have been made since then, especially

after CFSG and in terms of the O’Nan-Scott theorem. For example, Halasi et al. [67] show that

b(G)⩽ 2logn |G|+24

for every primitive group G of degree n, and the multiplicative constant 2 is best possible.

Recall that the O’Nan-Scott theorem divides the finite primitive groups into five families as

described in Table 2.1. Let us briefly discuss the work on base sizes for each family in turn.

First assume G =V H =AGL(V ) is affine. In this setting, Halasi and Podoski [68] show that

b(G)⩽ 3 in the so-called coprime setting with (|V |, |H|)= 1, and Seress [110] shows that b(G)⩽ 4

if H is soluble (both bounds are best possible). The case where H is quasisimple (that is, H/Z(H)

is non-abelian simple and H is a perfect group) has been studied extensively, and the problem of

determining the exact base size has been reduced to the case where H/Z(H) is a simple group

of Lie type defined over a field of characteristic p, where p divides |V |. We refer the reader to

[83, 84] and the references therein for further details.

Now we turn to the almost simple primitive groups G with socle T. Roughly speaking, such

a group is said to be standard if T = Am and Ω is a set of subsets or partitions of {1, . . . ,m},

or T is a classical group and Ω is a set of subspaces of the natural module for T, otherwise G

is non-standard (see [19, Definition 1] for the formal definition). The base size of a standard

group can be arbitrarily large. For example, if G = PGLn(q) and Ω is the set of 1-dimensional

subspaces of Fn
q, then b(G)= n+1. For a non-standard group G, a conjecture of Cameron [33, p.

122] asserts that b(G)⩽ 7, with equality if and only if G =M24 in its natural action of degree 24.

This conjecture was proved in a sequence of papers by Burness et al. [19, 23, 28, 30]. In addition,

the precise base sizes of all primitive groups with sporadic socle are computed in [30, 104].

Recently, the base sizes of alternating and symmetric groups acting on subsets are determined in

20



2.4. PROBABILISTIC METHOD

[43] and [101], independently. By combining with earlier results [23, 103], this means that the

exact base sizes of all primitive actions of alternating and symmetric groups are known.

Partial results on the base sizes of twisted wreath products are given in [50]. For example, it

is shown that if G = Tk:P is a primitive twisted wreath product as in type V of Table 2.1, then

b(G) = 2 if P is primitive on [k]. More generally, the main results in [50] determine b(G) for

primitive twisted wreath products up to three possibilities.

The only family of primitive groups in the O’Nan-Scott theorem for which the precise base

size has been calculated in every case is the family of diagonal type groups (type III of Table 2.1).

The result is stated as Theorem A in Chapter 1, which is Theorem 3 of my paper [71], and a proof

will be given in Chapter 5. This extends an earlier work of Fawcett [51] (see Theorem 5.2.3 in

Chapter 5).

Finally, as mentioned in Chapter 1, there are very few results in the literature on calculating

b(G) when G is a product type primitive group (type IV in Table 2.1). We will discuss these groups

in Chapter 6.

2.4 Probabilistic method

Let G ⩽Sym(Ω) be a transitive permutation group on a finite set Ω with point stabiliser H. Here

we recall a powerful probabilistic approach for bounding the base size of G, which was originally

introduced by Liebeck and Shalev [96] in their proof of a conjecture of Cameron and Kantor on

bases for almost simple primitive groups.

Fix a positive integer c and let Q(G, c) be the probability that a randomly chosen c-tuple of

points in Ω does not form a base for G. That is,

(2.4.1) Q(G, c)= |{(α1, . . . ,αc) ∈Ωc :
⋂

i Gαi ̸= 1}|
|Ω|c

and we note that b(G)⩽ c if and only if Q(G, c)< 1. Clearly, a c-tuple (α1, . . . ,αc) of points in Ω is

not a base for G if and only if there exists an element x ∈G of prime order fixing each αi. Now

the probability that x fixes a randomly chosen element of Ω is given by the fixed point ratio

fpr(x)= |CΩ(x)|
|Ω| = |xG ∩H|

|xG | ,

where CΩ(x) is the set of fixed points of x on Ω and the second equality is [91, Lemma 2.5], whence

(2.4.2) Q(G, c)⩽
∑

x∈P

fpr(x)c =
k∑

i=1
|xG

i | · fpr(xi)c =: Q̂(G, c),

where P =⋃
i xG

i is the set of elements of prime order in G.

To implement this approach, one needs detailed information on the conjugacy classes of

elements of prime order in both G and H, as well as an understanding of the fusion (or contain-

ment) of H-classes in G. Moreover, the fixed point ratios of elements of prime order for almost
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simple groups have been extensively studied for many years, and this is the main ingredient for

effectively applying the probabilistic method. For example, for an almost simple group G of Lie

type defined over Fq, a result of Liebeck and Saxl [91] asserts that fpr(x)⩽ 4
3q for all non-trivial

elements x ∈G, with a small list of known exceptions. We refer the reader to [15–18, 22, 82, 96]

for more work on estimating the fixed point ratios for prime order elements of almost simple

groups.

Additionally, we will apply this method to study the base sizes of some diagonal type primitive

groups in Section 5.4.2.

In fact, by bounding Q(G, c) for c = b(G), one can also obtain a lower bound on reg(G), noting

that

Q(G,b(G))= 1− reg(G)|G|
|Ω|b(G) .

In particular, reg(G)⩾ 2 if

|Ω|b(G)(1− Q̂(G,b(G)))> |G|.

We conclude by presenting the following elementary result ([19, Lemma 2.1]), which is a

useful tool for estimating Q̂(G, c).

Lemma 2.4.1. Suppose x1, . . . , xm represent distinct G-classes such that
∑

i |xG
i ∩H| ⩽ A and

|xG
i |⩾B for all i. Then

m∑
i=1

|xG
i | · fpr(xi)c ⩽B(A/B)c

for every positive integer c.
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SAXL GRAPHS

In this chapter, we discuss the Saxl graphs of permutation groups. This concept was first in-

troduced by Burness and Giudici in [20]. Here and throughout the thesis, a permutation group

G ⩽Sym(Ω) is called base-two if b(G)= 2.

Definition. Let G ⩽ Sym(Ω) be a base-two permutation group. Then the Saxl graph Σ(G) is

defined to be the graph with vertex set Ω, and two vertices are adjacent if they form a base for G.

We will start by recalling some of the basic properties of Saxl graphs in Section 3.1, and

we will then generalise this concept in Section 3.2. In this thesis, we will focus on three main

problems concerning the generalised Saxl graphs of primitive groups, which will be presented

and discussed in Section 3.3.

3.1 Preliminaries

Throughout this section, let G ⩽Sym(Ω) be a base-two transitive group with point stabiliser H

and let Σ(G) be the Saxl graph of G.

Let us start with some basic properties of Saxl graphs recorded in [20, Lemma 2.1]. Recall

that a permutation group is Frobenius if it is not regular and no non-trivial element fixes more

than one point.

Lemma 3.1.1. The following properties hold.

(i) G ⩽Aut(Σ(G)) acts transitively on the set of vertices of Σ(G). In particular, Σ(G) is G-vertex-

transitive.

(ii) Σ(G) is connected if G is primitive.
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(iii) Σ(G) is complete if and only if G is Frobenius.

(iv) Σ(G) has valency r(G)|H|, where r(G) is the number of regular suborbits of G.

Recall that an orbital of G is a G-orbit on Ω2, and it is called regular if it has size |G|. An

orbital graph of G is a graph with vertices Ω and (α,β) is a directed edge if it is contained in a

fixed orbital of G. Note that an orbital graph of G is G-arc-transitive, and G has r(G) distinct

regular orbital graphs. The following is deduced from the observation in [20, Remark 2.2].

Lemma 3.1.2. The Saxl graph Σ(G) is the union of all the regular orbital graphs of G. In

particular, Σ(G) is G-arc-transitive if and only if r(G)= 1.

Recall from (2.4.1) that Q(G,2) is the probability that a random pair of points in Ω is not a

base for G. Observe that

(3.1.1) Q(G,2)= 1− val(G)
|Ω| = 1− r(G)|H|

|Ω| ,

where val(G) is the valency of Σ(G).

Next, we record [20, Lemma 3.6]. Recall that the clique number of a graph is the maximal

size of a complete subgraph, and a graph is Hamiltonian if it contains a cycle that visits every

vertex exactly once.

Lemma 3.1.3. Let G and H be as above, and let

t :=max{m ∈N : Q(G,2)< 1/m}.

If t⩾ 2, then Σ(G) has the following properties:

(i) any t vertices in Σ(G) have a common neighbour;

(ii) every edge in Σ(G) is contained in a complete subgraph of size t+1;

(iii) the clique number of Σ(G) is at least t+1;

(iv) Σ(G) is connected with diameter at most 2;

(v) Σ(G) is Hamiltonian.

We refer the reader to [20] for a number of examples of Saxl graphs. Here we record one of

them to conclude this section.

Example 3.1.4. Let G =PGL2(q) with q ⩾ 4, and consider the action of G on the set Ω of distinct

pairs of 1-dimensional subspaces of F2
q. Fix a point α ∈Ω, so Gα

∼= D2(q−1) is a C2-subgroup of

G (see Table 2.5), which is maximal unless q = 5. As noted in [20, Example 2.5], we see that

a point β ∈Ω is in a regular Gα-orbit if and only if |α∩β| = 1. It follows that the Saxl graph
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Figure 3.1: The Saxl graph Σ(G) with G =PGL2(4)∼= A5 and Gα
∼= D6

Σ(G) is isomorphic to the Johnson graph J(q+1,2); the vertices of this graph correspond to the

2-element subsets of a set of size q+1, with two vertices joined by an edge if they have non-empty

intersection. For example, if q = 4 then Σ(G) is isomorphic to the complement of the Petersen

graph as shown in Figure 3.1. In particular, we have r(G)= 1 and this graph is G-arc-transitive.

Even though

Q(G,2)= 1− val(G)
|Ω| = 1− 4(q−1)

q(q+1)
→ 1 as q →∞,

Σ(G) still has the property that any two vertices have a common neighbour, which can be seen

immediately from the isomorphism Σ(G)∼= J(q+1,2).

3.2 Generalised Saxl graphs

The work in this section is selected from the preprint [52], which is

S.D. Freedman, H.Y. Huang, M. Lee and K. Rekvényi, On the generalised Saxl graphs

of permutation groups, submitted (2024), arXiv:2410.22613.

Note that the definition of the Saxl graph is restricted to the base-two groups. It is natural

to seek a more general definition of the Saxl graph, which can be defined for an arbitrary

permutation group with base size at least 2.

Definition 3.2.1. Let G ⩽Sym(Ω) be a permutation group with b(G)⩾ 2. Then the generalised

Saxl graph of G, denoted Σ(G), is the graph with vertex set Ω, and two vertices α and β are

adjacent if and only if {α,β} is a subset of a base for G of size b(G).

Note that this definition coincides with that of the Saxl graph when b(G) = 2. For the

remainder of this thesis, we will use Σ(G) to denote the generalised Saxl graph of G.
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(1,1)

(2,2)

(0,2)(0,1)

(2,1)

(1,2)

(1,0) (2,0)

Figure 3.2: The graph Σ(G) when G =GL2(3) and Ω= F2
3 \{0}

Example 3.2.2. Let G ⩽Sym(Ω) with G =GL(V ) and Ω=V \{0}, where V is a finite vector space.

As noted in Example 2.3.2, we have b(G)= dimV and a subset ∆ of Ω is a base of size b(G) if and

only if ∆ is a basis for the vector space V . With this observation, we see that Σ(G) is a complete

multipartite graph, with each part corresponding to a 1-dimensional subspace of V (excluding

the zero vector). For example, if V = F2
3 then Σ(G) is shown as Figure 3.2.

The following lemma is the analogue of parts (i) and (ii) of Lemma 3.1.1 for the generalised

Saxl graphs we are considering here.

Lemma 3.2.3. Let G ⩽ Sym(Ω) be a transitive permutation group with b(G) ⩾ 2. Then the

following properties hold.

(i) G ⩽Aut(Σ(G)) acts transitively on the set of vertices of Σ(G). In particular, Σ(G) is G-vertex-

transitive.

(ii) Σ(G) is connected if G is primitive.

Proof. Part (i) is given by the fact that ∆ is a base if and only if ∆g is a base for g ∈G. Assume

G is primitive and let C be a connected component of Σ(G). Note that CG is a block system of

Ω, and hence |C| = 1 or C =Ω by the primitivity of G. The former implies that Σ(G) is an empty

graph, which is clearly impossible by the definition of Σ(G). ■

However, the statement of part (iii) of Lemma 3.1.1 does not hold for the generalised Saxl

graph Σ(G) when b(G)> 2. In fact, it turns out that the problem of classifying the groups G such
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that Σ(G) is a complete graph (when b(G)> 2) is challenging. We will return to this in Section

3.3.3.

Now assume G is transitive, so Σ(G) is G-vertex-transitive by Lemma 3.2.3(i). Let val(G) be

the valency of Σ(G). Recall from Lemma 3.1.1(iv) that val(G) = r(G)|Gα| when b(G) = 2. When

b(G) > 2, it is not easy to describe val(G), although we have the following bound. Recall that

Q(G, c) is the probability that a random c-tuple of Ω is not a base for G (see (2.4.1)).

Lemma 3.2.4. We have

1−Q(G,b(G))⩽
(

val(G)
|Ω|

)b(G)−1
.

Proof. Let k = b(G). Since G acts transitively on Ω, every element of Ω is contained in the same

number of bases of size k. Hence,

1−Q(G,k)= |{(α1, . . . ,αk) ∈Ωk :
⋂

Gαi = 1}|
|Ω|k

= |{(α2, . . . ,αk) ∈Ωk−1 :
⋂k

i=1 Gαi = 1}|
|Ω|k−1 ,

with α1 ∈Ω fixed in this final expression. Now, the set of elements of Ω that appear in a tuple in{
(α2, . . . ,αk) ∈Ωk−1 :

k⋂
i=1

Gαi = 1

}

has size val(G), which gives the required inequality. ■

Recall that reg(G) is the number of regular G-orbits on Ωb(G), with respect to the component-

wise action of G. In particular, reg(G)⩾ 1, and reg(G)= r(G) is the number of regular suborbits

of G if b(G) = 2. Recall from Lemma 3.1.2 that if b(G) = 2, then Σ(G) is G-arc-transitive if and

only if reg(G)= 1. In general, however, only one direction of this statement holds.

Lemma 3.2.5. If b(G)⩾ 2 and reg(G)= 1, then Σ(G) is G-arc-transitive.

Proof. If b(G) = 2 then this is given by Lemma 3.1.2, so we may assume b(G) ⩾ 3. Suppose

(α1,α2) and (β1,β2) are arcs in Σ(G). Then there exist points α3, . . . ,αb(G) and β3, . . . ,βb(G) in Ω

such that {α1, . . . ,αb(G)} and {β1, . . . ,βb(G)} are bases for G. In other words, the tuples

(α1, . . . ,αb(G)), (β1, . . . ,βb(G)) ∈Ωb(G)

are in regular G-orbits. Now the condition reg(G)= 1 implies that

(α1, . . . ,αb(G))g = (β1, . . . ,βb(G))

for some g ∈G, and hence (α1,α2)g = (β1,β2), which completes the proof. ■
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It is worth noting that the converse of Lemma 3.2.5 does not hold in general if b(G) > 2.

Indeed, if G is 2-transitive, then Σ(G) is G-arc-transitive, while reg(G) = 1 if and only if G is

sharply b(G)-transitive. As another example, if G is the primitive group L3(4) of degree 56, then

b(G)= 3 and Σ(G) is G-arc-transitive, whereas reg(G)= 4.

Now we turn to an extension of Lemma 3.1.3.

Lemma 3.2.6. Let G be a transitive group with b := b(G)⩾ 2, and set

t :=max{m ∈N : Q(G,b)< 1/m}.

Additionally, let r :=max{t, (b−1)(t−1)}. If r ⩾ 2, then the following properties hold:

(i) Any r vertices in Σ(G) have a common neighbour.

(ii) Every edge in Σ(G) is contained in a complete subgraph of size r+1.

(iii) The clique number of Σ(G) is at least r+1.

(iv) Σ(G) is connected with diameter at most 2.

(v) Σ(G) is Hamiltonian.

Proof. We proceed as in the proof of [20, Lemma 3.6]. If Q(G,b)< 1/t, then

|Ω|(1−1/t)1/(b−1) < val(G)

by Lemma 3.2.4. Now (1−1/t)1/(b−1) ⩾ 1− 1
(b−1)(t−1) since, for t⩾ 2,

(
1− 1

(b−1)(t−1)

)b−1
⩽ e−(t−1) ⩽ 1− 1

t−1
+ 1

2(t−1)2 ⩽ 1− 1
t
.

Hence val(G)> |Ω|(1− 1
r ). This implies that for any r vertices in Σ(G), the neighbourhoods of those

vertices have a non-empty common intersection. That is, those vertices have a common neighbour.

This gives (i), and since r ⩾ 2, parts (ii)–(iv) follow directly. Finally, since val(G)> |Ω|/2, Dirac’s

theorem (see [46, Theorem 3]) yields (v). ■

We conclude this section by recording the following trivial observation.

Lemma 3.2.7. If K ⩽G and b(K)= b(G), then Σ(G) is a subgraph of Σ(K).

Proof. If ∆ is a base for G, then ∆ is also a base for K . ■
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3.3 Problems

In this section, we discuss the three main problems concerning the generalised Saxl graphs

that will be considered in this thesis, namely Conjecture II and Problems III and IV, as briefly

described in Chapter 1. Throughout, let G ⩽ Sym(Ω) be a transitive permutation group with

b(G)⩾ 2 and point stabiliser H, and let Σ(G) be the generalised Saxl graph of G.

3.3.1 Common Neighbour Conjecture

We define the following property of Σ(G):

(⋆) Any two vertices in Σ(G) have a common neighbour.

Remark 3.3.1. Property (⋆) implies that Σ(G) has diameter at most 2. In addition, if b(G)⩾ 3,

then the definition of Σ(G) implies that any two adjacent vertices have a common neighbour.

Thus, for the groups with b(G)⩾ 3, property (⋆) holds if and only if Σ(G) has diameter at most 2.

It was conjectured by Burness and Giudici that any base-two primitive group G satisfies

property (⋆) (see [20, Conjecture 4.5]). This has been verified in some special cases. For example,

if G is a non-standard group (recall this definition from Section 2.3) with socle An, then [20,

Theorem 5.1] shows that G satisfies the property (⋆). It has been verified in my joint paper [27]

with Burness that the conjecture holds if G is a base-two almost simple primitive group with

soluble point stabilisers, or with socle L2(q) (the latter extends an earlier result of Chen and Du

[36]). These results will be discussed in Chapter 4 (with regard to the more general Conjecture

3.3.2, stated below). More recently, partial evidence of this conjecture has been given for affine

groups in [85].

In my joint paper [52], we conjecture that property (⋆) also holds for any primitive group G

with b(G)⩾ 3. This is stated as Conjecture II in Chapter 1.

Conjecture 3.3.2. Let G ⩽Sym(Ω) be a finite primitive permutation group with b(G)⩾ 2. Then

G satisfies property (⋆).

In this thesis, we will show that Conjecture 3.3.2 holds in several cases. More specifically,

we will establish Theorem C stated in Chapter 1, which verifies this conjecture for some almost

simple groups. Partial results for diagonal type groups and twisted wreath products will be given

in Chapter 5 (see Theorems 5.6 and 5.9.1).

Moreover, by considering the bases for primitive wreath products, we will show in Chapter 6

that Conjecture 3.3.2 is equivalent to the following (a priori, stronger) statement. Here, as will be

defined in Definition 6.5.5 in Section 6.5.2, an orbit O of Gα is called almost-regular if O∩∆ ̸= ;
for some base ∆ for G of size b(G) that contains α, and N(α) is the set of neighbours of α in Σ(G)

(which is exactly the union of the almost-regular Gα-orbits).
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Conjecture 3.3.3. Let G ⩽Sym(Ω) be a finite primitive permutation group with b(G)⩾ 2. Then

for any α,β ∈Ω, the Σ(G)-neighbourhood N(β) meets every almost-regular Gα-orbit.

In particular, when b(G) = 2, Conjecture 3.3.3 asserts that the union of regular Gβ-orbits

meets every regular Gα-orbit.

3.3.2 Arc-transitivity

Now we discuss the following problem, which is stated as Problem III in Chapter 1.

Problem 3.3.4. Classify the primitive groups G such that Σ(G) is G-arc-transitive.

Recall that reg(G) is the number of regular G-orbits on Ωb(G), and we have reg(G) ⩾ 1 by

definition. By Lemma 3.2.5, if reg(G)= 1 then Σ(G) is G-arc-transitive, and the converse holds

true if b(G)= 2 (see Lemma 3.1.2). With this observation, we are also interested in the following

special case of Problem 3.3.4.

Problem 3.3.5. Classify the primitive groups G with reg(G)= 1.

A basic observation yields the following lemma.

Lemma 3.3.6. If reg(G)= 1, then

Q(G,b(G))= 1− |G|
|Ω|b(G) .

This naturally brings into play the probabilistic method introduced in Section 2.4, noting that

reg(G)⩾ 2 if Q(G,b(G)) is “small”.

In this direction, we will establish Theorems D and E in Chapters 5 and 4, respectively. We

will also prove Theorem 5.9.2 in Chapter 5 for primitive twisted wreath products.

3.3.3 Completeness

Our third and final main problem on the generalised Saxl graphs of primitive groups concerns

their completeness, stated as Problem IV in Chapter 1.

Problem 3.3.7. Classify the primitive groups G such that Σ(G) is a complete graph.

We say a group G is semi-Frobenius if Σ(G) is a complete graph (that is, any two elements of

Ω lie in a common base for G of size b(G)). In particular, G is Frobenius if and only if b(G)= 2

and G is semi-Frobenius. It is not difficult to see that any 2-transitive group is semi-Frobenius.

Moreover, we have the following observation.

Lemma 3.3.8. The group G is 2-transitive if and only if G is semi-Frobenius and Σ(G) is G-arc-

transitive.
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Now let us discuss more examples of semi-Frobenius groups.

Example 3.3.9. A tuple (α1, . . . ,αk) of Ω is said to be an irredundant base for G if

Gα1 >G(α1,α2) > ·· · >G(α1,...,αk−1) >G(α1,...,αk) = 1.

In particular, if (α1, . . . ,αk) is an irredundant base then k ⩾ b(G). Conversely, (α1, . . . ,αk) is an

irredundant base if k = b(G) and {α1, . . . ,αk} is a base. The group G is called IBIS (Irredundant

Bases of Invariant Size) if every irredundant base has size b(G). This concept was first introduced

by Cameron and Fon-Der-Flaass [34]. Note that if G is a primitive group with b(G) ⩾ 2, then

for any two distinct elements α1,α2 ∈ Ω we have Gα1 ̸= Gα2 , and so there exist an integer k

and elements α3, . . . ,αk ∈Ω such that (α1, . . . ,αk) is an irredundant base. Therefore, G is semi-

Frobenius if G is a primitive IBIS group (for example, the actions of S6 of degrees 10 and

15).

Example 3.3.10. Let T be a non-abelian finite simple group and let G =Hol(T)= T:Aut(T) be

the holomorph of T, which acts faithfully and primitively on T (see Section 5.3 for more details).

Then as noted in the proof of Proposition 3.10 in [51], we see that b(G)= 3 and {1, x, y} is a base

for G if 〈x, y〉 = T. Thus, G is semi-Frobenius since any non-identity element of T is contained in

a generating pair by a theorem of Guralnick and Kantor [63].

Example 3.3.11. Let G = Sm with m⩾ 5, and let Ω be the set of 2-subsets of {1, . . . ,m}. Note that

G is primitive. If m ∈ {5,6} then it is easy to see that G is semi-Frobenius, and we will show that

G is also semi-Frobenius if m⩾ 7. Let α= {1,2}, β= {1,3} and γ= {3,4}. By the 2-transitivity of G

on {1, . . . ,m}, it suffices to show that {α,β} and {α,γ} are edges in Σ(G).

To see this, suppose ∆ is a base of minimal size that contains α. Then there exists β′ ∈∆ such

that α∩β′ ̸= ;, otherwise (1,2) fixes ∆ pointwise, which is incompatible with our assumption that

∆ is a base. Thus, {α,β′} is an edge in Σ(G), and the 2-transitivity of G on {1, . . . ,m} implies that

{α,β} is also an edge.

To prove that {α,γ} is an edge in Σ(G), we only need to show that there exists γ′ ∈ ∆ such

that a∩γ′ =;. We argue by contradiction and assume every element in ∆ meets α. Then it is

straightforward to see that |∆|⩾ m−2. As can be seen easily,

{{1,2}, {1,3}, {4,5}, {5,6}, . . . , {m−2,m−1}}

is a base for G of size m−3 (since we assume m⩾ 7). This is a contradiction since ∆ is assumed

to be a base of minimal size.

We remark that b(G)= ⌈2
3 (m−1)⌉ in this setting (see [66, Theorem 3.2]). However, as can be

seen above, we are able to show that G is a semi-Frobenius group even without computing the

precise base size.
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As mentioned in Chapter 1, we will establish Theorem F in Chapter 4, which classifies the

primitive semi-Frobenius groups with socle L2(q). In addition, partial results on Problem IV

for almost simple sporadic groups will be given in Chapter 4, stated as Proposition 4.4.1 (in

particular, we will prove that G is semi-Frobenius if b(G)⩾ 5 in this setting). We will also consider

Problem IV for diagonal type primitive groups and obtain partial results (see Theorem 5.4).
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4
ALMOST SIMPLE GROUPS

The work in this chapter is heavily drawn from the papers

T.C. Burness and H.Y. Huang, On base sizes for primitive groups of product type, J.

Pure Appl. Algebra 227 (2023), Paper No. 107228, 43 pp.

T.C. Burness and H.Y. Huang, On the Saxl graphs of primitive groups with soluble

stabilisers, Algebr. Comb. 5 (2022), 1053–1087.

S.D. Freedman, H.Y. Huang, M. Lee and K. Rekvényi, On the generalised Saxl graphs

of permutation groups, submitted (2024), arXiv:2410.22613.

which are [26], [27] and [52], respectively.

Throughout this chapter, let G ⩽Sym(Ω) be an almost simple primitive group with socle T

and point stabiliser H. Here we will focus on the following three cases in turn:

(a) T ∼=L2(q);

(b) T is a sporadic simple group;

(c) H is soluble.

The relevant groups will be discussed in Sections 4.3, 4.4 and 4.5, respectively. The results in

Section 4.3 are selected from my joint papers [27] with Burness and [52] with Freedman, Lee and

Rekvényi, and Section 4.4 comes from the latter paper. Section 4.5 is a combination of relevant

results from my joint papers [26, 27] with Burness.

One of our goals in this section is to establish Theorem C concerning Conjecture II (see

Theorem 4.2 below). We will also attack Problem III for these groups by establishing Theorems
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4.3 and 4.5, the latter is briefly asserted as Theorem E in Chapter 1. In addition, we will consider

Problem IV and classify the semi-Frobenius primitive groups with T =L2(q) in Theorem 4.6. This

is also Theorem F.

4.1 Introduction

Before stating our main results in this chapter, we first discuss the study of base sizes for almost

simple primitive groups in cases (a), (b) and (c) above. First, as noted in Section 2.3, the base

size of every almost simple primitive group with sporadic socle has been computed in [30] and

[104]. Recently, the precise base size of every almost simple primitive group with soluble point

stabilisers has been computed by Burness [14]. Hence, we know the exact value of b(G) for every

group G in case (b) or (c). Although there are many references giving the exact base size b(G) for

many primitive actions of groups G with socle L2(q) (for example, [14] when H is soluble), we

have not been able to find one for the case where H is of type GL2(q0) with q2
0 = q. Here we will

show that b(G)= 3 unless G =PΣL2(9) (see Proposition 4.3.2), completing the calculation of b(G)

for all almost simple primitive groups with socle L2(q) by extending earlier results in [14, 19].

Note that in the following theorem, we exclude the groups with socle L2(4) as L2(4)∼=L2(5).

Theorem 4.1. Let G be a primitive group with socle T =L2(q), q ⩾ 5 and point stabiliser H. Then

b(G)> 2 if and only if one of the following holds.

(i) H is of type P1, in which case b(G) ∈ {3,4}. Furthermore, b(G) = 3 if and only if either

G ⩽PGL2(q), or |G : T| = 2 and G ̸⩽PΣL2(q).

(ii) H is of type GL1(q) ≀S2 and PGL2(q)<G, in which case b(G)= 3.

(iii) H is of type GL1(q2) and PGL2(q)⩽G, in which case b(G)= 3.

(iv) H is of type GL2(q0) with q = q2
0 ⩾ 9, in which case b(G) ∈ {3,4}. Furthermore, b(G) = 4 if

and only if G =PΣL2(9).

(v) (q,H) ∈ {(5, A4), (7,S4), (11, A5), (19, A5)} and b(G)= 3, (q,H) ∈ {(5,S4), (9, A5)} and b(G)= 4,

or (q,H)= (9,S5) and b(G)= 5.

With the precise base sizes in hand, we now turn to the generalised Saxl graph Σ(G). Recall

the following property

(⋆) Any two vertices in Σ(G) have a common neighbour

defined in Section 3.3.1. Conjecture II asserts that every primitive permutation group G has this

property. We will verify this for all primitive groups with soluble point stabilisers, and we also

obtain partial results for groups with socle L2(q) or a sporadic group. Here let

F = {G : T =L2(q), q ⩾ 16, |G : T| is even, and H is of type GL2(q0) with q2
0 = q}
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be a collection of primitive groups, where T denotes the socle of G, and H is a point stabiliser.

Theorem 4.2. Let G be an almost simple primitive group with socle T and point stabiliser H.

Then G satisfies property (⋆) if one of the following holds:

(i) T =L2(q) and G ∉F ;

(ii) T is a sporadic simple group and b(G)⩾ 3;

(iii) H is soluble.

We leave the excluded case (i.e. G ∈F ) described in Theorem 4.2(i) open. In particular, since

that case only occurs when G > T, we deduce that Conjecture II holds for all primitive actions of

L2(q). For partial results towards Conjecture II for base-two almost simple sporadic groups, we

refer the reader to [20, Section 6].

Next, we turn to Problem III, which involves determining the groups G such that Σ(G) is a

G-arc-transitive graph. We are able to resolve this problem for the primitive groups G ∉F with

socle L2(q). Note that L2(4)∼=L2(5)∼= A5 and L2(9)∼= A6.

Theorem 4.3. Let G ∉F be a primitive group with socle T =L2(q) and point stabiliser H. Then

Σ(G) is G-arc-transitive if and only if one of the following holds:

(i) H is of type P1;

(ii) G is 2-transitive and (G,H) = (L2(11), A5), (PΓL2(8),D18.3), (L2(7),S4), (S6,S5), (A6, A5),

(S5,S4) or (A5, A4);

(iii) G =PGL2(q), 5 ̸= q ⩾ 4, and H is of type GL1(q) ≀S2; or

(iv) (G,H)= (L2(29), A5), (PGL2(11),S4), (M10,5:4) or (A5,S3).

We will also consider Problem 3.3.5 on the groups with reg(G)= 1, recalling that this condition

implies that Σ(G) is G-arc-transitive, and the converse implication holds if b(G)= 2 (see Lemmas

3.2.5 and 3.1.2, respectively). Note that if G is 2-transitive, then reg(G) = 1 if and only if G is

sharply b(G)-transitive.

Corollary 4.4. Let G ∉F be a primitive group with socle T =L2(q) and point stabiliser H. Then

reg(G)= 1 if and only if G is one of the groups in parts (iii) and (iv) of Theorem 4.3, or H is of type

P1 and G is sharply 3-transitive, or (G,H) ∈ {(S6,S5), (A6, A5), (S5,S4)}.

We now turn to the almost simple primitive groups with soluble point stabilisers.

Theorem 4.5. Let G be an almost simple primitive group with soluble point stabilisers. Then

reg(G)= 1 if and only if G is one of the groups listed in Table 4.1.
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b(G) G Type of Gα Comments
2 PGL2(q) GL1(q) ≀S2 q ⩾ 7, q ̸= 9

PΩ+
8 (3).22 O+

4 (3) ≀S2 Both groups of this shape
Ω+

8 (2).3 O−
2 (2)×GU3(2)

SO7(3) O+
4 (3)⊥O3(3)

PSp6(3) Sp2(3) ≀S3
PGL4(3) O+

4 (3)
U4(3).[4] GU1(3) ≀S4 G ̸= T.〈δ2,φ〉
U4(3) GU2(3) ≀S2
L3(4).D12 GL1(43)
L3(4).2 GU3(2) G ̸=PΣL3(4)
U3(5).S3 GU1(5) ≀S3
U3(4) GU1(4) ≀S3
PGL2(11) 21+2− .O−

2 (2)
G2(3).2 SL2(3)2

S7 AGL1(7)
PGL2(9) D16
M10 5:4
A5 D6
J2.2 52:(4×S3)
M11 2.S4

3 L2(q).2 P1 G is sharply 3-transitive
L2(q) P1 q is even
U4(3).2 P1 G ̸<PGU4(3)
Aut(L3(q)) P1,2 q ∈ {8,9,16}
Aut(U3(q)) P1 q ∈ {3,4,8}
L2(7) 21+2− .O−

2 (2)
S7 S4 ×S3
PGL2(9) 32:Q8
M10 AGL1(9)
S5 5:4
A5 A4

4 L3(3) P1, P2
S5 S4

Table 4.1: The almost simple primitive groups G with Gα soluble and reg(G)= 1
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In fact, we will establish a stronger result by classifying the groups with reg(G) ⩽ 4 (see

Propositions 4.5.14 and 4.5.19), which will find an application in Chapter 6. See Tables 4.7, 4.8

and 4.9 for the relevant groups. Note that Table 4.1 is generated from these tables, so we refer

the reader to Remarks 4.5.15 and 4.5.20 for further comments of the groups recorded in Table

4.1.

Finally, let us discuss Problem IV on the completeness of Σ(G). Recall that G is called semi-

Frobenius if Σ(G) is complete, and if b(G) = 2 then G is semi-Frobenius if and only if G is

Frobenius. Note that there are no almost simple Frobenius groups, and so there are no base-two

almost simple semi-Frobenius groups.

In Section 4.3 we will classify the semi-Frobenius primitive groups with socle L2(q) in full

generality.

Theorem 4.6. Let G be an almost simple primitive group with socle T =L2(q) and point stabiliser

H. Then G is semi-Frobenius if and only if one of the following holds:

(i) H is of type P1;

(ii) H is of type GL1(q) ≀S2 and PGL2(q)<G;

(iii) H is of type GL1(q2) and PGL2(q)⩽G;

(iv) (q,H) ∈ {(5, A4), (5,S4), (7,S4), (9, A5), (9,S5), (11, A5), (19, A5)}; or

(v) q = q2
0 for some q0 ⩾ 3, H is of type GL2(q0), and either q0 = 3 or |G : T| is odd.

Equivalently, G is not semi-Frobenius if and only if either b(G)= 2, or G ∈F .

Probabilistic and computational methods play a key role in the proofs of our main theorems.

The probabilistic method has been discussed in Section 2.4, and we will describe our main

computational methods in Section 4.2. Relevant MAGMA and GAP code is recorded in Appendix

A. As mentioned above, we will treat the groups in cases (a), (b) and (c) in Sections 4.3, 4.4 and

4.5, respectively.

4.2 Computational methods

Let G ⩽ Sym(Ω) be a primitive group with point stabiliser H. We will apply computational

methods to establish our main results when G is a sporadic group, or a small degree symmetric or

alternating group, or a low rank group of Lie type defined over a suitably small field. We mainly

use MAGMA V2.26-11 [10] to do the computations, noting that the GAP Character Table Library

[12] is an important tool for the analysis of sporadic groups.
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4.2.1 Construction of groups

First, let us discuss how we construct the permutation group G ⩽Sym(Ω) in MAGMA.

To do this, we first construct G as a permutation group of an appropriate degree (this

is typically the primitive permutation representation of minimal degree, and will not nec-

essarily be the permutation representation of G on Ω). Here we typically use the function

AutomorphismGroupSimpleGroup to obtain A = Aut(T) as a permutation group and then we

identify G by inspecting the subgroups of A containing T. We then construct H as a subgroup

of G in this permutation representation via the function MaximalSubgroups, which returns a

set of representatives of the G-classes of maximal subgroups of G. Then we use the function

CosetAction to construct G as a permutation group on Ω, which can be identified with the set of

cosets [G : H].

This can be expensive (in terms of time and memory) if |Ω| is large, so we only apply this

method when |Ω| < 5×106 (for example, in the proof of Proposition 4.5.19), apart from the groups

discussed in Section 4.4, which will be treated separately (see Appendix A.1.2.5, for example).

4.2.2 Calculation of base sizes

Now we explain how to compute b(G) in MAGMA. This requires the construction of G ⩽Sym(Ω)

as explained in Section 4.2.1, so |Ω| < 5×106.

For an integer i starting from k := ⌈log|Ω| |G|⌉−1 (note that we immediately have b(G)⩾ k+1),

we check whether or not G has a base of size i+1 (so we stop when we find the first i that

works). To determine whether a base of size i +1 exists, we iteratively check orbits of point

stabilisers until we find a base. More precisely, we first get a set of G-orbit representatives of

k-tuples. This can be done by first taking H-orbits, and then taking representatives of these

orbits, followed by taking the orbits of two point stabilisers and repeating this process. Then we

inspect the G(α1,...,αk)-orbits on Ω for every G orbit representative of k-tuple (α1, . . . ,αk), and if

there is a regular G(α1,...,αk)-orbit then b(G) = k+1, otherwise we check G(α1,...,αk,β)-orbits for a

representative β of each G(α1,...,αk)-orbit, and we repeat until we find a regular orbit.

This method turns out to be very effective if b(G) is not too large (for example, if b(G)⩽ 7).

The related MAGMA code will be presented in Appendix A.1.1.

The author thanks Saul Freedman for the MAGMA code, and for his discussion and comments

on the computations when working on the joint paper [52].

4.2.3 Bounding Q(G, c)

Recall that Q(G, c) is the probability that a random c-tuple of elements in Ω is not a base for G,

which has an upper bound Q̂(G, c) (see (2.4.2)). Estimating Q̂(G, c) plays an important role in

attacking many problems in this thesis. For example, if Q̂(G,b(G))< 1/2, then Q(G,b(G))< 1/2

and so all the properties (i)–(v) in Lemma 3.2.6 of the generalised Saxl graph Σ(G) hold. This
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was first observed in [20, Section 3] for the groups with b(G)= 2. Another aim is to determine the

groups with Q(G,2)⩾ 1/4 (this is the content of Theorem 4.5.1, which will be applied to establish

Proposition 4.5.14).

It is straightforward to implement an algorithm in MAGMA to compute Q̂(G, c) precisely,

using the functions ConjugacyClasses and IsConjugate to find a set of representatives of the

conjugacy classes in H and to test conjugacy in G, respectively. This allows us to compute |xG ∩H|
for each x ∈ H of prime order, which is the main step in calculating the contribution to Q̂(G, c)

from the elements in the G-class of x. Note that this approach can be implemented without

determining a set of representatives of the conjugacy classes in G, which can be an expensive

operation in terms of time and memory. See Appendix A.1.2.3 for the relevant function.

Let us also observe that Q̂(G, c) can be computed precisely if we have access to the character

tables of G and H, in addition to the fusion map from H-classes to G-classes. For example, this

approach works well when G is a sporadic group, using the character table data stored in the

GAP Character Table Library [12]. This arises in the proofs of Theorem 4.4.4 and Proposition

4.5.5, and we refer the reader to Appendix A.2.1 for the relevant code.

In some cases, it turns out that we can work effectively with a crude bound

(4.2.1) Q̂(G, c)⩽ Q̃(G, c)

where the contribution to Q̃(G, c) from all the elements in G of order r (for a fixed prime r) with

|xG | = m is given by

1
m

(
ℓ∑

i=1
|yH

i |
)c

and y1, . . . , yℓ represent the distinct H-classes of elements of order r with |yG
i | = m. Notice that no

IsConjugate commands are needed to compute Q̃(G, c), which can be a significant saving. This

will arise in the proofs of Lemma 4.5.6 and Proposition 4.5.12, and the relevant code is presented

in Appendix A.1.2.3.

4.2.4 Regular orbits

In order to establish Propositions 4.5.14 and 4.5.19 in this chapter, we need to calculate reg(G)

for some groups with b(G)⩽ 4.

First assume b(G) = 2. Here we use the approach discussed in Section 4.2.1 to construct

G as a permutation group (not necessarily on Ω), and then construct H as a subgroup of G

in this permutation representation. In a handful of cases (due to the size of G), this approach

is ineffective and a different method is needed in order to construct H. For example, we may

identify H = NG(K) for some specific p-subgroup K of G (for instance, see [14, Example 2.4]). As

we explain below, there are other ways to compute r(G)= reg(G) without using the CosetAction

function.
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If Q̂(G,2)⩾ 1/4 then, in order to establish Theorem 4.5.1, we need to either compute a better

upper bound on Q(G,2), or we need to determine Q(G,2) precisely. In view of (3.1.1), it suffices

to bound (or compute) the number r(G) of regular suborbits of G. To do this, we work with

double cosets (CosetAction is too expensive when |Ω| is large, say |Ω|⩾ 5×106). Indeed, if R is a

complete set of (H,H) double coset representatives in G, then

(4.2.2) r(G)= |{x ∈ R : |HxH| = |H|2}|.

Similarly, if R0 is a complete set of (H0,H) double coset representatives, where H0 = H∩T, then

r(T)= |{x ∈ R0 : |H0xH| = |H0||H|}|.

It is straightforward to compute these numbers using MAGMA. If |Ω| = |G : H| is not prohibitively

large (for example, if |Ω| < 107), then we can use the function DoubleCosetRepresentatives to

determine R and R0, which then allows us to compute r(G) and r(T). If |G : H| is large, then we

may be able to use the DoubleCosetCanonical function to identify sufficiently many distinct

double cosets of size |H|2 so that the corresponding lower bound on r(G) forces Q(G,2)< 1/4 (this

will arise in the proofs of Propositions 4.5.11 and 4.5.12, and for the relevant MAGMA code, see

Appendix A.1.2.4). It is straightforward to implement all of these methods in MAGMA.

In the proof of Proposition 4.5.19 we will also need to compute reg(G) in a number of cases

with b(G) = 3 or 4. Fix γ ∈Ω and set H =Gγ. Decompose Ω=Λ1 ∪·· ·∪Λt as a disjoint union of

H-orbits and fix λi ∈Λi and K i = Hλi .

Suppose b(G)= 3. Then every regular G-orbit on Ω3 is represented by an element of the form

(γ,λi,β), where β is contained in a regular orbit of K i on Ω. Therefore,

(4.2.3) reg(G)=
t∑

i=1
r i,

where r i is the number of regular orbits of K i on Ω.

Now assume b(G) = 4. Fix i ∈ {1, . . . , t}. Let Λi,1, . . . ,Λi,mi be the orbits of K i on Ω and for

each j ∈ {1, . . . ,mi} set K i, j = (K i)ω j = Hλi ∩Hω j for some fixed ω j ∈Λi, j. Notice that every regular

G-orbit on Ω4 is represented by an element of the form (γ,λi,ω j,β), where β is in a regular orbit

of K i, j on Ω. Therefore, if r i, j denotes the number of regular orbits of K i, j on Ω, then

(4.2.4) reg(G)=
t∑

i=1

mi∑
j=1

r i, j.

Once again, we can implement this approach in MAGMA in order to compute reg(G). As before,

we first construct G and H, and then we work with the function CosetAction to construct G as a

permutation group on Ω, which then allows us to construct stabilisers and their orbits.

4.2.5 Generalised Saxl graphs

To conclude this section, we discuss the computational methods we will use to handle the problems

on the generalised Saxl graph Σ(G) of a primitive group G.
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First note that Σ(G) is G-vertex-transitive since G is transitive (see Lemma 3.2.3(i)). It follows

that Σ(G) is the union of some orbital graphs of G (recall that an orbital graph of G is a graph

with vertices Ω and (α,β) is a directed edge if it is contained in a fixed orbital of G). With this

observation in mind, we first obtain a set of G-orbit representatives of pairs of points in Ω that

can be extended to a base of size b(G) (the base size is calculated by implementing the approach

in Section 4.2.2). This can be obtained via the function PairsInMinSizeBase and will be used to

check property

(⋆) Any two vertices in Σ(G) have a common neighbour

using MAGMA via the function FastMinSizeComNeighbTest. Both functions will be presented in

Appendix A.1.2.1.

Note that G is semi-Frobenius if and only if for each point β ̸=α in a set of Gα-orbit represen-

tatives, the set {α,β} extends to a base of size b(G). This allows us to use a similar method as

described in Section 4.2.2 for iteratively checking each point stabiliser of Gα (up to conjugacy)

until a base of size b(G) is found. We refer the reader to Appendix A.1.2.2 for the function

FastMinSizeIsComplete.

4.3 Two-dimensional linear groups

In this section, we will establish Theorems 4.1, 4.2(i), 4.3 and 4.6. Let G ⩽Sym(Ω) be an almost

simple primitive group with socle T = L2(q) and point stabiliser H, where q = p f ⩾ 5 for some

prime p and integer f . Then H is of one of the following types (recall that the type of H provides

an approximate description of the structure of H, which is consistent with its usage in [80]; see

Section 2.2.3 for a brief discussion):

(4.3.1) P1, 21+2− .O−
2 (2), A5, GL2(q0) (where q = qs

0 for some prime s), GL1(q) ≀S2, GL1(q2).

4.3.1 Base sizes

We first determine the precise base size of every primitive action of G, focusing on the groups with

H of type GL2(q1/2), which establishes Theorem 4.1. To do so, we require the following technical

lemma. In what follows, for an element t ∈ Fq, we write 〈t〉 to denote the smallest subfield of Fq

containing t.

Lemma 4.3.1. Let q be a prime power not equal to 3, and let s be a primitive element of Fq. Then

there exists an element t ∈ F×q such that:

(i) if q is even, then 〈t〉 = Fq and the polynomial x2 + x+ t is irreducible over Fq;

(ii) if q is odd, then 〈t2/s〉 = Fq and t2 + s is a (non-zero) square in Fq; and
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(iii) if q ≡ 3 (mod 4), then 〈t2〉 = Fq and t2 +1 is a (non-zero) square in Fq.

Proof. We shall write q = p f , with p prime. Suppose first that q is even, and let r be a divisor of

f . For a ∈ F2r , the polynomial x2 + x+a is reducible over Fq if and only if there exists b ∈ Fq such

that b2 +b = a. In this case, there are precisely two such elements, namely b and b+1. Moreover,

x2+x+a is reducible over Fq if and only if either x2+x+a is reducible over F2r or 2r | f , and in the

latter case x2 + x+a is reducible over Fq for all a ∈ F2r (the splitting field of x2 + x+a over F2r is

F22r if it is irreducible over F2r ). Note also that since x2+x+0 is reducible, there are precisely 2r−1

elements a ∈ F2r such that x2 + x+a is irreducible over F2r . Therefore, the number of elements

a ∈ F×q that lie in a proper subfield of Fq, with x2 + x+a irreducible over Fq, is at most∑
1⩽r< f

r| f

2r−1 < 2 f−1.

Therefore, among the 2 f−1 elements t ∈ Fq such that x2 + x+ t is irreducible, there exists at least

one such that 〈t〉 = Fq, and hence t satisfies (i).

Now assume q is odd. Since s is not a square in Fq, exactly one of 1+ s and s(1+ s)= s2+ s is a

square. Thus some t ∈ {1, s} satisfies (ii). If q ≡ 3 (mod 4), then it follows from [1, Theorem 3.1]

and a simple counting argument that the number of squares in the set {c2 +1 | c ∈ F×q } is (q−3)/4,

which is non-zero since q > 3. Notice that f is odd, and so 〈m2〉 = 〈m〉 for all m ∈ Fq. Therefore,

the number of squares in F×q that lie in a proper subfield of Fq = Fp f is at most∑
1⩽r< f

r| f

(pr −1)/2< (p f−1 −1)/2< (p f −3)/4= (q−3)/4.

Thus there exists t ∈ F×q such that t2+1 is a square, and such that 〈t2〉 = 〈t〉 = Fq. Note finally that

−1 has no square root in Fq since q ≡ 3 (mod 4), and so t satisfies (iii). ■

The following is the main original content of Theorem 4.1.

Proposition 4.3.2. Let G be an almost simple primitive group with socle T = L2(q) and point

stabiliser H of type GL2(q0), with q = q2
0 for some q0 ⩾ 3. If G = PΣL2(9), then b(G) = 4, and

otherwise b(G)= 3.

Proof. It is straightforward to use MAGMA to calculate b(G) in the case q0 = 3. Assume therefore

that q0 ⩾ 4. By [49, p. 354], T has no regular suborbits in its action on the right cosets of H∩T.

Therefore, b(G)⩾ b(T)⩾ 3. Additionally, the maximality of H implies that G ⩽PΣL2(q) (see [11,

Table 8.1]). To complete the proof, we will assume that G =PΣL2(q) and show that b(G)= 3. We

shall write q = p f , with p prime.

It will be convenient to identify the action of G on the right cosets of H with an equivalent

action on certain 1-dimensional subspaces of F4
q0

, corresponding to the isomorphism T ∼=Ω−
4 (q0)∼=

PΩ−
4 (q0) (see [80, Proposition 2.9.1]). To define this action, let s be a primitive element of Fq0 , and
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let Q be a non-degenerate quadratic form of minus type on V := F4
q0

, with polar form β. By [11,

Propositions 1.5.39 & 1.5.42] and [80, Proposition 2.5.12], there exists a basis {e1, e2, e3, e4} for V

such that the matrix of Q (defined so that the (i, j) entry is equal to β(e i, e j) if i < j, to Q(e i) if

i = j, and to 0 otherwise) is

MQ :=


0 0 0 1

0 1 1 0

0 0 ζ 0

0 0 0 0

 ,

if q is even and

MQ :=


s/2 0 0 0

0 1/2 0 0

0 0 1/2 0

0 0 0 1/2

 ,

if q is odd, where ζ is an arbitrary element of F×q0
such that the polynomial x2+ x+ζ is irreducible

over Fq0 . By Lemma 4.3.1, we may assume that 〈ζ〉 = Fq0 . The Gram matrix Mβ of β is equal to

MQ +MT
Q .

Next, define σ : V →V by

σ :
4∑

i=1
ai e i 7→ a2

3ζe2 +
4∑

i=1
a2

i e i,

if q is even, and

σ :
4∑

i=1
ai e i 7→ ap

1 s(p−1)/2e1 +
4∑

i=2
ap

i e i,

if q is odd. Hence for each positive integer k, the map σk is defined by

σk :
4∑

i=1
ai e i 7→ a2k

3

k−1∑
j=0

ζ2 j
e2 +

4∑
i=1

a2k

i e i,

if q is even, and

σk :
4∑

i=1
ai e i 7→ apk

1 s(pk−1)/2e1 +
4∑

i=2
apk

i e i,

if q is odd. Additionally, |σ| = f , and σ is induced by an automorphism of the simple derived

subgroupΩ−
4 (q0) of the isometry group O−

4 (q0) of Q (see [21, pp. 58–59]). Slightly abusing notation

and denoting this automorphism by σ, we may identify G with 〈Ω−
4 (q0),σ〉/〈−I〉, where I is the

4×4 identity matrix (cf. [11, Tables 8.1 & 8.17]). Note that L := 〈Ω−
4 (q0),σ〉 = 〈σ〉O−

4 (q0), and that

〈σ〉∩O−
4 (q0) is generated by σ f /2. Let Y be a one-dimensional subspace of V and y ∈Y \{0}. We

write Y ∈∆ if Q(y) is a non-zero square in Fq0 , and Y ∈∆ if Q(y) is a non-square. The action of G

on the right cosets of H is equivalent to its action on ∆, and also to its action on ∆ if q is odd.

Suppose now that q is even, and let u := e2, v := e1+ e2 and w := e3. Then Q(u)=Q(v)= 1 and

Q(w) = ζ, and so 〈u〉,〈v〉,〈w〉 ∈∆. By [11, Lemma 1.5.21], a matrix A ∈ GL4(q0) lies in O−
4 (q0) if

and only the diagonal entries of AMQ AT are equal to the corresponding diagonal entries of MQ ,

43



CHAPTER 4. ALMOST SIMPLE GROUPS

and AMβAT = Mβ. Therefore, the pointwise stabiliser X of {〈u〉,〈v〉} in L consists of all elements

of the form

σk


1 0 0 0

0 1 0 0

a b 1 0

a2 a 0 1

 ,

where a ∈ F×q0
, b ∈ {0,1} and k ∈ {0, . . . , f /2−1}. We also observe that an element of X fixes 〈w〉 if

and only if a = 0 and
∑k−1

j=0 ζ
2 j = b. Since b = b2, this implies that

k−1∑
j=0

ζ2 j =
(

k−1∑
j=0

ζ2 j

)2
=

k−1∑
j=0

(ζ2 j
)2 =

k∑
j=1

ζ2 j
,

and hence ζ = ζ2k
. Since 〈ζ〉 = Fq0 by our assumption above, it follows that k = 0, and so b = 0.

Thus {〈u〉,〈v〉,〈w〉} is a base for G, and hence b(G)= 3.

Next, suppose that q is odd, let δ ∈ {1,3} such that q0 ≡ δ (mod 4), and let γ1 := s and γ3 := 1.

By Lemma 4.3.1, there exists t ∈ F×q0
such that t2+γδ is a (non-zero) square in Fq0 and 〈t2/γδ〉 = Fq0 .

Define u := e2, v := eδ+ te2 and w := e2 + ze4 + e4−δ, where z := s(q0−2+δ)/4. Then Q(v)= (t2 +γδ)/2,

and Q(w)= (1+ z2 +γ4−δ)/2= 1/2=Q(u). Thus 〈u〉,〈v〉,〈w〉 ∈ Γ for some Γ ∈ {∆,∆}. In this case, a

matrix A ∈GL4(q0) lies in O−
4 (q0) if and only if AMβAT = Mβ. Using the fact that 〈t2/γδ〉 = Fq0 ,

we deduce that the pointwise stabiliser of {〈u〉,〈v〉} in L lies in O−
4 (q0), and consists of all matrices

of the form 
a 0 0 0

0 a 0 0

0 0 b1 c1

0 0 εc1 −εb1

 ,

if δ= 1, or 
b2 0 0 c2

0 a 0 0

0 0 a 0

−εc2s−1 0 0 εb2

 ,

if δ= 3, where a,ε ∈ {±1} and b2
1 + c2

1 = b2
2 + c2

2s−1 = 1. It is now straightforward to show that the

pointwise stabiliser of {〈u〉,〈v〉,〈w〉} in L consists of scalar matrices. Therefore, b(G)= 3. ■

By combining Proposition 4.3.2 with results from the literature, we are able to determine the

exact base size of every primitive group with socle L2(q). Here we exclude the groups with socle

L2(4), as L2(4)∼=L2(5). The theorem is stated as Theorem 4.1 in Section 4.1.

Theorem 4.3.3. Let G be a primitive group with socle T = L2(q), q ⩾ 5 and point stabiliser H.

Then b(G)> 2 if and only if one of the following holds.
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(i) H is of type P1, in which case b(G) ∈ {3,4}. Furthermore, b(G) = 3 if and only if either

G ⩽PGL2(q), or |G : T| = 2 and G ̸⩽PΣL2(q).

(ii) H is of type GL1(q) ≀S2 and PGL2(q)<G, in which case b(G)= 3.

(iii) H is of type GL1(q2) and PGL2(q)⩽G, in which case b(G)= 3.

(iv) H is of type GL2(q0) with q = q2
0 ⩾ 9, in which case b(G) ∈ {3,4}. Furthermore, b(G) = 4 if

and only if G =PΣL2(9).

(v) (q,H) ∈ {(5, A4), (7,S4), (11, A5), (19, A5)} and b(G)= 3, (q,H) ∈ {(5,S4), (9, A5)} and b(G)= 4,

or (q,H)= (9,S5) and b(G)= 5.

Proof. If H is soluble, then [14, Theorem 2] gives the precise base size of G. This includes the

cases where H is of type P1, GL1(q) ≀S2, GL1(q2) or 21+2− .O−
2 (2). For the groups with H of type A5,

or of type GL2(q0) with qk
0 = q for some odd prime k, we deduce the base size from [19, Tables

1 and 3]. Suppose finally that H is of type GL2(q0) with q2
0 = q. Here q ⩾ 9, and we obtain b(G)

from Proposition 4.3.2. ■

We now turn to the proofs of Theorems 4.2(i), 4.3 and 4.6, and consider each case in (4.3.1) in

turn. We shall use Theorem 4.1 to read off b(G).

4.3.2 H is of type P1, 21+2− .O−
2 (2) or A5

Lemma 4.3.4. If H is of type P1, then G is semi-Frobenius and Σ(G) is G-arc-transitive.

Proof. Here G is 2-transitive, so the result follows from Lemma 3.3.8. ■

Lemma 4.3.5. If H is of type 21+2− .O−
2 (2), then

(i) Property (⋆) holds.

(ii) Σ(G) is G-arc-transitive if and only if G ∈ {PGL2(11),L2(7),S5, A5}.

(iii) G is semi-Frobenius if and only if b(G)> 2.

Proof. The bound in the proof of [14, Lemma 4.10] is good enough to show that Q(G,2)< 1/2 if

q ⩾ 71, which implies that (⋆) holds and reg(G)> 1 (by Lemma 3.1.2, this implies that Σ(G) is

not G-arc-transitive). And we can use MAGMA to handle the groups with q < 71. ■

Lemma 4.3.6. If H is of type A5, then either q ∈ {9,11,19}, b(G)= 3 and G is semi-Frobenius, or

b(G)= 2 and (⋆) holds. Moreover, Σ(G) is G-arc-transitive if and only if G ∈ {L2(29),L2(11),S6, A6}.
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Proof. Recall that im(H) is the number of elements of order m in H, and let x ∈ H be an element

of prime order m and note that m ∈ {2,3,5}. If m = 2 then |xG |⩾ 1
2 q1/2(q+1)= b1 (minimal if x is

an involutory field automorphism) and we note that i2(H)⩽ 25= a1. Similarly, if m ∈ {3,5} then

|xG |⩾ q(q−1)= b2 and i3(H)+ i5(H)= 44= a2. Therefore, Lemma 2.4.1 implies that

Q̂(G,2)⩽ a2
1/b1 +a2

2/b2

and we deduce that Q̂(G,2) < 1/2 if q ⩾ 197. In particular, reg(G) > 1 for these groups since

2|H|2 < |G|, and so Σ(G) is not G-arc-transitive by Lemma 3.1.2. The remaining cases with

q < 197 can be verified using MAGMA. ■

4.3.3 H is of type GL2(q0)

Suppose q = qs
0 for some prime s and let H be a maximal subgroup of G of type GL2(q0). We first

deal with the case where s is odd. Recall that b(G)= 2 in this setting, so Σ(G) is G-arc-transitive

if and only if reg(G)= 1 (see Lemma 3.1.2).

Lemma 4.3.7. If H is of type GL2(q0) with q = qs
0 for some prime s⩾ 3, then b(G)= 2, (⋆) holds

and Σ(G) is not G-arc-transitive.

Proof. The cases where q ⩽ 125= 53 can be handled using MAGMA, so we may assume q > 125.

Notice that if we can show that Q̂(G,2)< 1/2, then (⋆) holds and reg(G)> 1 (the latter property

holds since 2|H|2 < |G|).
First assume s ⩾ 5 and let x ∈ H be an element of prime order. If x is an involutory field

automorphism of T, then |xG | ⩾ 1
2 q1/2(q + 1) = b1 and we note that there are at most a1 =

q1/2
0 (q0+1) such elements in H. In each of the remaining cases, we have |xG |⩾ 1

2 q(q−1)= b2 and

we observe that |H|⩽ q0(q2
0 −1)log q = a2. By applying Lemma 2.4.1 we deduce that

Q̂(G,2)⩽ a2
1/b1 +a2

2/b2

and this gives Q̂(G,2)< 1/2 as required.

To complete the proof, we may assume s = 3, so q0 ⩾ 7. This case requires a more refined

treatment. First let x ∈ H∩PGL2(q) be an element of prime order m. If x is unipotent (so m = p)

then |xG |⩾ 1
2 (q2 −1) = b1 and we note that there are exactly a1 = q0 −1 such elements in H.

Similarly, if x is a semisimple involution then |xG |⩾ 1
2 q(q−1)= b2 and we have i2(PGL2(q0))=

q2
0 = a2. Next suppose m ̸= p and m ⩾ 3, so m divides q2

0 −1 and there are 1
2 (m−1) distinct

T-classes of such elements in G (and the same number of L2(q0)-classes in H ∩PGL2(q)). If

{x1, . . . , xt} is a set of representatives of the distinct G-classes of these elements, then there exist

positive integers ki such that
∑

i ki = 1
2 (m−1) and

|xG
i ∩H| = ki q0(q0 +ε), |xG

i | = ki q3
0(q3

0 +ε),
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where ε= 1 if m divides q0 −1, otherwise ε=−1 (here |xT
i | = |xPGL2(q)

i | = q3
0(q3

0 +ε) and ki denotes

the number of distinct T-classes that are fused under the action of field automorphisms in G).

Therefore, the contribution to Q̂(G,2) from elements of order m is equal to

t∑
i=1

(ki q0(q0 +ε))2

ki q3
0(q3

0 +ε)
= 1

2
(m−1) · (q0 +ε)2

q0(q3
0 +ε)

.

If m divides q0 +1 then m−1 ⩽ q0 and there are at most log(q0 +1) possibilities for m, so the

total contribution to Q̂(G,2) from these elements is at most

f1(q0)= log(q0 +1) · 1
2

q0 · (q0 −1)2

q0(q3
0 −1)

.

Similarly, the contribution from the elements with m dividing q0 −1 is no more than

f2(q0)= log(q0 −1) · 1
2

(q0 −2) · (q0 +1)2

q0(q3
0 +1)

.

Finally, let us assume x ∈ G is a field automorphism of order m. As above, if m = 2 then

|xG | ⩾ 1
2 q1/2(q+1) = b3 and there are at most a3 = q1/2

0 (q0 +1) of these elements in H. Next

suppose m = 3. Here |xG |⩾ q2
0(q4

0 + q2
0 +1) = b4 and we may assume H = CG(x), which implies

that H contains at most

2(1+ i3(L2(q0)))⩽ 2
(
1+ |GL2(q0)|

(q0 −1)2

)
= 2q0(q0 +1)+2= a4

such elements. If m = 5 then |xG | > q36/5
0 = b5 and there are at most 8q12/5

0 = a5 of these elements

in H. Finally, if m⩾ 7 then |xG | > q54/7
0 = b6 and we observe that |H|⩽ q0(q2

0 −1)log q = a6.

Set α = 1 if q0 = q2
1 for some q1, otherwise α = 0. Similarly, let β = 1 if q0 = q5

1 and γ = 1 if

q0 = qm
1 for some prime m⩾ 7 (otherwise β= 0 and γ= 0, respectively). Then by bringing all of

the above estimates together, we conclude that

Q̂(G,2)< f1(q0)+ f2(q0)+ (
a2

1/b1 +a2
2/b2 +a2

4/b4
)+αa2

3/b3 +βa2
5/b5 +γa2

6/b6

and one checks that this upper bound is less than 1/2 for all q0 ⩾ 7. ■

Now we consider the case where q = q2
0. We determine which groups in this setting are

semi-Frobenius.

Lemma 4.3.8. Suppose H is of type GL2(q0), where q = q2
0. Then G is not semi-Frobenius if and

only if q ⩾ 16 and |G : T| is even.

Proof. First assume o = |G : T| is odd. Let α ∈Ω be such that H =Gα. We first note that, up to

conjugacy in H0 := H∩T, the point stabilisers in H0 are as follows (see [49, p. 354]):

H0, C f /2
p , Cq0+1 ((q0 −2)/2 copies), Cq0−1 (q0/2 copies)
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if q is even, and

H0, D2(q0+ε), C f /2
p , Cq0+1 ((q0 −4−ε)/4 copies), Cq0−1 ((q0 −2+ε)/4 copies)

if q is odd, where ε=±1 satisfies q0 ≡ ε (mod 4).

Now, for each δ ∈ {1,−1}, let Zδ be the subgroup of F×q of order q0 +δ. As discussed in [49,

p. 354], the fusion of T-suborbits of length q0(q0−δ) (i.e. with point stabiliser Cq0+δ) under a field

automorphism of T corresponds to the fusion under the corresponding field automorphism of Fq

of the sets {x, x−1}, for elements x ∈ F×q /Zδ of order at least 3. It follows that the point stabilisers

in H =Gα are isomorphic to the following groups, for certain divisors i+ and i− of o:

H, C f /2
p .o, Cq0+1.i+, Cq0−1.i−, and (if q is odd and q0 ≡ ε (mod 4)) D2(q0+ε).o.

We claim that Cq0±1 always appears as a point stabiliser. To prove this, it suffices to show that

the primitive element µ of Fq satisfies |Zδµ
〈σ〉| = o, where σ is the automorphism of Fq of odd order

o. Let q1 be such that qo
1 = q and hence µ〈σ〉 = {µqm

1 | 0⩽ m⩽ o−1}. Now |Zδµ
〈σ〉| = o if and only if

µqm
1 −ql

1 ∉ Zδ for all 0⩽ ℓ< m⩽ o−1. Suppose for a contradiction that µqm
1 −qℓ1 ∈ Zδ for such ℓ and m.

Then µ(qm
1 −qℓ1)(q0+δ) = 1, and so (q−1) | (qm

1 −qℓ1)(q0+δ). Hence (q0−δ) | qℓ1(qm−ℓ
1 −1), which implies

(q0 −δ) | (qm−ℓ
1 −1). It follows easily that either (q0 −δ) = (qm−ℓ

1 −1) or (q0 −δ) | (qm−ℓ
1 q−1

0 −δ).

However, since o is odd and qm−1
1 q−1

0 < q0, neither case can occur, a contradiction. Next, let

β ∈ Ω\ {α}, and choose γ ∈ Ω so that (up to isomorphism) the ordered pair (Hβ,Hγ) is one of

(C f /2
p .o,Cq0+1), (D2(q0+ε).o,Cq0−ε) and (Cq0±1.i,Cq0∓1), with i a divisor of o. Since Hγ ⩽ T, we

observe that Hβ∩Hγ = (Hβ∩T)∩Hγ. In particular, if Hβ
∼= C f /2

p .o, then Hβ∩Hγ = 1, and so

{α,β,γ} is a base for G. Thus {α,β} is an edge in Σ(G). In the remaining two cases, either

Hβ∩Hγ = 1 and {α,β} is again an edge, or Hβ∩Hγ = 〈g〉, where g is the unique involution of Hγ.

As Hβ is a core-free subgroup of H, there exists h ∈ H such that g ∉ Hh
β

, and hence g ∉ Hβh ∩Hγ,

which yields Hβh ∩Hγ = 1. This shows that {α,β,γh−1
} is a base for G, and thus Σ(G) is complete.

To complete the proof, assume |G : T| is even. To show that Σ(G) is not complete, it suffices to

consider the case where G is generated by T and an involutory field automorphism. As in the

proof of Proposition 4.3.2, we identify G with the orthogonal group PO−
4 (q0), where O−

4 (q0) is the

isometry group of a non-degenerate quadratic form Q of minus type on V := F4
q0

. As above, the

action of G on the right cosets of H is equivalent to its action on the set ∆ of one-dimensional

subspaces Y of V such that there exists y ∈ Y with Q(y) a non-zero square in Fq0 . We shall

therefore complete the proof by identifying a pair of elements of ∆ that does not extend to a base

for G of size b(G)= 3.

Assume first that q0 is even, and let ρ be the polar form of Q. As in the proof of Proposi-

tion 4.3.2, there exists a basis {e1, . . . , e4} for V so that the matrix of Q is

MQ :=


0 0 0 1

0 1 1 0

0 0 ζ 0

0 0 0 0

 ,
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for an arbitrary ζ ∈ F×q0
such that the polynomial x2 + x+ζ is irreducible over Fq0 . Since q0 ⩾ 4,

there are at least two choices for ζ, and so we will assume without loss of generality that ζ ̸= 1.

Now, let v1 := e1 +ζe2 + e3 +ζe4, v2 := e2, v3 := e1 and v4 := e3, so that {v1,v2,v3,v4} is a basis

for V . Then Q(v2)= 1, and

Q(v1)= ζρ(e1, e4)+ζ2Q(e2)+ζρ(e2, e3)+Q(e3)= ζ+ζ2 +ζ+ζ= ζ(1+ζ) ̸= 0.

Hence 〈v1〉 and 〈v2〉 are distinct subspaces in ∆. Additionally, let u ∈ V \ 〈v1,v2〉, so that u =∑4
i=1αivi with αi ∈ Fq0 such that α3 and α4 are not both 0. Finally, let m := ζα2

3 +α4(α3 +α4) and

A := m−1


ζα2

3 ζα3α4 0 ζα2
4

0 m 0 0

α3(α3 +α4) ζα2
3 m ζα3α4

ζ−1(α3 +α4)2 α3(α3 +α4) 0 ζα2
3

 .

Note that if α3 = 0, then m =α2
4 ̸= 0, and otherwise m = (α2

3)((α4α
−1
3 )2 +α4α

−1
3 +ζ), which is again

non-zero by the definition of ζ. It is straightforward to check that det(A)= 1, that the diagonal

entries of AMQ AT are equal to the corresponding diagonal entries of MQ , and that the Gram

matrix Mρ = MQ +MT
Q of the polar form ρ satisfies AMρAT = Mρ. Hence A ∈ O−

4 (q0). We also

observe that A is a non-scalar matrix that fixes u and each vector in 〈v1,v2〉. Since each subspace

in ∆ is spanned either by such a vector u or by a vector in 〈v1,v2〉, the subset {〈v1〉,〈v2〉} of ∆ does

not extend to a base for G of size 3.

Next, suppose that q0 is odd. We deduce from [80, p. 45] that there exists a basis {e1, . . . , e4}

for V so that the matrix of Q is

MQ :=


0 1 0 0

0 0 0 0

0 0 −1 −r

0 0 0 −s

 ,

where r := ω+ωq0 and s := ωq0+1 for an arbitrary element ω of Fq \Fq0 . Note that r and s do

indeed lie in Fq0 , as they are each equal to their q0-th power.

We now proceed similarly to above. Since q0 > 3, there exists y ∈ F×q0
\{±1}. Let v1 := e1 + e2,

v2 := e1 + y2e2, v3 := e3 and v4 := e4, so that {v1,v2,v3,v4} is a basis for V . As Q(v1) = 1 and

Q(v2)= y2 are both non-zero squares in Fq0 , it follows that 〈v1〉 and 〈v2〉 are distinct subspaces in

∆. Additionally, each u ∈V \ 〈v1,v2〉 satisfies u =∑4
i=1αivi for some αi ∈ Fq0 such that α3 and α4

are not both 0. For such a vector u, let t := (α3 +α4ω)(α3 +α4ω
q0) and

A := t−1


t 0 0 0

0 t 0 0

0 0 α2
3 − sα2

4 (2α3 + rα4)α4

0 0 (rα3 +2sα4)α3 −α2
3 + sα2

4

 .
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Note that t ∈ Fq0 as tq0 = t, and that t ̸= 0 since α3 and α4 lie in Fq0 , while ω and ωq0 do not. As

above, A is a non-scalar matrix in O−
4 (q0) (this time with determinant −1) that fixes u and each

vector in 〈v1,v2〉. We conclude that {〈v1〉,〈v2〉} does not extend to a base for G of size 3, as required.

■

In particular, this immediately implies that (⋆) holds and Σ(G) is not G-arc-transitive for the

groups G with |G : T| odd. However, for the relevant groups with |G : T| even (that is, G ∈F ), G

contains an involutory field automorphism ϕ, and one can calculate that the contribution of the

involutory field automorphisms to Q̂(G,3) is exactly

|ϕG | · fpr(ϕ)3 = (2, q−1)2 · q2

(q+1)2

Thus, using the probabilistic method to verify (⋆) or to estimate reg(G) is not feasible in this

setting, and we leave these problems open for the groups with G ∈F . Note that these groups are

excluded in the statements of Theorems 4.2(i) and 4.3.

The remaining two cases in (4.3.1), namely where H is of type GL1(q) ≀S2 or GL1(q2), need

more detailed treatment. Here a key ingredient is the following result of Chen and Du [36].

Theorem 4.3.9 (Chen & Du, [36]). Let G ⩽Sym(Ω) be a finite almost simple primitive group with

socle T =L2(q) and b(G)= 2. Then the Saxl graph Σ(G) has diameter 2.

This establishes a special case of Conjecture II, which asserts that Σ(G) has diameter at most

2 for every finite primitive permutation group G with b(G)= 2. In view of Theorem 4.3.9, in order

to establish (⋆) for base-two groups, it suffices to show that if {α,β} is a base for G, then there

exists γ ∈Ω such that {α,γ} and {β,γ} are bases.

Let us fix some notation, following Example 2.2.3. Let V be the natural module for T. Fix

a basis {e1, e2} for V and write F×q = 〈µ〉. Let δ ∈ PGL2(q) be the image (modulo scalars) of the

diagonal matrix diag(µ,1) ∈GL2(q), which induces a diagonal automorphism on T. Similarly, let

φ be a field automorphism of order f such that (ae1+be2)φ = ape1+bpe2 for all a,b ∈ Fq and note

that

Aut(T)= 〈T,δ,φ〉
and PΣL2(q)= 〈T,φ〉. For g ∈Aut(T), if we write g̈ for the coset T g, then

Out(T)= { g̈ : g ∈Aut(T)}= 〈δ̈〉×〈φ̈〉 = C(2,q−1) ×C f .

As before, we set H0 = H∩T.

It is convenient to use computational methods (as discussed in Section 4.2) to handle the

cases where q is small. To this end, we present the following result. Note that the primitivity of

G implies that q ̸= 5 in part (ii)(a), and L2(9).2=L2(9).〈δφ〉 ∼=M10 in part (ii)(b).

Proposition 4.3.10. Let G ⩽Sym(Ω) be a finite almost simple primitive group with socle T =L2(q)

and point stabiliser H of type GL1(q) ≀S2 or GL1(q2). If q ⩽ 27, then the following hold:
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(i) Property (⋆) holds.

(ii) Σ(G) is G-arc-transitive if and only if one of the following holds:

(a) G =PGL2(q), 5 ̸= q ⩾ 4, and H = D2(q−1); or

(b) (G,H)= (L2(5),D6), (PΓL2(8),D18.3) or (M10,5:4).

(iii) G is semi-Frobenius if and only if b(G)> 2.

Proof. This can be done easily with the aid of MAGMA. ■

4.3.4 H is of type GL1(q) ≀S2

Here H0 = D2(q−1)/h and |Ω| = 1
2 q(q+1), where h = (2, q−1). We may identify Ω = [G : H] with

the set of unordered pairs of distinct 1-dimensional subspaces of the natural module V for T.

The maximality of H implies that q ⩾ 4 and q ̸= 5 (see [11, Table 8.1], for example); in view of

Proposition 4.3.10, we may assume that q > 27. Recall that b(G)⩽ 3, with equality if and only if

PGL2(q)<G.

We first consider the groups with b(G) = 2 (we will return to the general case in the proof

of Proposition 4.3.19 below), so Σ(G) is G-arc-transitive if and only if reg(G)= 1 (recall Lemma

3.1.2). As noted in Example 3.1.4, if G =PGL2(q) then Σ(G) is isomorphic to the Johnson graph

J(q+1,2); the vertices of this graph correspond to the 2-element subsets of a set of size q+1, with

two vertices joined by an edge if they have nonempty intersection. This observation immediately

implies (⋆) and reg(G)= 1. Therefore, we will assume that q is odd and G∩PGL2(q)= T. Then as

noted in the proof of [14, Lemma 4.7], this implies that one of the following holds:

(a) G = 〈T,φ j〉 for some j in the range 0⩽ j < f ; or

(b) G = 〈T,δφ j〉 with 0< j < f and f /( f , j) even.

Set α,β ∈ Ω, where α = {〈e1〉,〈e2〉} and β = {〈u〉,〈v〉}. Let us assume q is odd and suppose

G =PΣL2(q)= 〈T,φ〉. Notice that if u = e1 and v = be1 + e2, then α and β are fixed by the image

in G of an element (
a 0

0 a−1

)
φ ∈ 〈SL2(q),φ〉

with a2 = bp−1. Similarly, the pointwise stabiliser of {α,β} is nontrivial if u = e2. Therefore, {α,β}

is a base for G only if 〈u〉 = 〈e1 +be2〉 and 〈v〉 = 〈e1 + ce2〉 for distinct nonzero scalars b, c ∈ Fq.

In Lemma 4.3.12 below we present necessary and sufficient conditions on the scalars b and c

to ensure that {α,β} is a base for PΣL2(q). To do this, we need the following more general result.

Note that the condition in part (iii) is equivalent to the non-containment of bc−1 in a proper

subfield of Fq.
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Lemma 4.3.11. Suppose G∩PGL2(q)= T with q odd and set

α= {〈e1〉,〈e2〉}, β= {〈e1 +be2〉,〈e1 + ce2〉}

with b ̸= c. Then {α,β} is a base for G if the following conditions are satisfied:

(i) bc ̸= 0;

(ii) −bc−1 is a non-square in Fq; and

(iii) bpk−1 ̸= cpk−1 for all 0< k < f .

Proof. Suppose b and c satisfy the three given conditions and let us assume

x = ABiφ j ∈ 〈GL2(q),φ〉

fixes α and β, where A ∈ SL2(q), B = diag(µ,1), 0⩽ i < q−1 and 0⩽ j < f , with j > 0 if i > 0. It

suffices to show that x =±I2. Since x fixes α, the matrix of A with respect to the basis {e1, e2} is

either diagonal or anti-diagonal.

First assume x fixes the two 1-spaces comprising α, so A = diag(a,a−1) is diagonal. If x also

fixes the two spaces in β, then

(e1 +be2)x = aµi e1 +a−1bp j
e2 = η1(e1 +be2)

(e1 + ce2)x = aµi e1 +a−1cp j
e2 = η2(e1 + ce2)

for some η1,η2 ∈ F×q . Therefore

(4.3.2) a2µi = bp j−1 = cp j−1

and thus (iii) implies that j = 0, so i = 0 and a2 = 1, which gives x =±I2 as required. Similarly, if

x interchanges the spaces in β, then

(4.3.3) a2µi = bp j
c−1 = cp j

b−1.

Here bp2 j−1 = cp2 j−1, so (iii) implies that 2 j = 0 or f . Suppose 2 j = 0, so i = 0 and a2 = bc−1 = cb−1

and thus bc−1 = ±1. But b ̸= c, so bc−1 = −1, which is incompatible with (ii). Now assume

2 j = f , so q ≡ 1 (mod 4) and −1 is a square in Fq. In addition, (4.3.3) gives (bc−1)p f /2+1 = 1, so

bc−1 ∈ 〈µp f /2−1〉 and thus bc−1 is a square. Therefore, −bc−1 is a square, which once again is

incompatible with (ii).

Now assume A =
(

0 a

−a−1 0

)
is anti-diagonal. If x fixes both spaces in β then

(e1 +be2)x = abp j
e1 −a−1µi e2 = η1(e1 +be2)

(e1 + ce2)x = acp j
e1 −a−1µi e2 = η2(e1 + ce2)
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for some η1,η2 ∈ F×q . This gives

(4.3.4) −a2µ−i = b−p j−1 = c−p j−1.

Here bp2 j−1 = cp2 j−1 and thus 2 j = 0 or f by (iii). If 2 j = 0 then i = 0 and −a2 = b−2 = c−2, which

implies that bc−1 =±1. As noted above, this is incompatible with (ii). Now assume 2 j = f , so q ≡ 1

(mod 4) and −1 is a square in Fq once again. Then (4.3.4) gives (bc−1)p f /2+1 = 1 and as above we

deduce that bc−1 is a square. Hence, −bc−1 is also a square, which contradicts (ii).

Finally, suppose A is anti-diagonal as above and assume x interchanges the 1-spaces in β.

Here we get

(4.3.5) −a2µ−i = b−p j
c−1 = c−p j

b−1,

so bp j−1 = cp j−1 and the condition in (iii) implies that j = 0 and i = 0. Therefore −bc−1 = (ab)2,

which is incompatible with (ii).

We conclude that if the scalars b and c satisfy the conditions in (i), (ii) and (iii), then {α,β} is

a base. ■

Lemma 4.3.12. Let G =PΣL2(q) with q odd and set α and β as in Lemma 4.3.11. Then {α,β} is a

base for G if and only if the scalars b and c satisfy the conditions (i)–(iii) in Lemma 4.3.11.

Proof. By Lemma 4.3.11, it suffices to show that if any of the conditions in (i), (ii) or (iii) fail to

hold, then there exists an element x ̸= ±I2 in ΣL2(q)= 〈SL2(q),φ〉 that fixes α and β. We proceed

by inspecting the proof of Lemma 4.3.11, noting that i = 0 in each of the equations (4.3.2)–(4.3.5).

As explained in the discussion preceding Lemma 4.3.11, if bc = 0 then {α,β} is not a base.

Next assume −bc−1 is a square in Fq, say d2 =−bc−1. Then setting a = db−1 gives −a2 = b−1c−1

and we get a solution to (4.3.5) with j = 0. Finally, suppose bpk−1 = cpk−1 for some 0< k < f and

choose a ∈ Fq with a2 = bpk−1. Then (4.3.2) is satisfied and we conclude that x = diag(a,a−1)φk

fixes α and β. ■

Let us record three corollaries of Lemma 4.3.12. The first result allows us to reduce our main

problems to the special case G =PΣL2(q).

Corollary 4.3.13. Suppose G∩PGL2(q) = T and q is odd. Then the Saxl graph Σ(G) contains

Σ(PΣL2(q)) as a subgraph.

Proof. Let {α,β} be a base for PΣL2(q) with α = {〈e1〉,〈e2〉} as usual. As explained in the dis-

cussion preceding Lemma 4.3.11, we have β= {〈e1 +be2〉,〈e1 + ce2〉} for nonzero scalars b and c,

which must satisfy the conditions in parts (i), (ii) and (iii) of Lemma 4.3.11 (see Lemma 4.3.12).

Then Lemma 4.3.11 implies that {α,β} is a base for G and the result follows. ■
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Corollary 4.3.14. Let G =PΣL2(q) with q odd and set

β= {〈e1 +be2〉,〈e1 + ce2〉}, γ= {〈e1 +b′e2〉,〈e1 + c′e2〉}

where b, c,b′, c′ are nonzero scalars with b ̸= c and b′ ̸= c′. Then {β,γ} is a base for G if and only if

{b′, c′}=
{

b(c−b)+dc
c−b+d

,
b(c−b)+ ec

c−b+ e

}
for scalars d, e ∈ Fq with d, e ̸= b− c satisfying conditions (i)–(iii) in Lemma 4.3.11.

Proof. Since G acts primitively on Ω, it follows that the normal subgroup T is transitive.

Therefore, β=αg for some g ∈ T and we note that g maps the set of neighbours of α in Σ(G) to

the set of neighbours of β. More precisely, we can take g to be the image of the matrix(
1 (c−b)−1

b c(c−b)−1

)
∈SL2(q).

Suppose {β,γ} is a base, so γ = δg for some neighbour δ of α. By Lemma 4.3.12, we have

δ= {〈e1 +de2〉,〈e1 + ee2〉} for scalars d, e ∈ Fq satisfying the conditions in (i)–(iii) of Lemma 4.3.11

and by applying g we get

γ= {〈(1+d(c−b)−1)e1 + (b+dc(c−b)−1)e2〉,〈(1+ e(c−b)−1)e1 + (b+ ec(c−b)−1)e2〉}.

Here the coefficients 1+d(c− b)−1 and 1+ e(c− b)−1 are nonzero, so d, e ̸= b− c and we deduce

that γ has the required form.

Conversely, if γ has the given form then γ= δg for some δ ∈Ω with {α,δ} a base and it follows

that {β,γ} is a base. ■

Corollary 4.3.15. Let G =PΣL2(q) with q odd and let m be the number of non-squares in Fq that

are not contained in any proper subfield of Fq. Then Σ(G) has valency m(q−1)/2 and thus G has

exactly m/2 f regular suborbits on Ω.

Proof. We consider the neighbours of α = {〈e1〉,〈e2〉}. Suppose β = {〈e1 + b0e2〉,〈e1 + e2〉}. By

Lemma 4.3.12, {α,β} is a base if and only if −b0 is a non-square that is not contained in any proper

subfield of Fq. Therefore, there are m choices for β. More generally, if β= {〈e1 +be2〉,〈e1 + ce2〉}
with c ̸= 0, then {α,β} is a base if and only if b = cb0 for some b0 as above. Since there are q−1

choices for c and we can interchange the two spaces comprising β, we conclude that Σ(G) has

valency m(q−1)/2. Since |H| = (q−1) f , it follows that G has precisely m/2 f regular suborbits on

Ω. ■

We are now in a position to prove our first main result for the base-two groups G with H of

type GL1(q) ≀S2. The following proposition extends Theorem 4.3.9 by establishing Conjecture II

for these groups.
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Lemma 4.3.16. Property (⋆) holds if H is of type GL1(q) ≀S2 and b(G)= 2.

Proof. We may assume q > 27. Recall that b(G)= 2 if and only if G does not contain PGL2(q) as

a proper subgroup. If G =PGL2(q), then Σ(G) is isomorphic to the Johnson graph J(q+1,2) and

we immediately deduce that (⋆) holds (as noted in Example 3.1.4).

For the remainder, we may assume that G∩PGL2(q)= T and q is odd. In view of Corollary

4.3.13, we only need to consider the group G =PΣL2(q). Fix α= {〈e1〉,〈e2〉} as before. By Theorem

4.3.9, it suffices to show that if {α,β} is a base, then there exists γ ∈Ω such that both {α,γ} and

{β,γ} are bases.

By Lemma 4.3.12 we have β = {〈e1 + be2〉,〈e1 + ce2〉}, where b, c ∈ Fq are nonzero scalars

such that −bc−1 is a non-square and is not contained in any proper subfield of Fq. Set γ =
{〈e1 − be2〉,〈e1 − ce2〉} ∈Ω and note that {α,γ} is a base by Lemma 4.3.11. By Corollary 4.3.14,

{β,γ} is a base if and only if there exists d, e ∈ Fq with d, e ̸= b− c such that

(4.3.6) {−b,−c}=
{

b(c−b)+dc
c−b+d

,
b(c−b)+ ec

c−b+ e

}
and d, e satisfy the conditions in parts (i), (ii) and (iii) in Lemma 4.3.11.

Set d = 2b(b−c)
b+c and e = b2−c2

2c . Then d, e ̸= b− c, (4.3.6) holds and de ̸= 0. In addition,

−de−1 =−bc−1
(

2c
b+ c

)2
=−4(bc−1 + cb−1 +2)−1

and we immediately deduce that −de−1 is a non-square in Fq.

Finally, we claim that de−1 is not contained in a proper subfield of Fq. To do this, it suffices to

show that η= bc−1 + cb−1 is not contained in such a subfield. With this aim in mind, it will be

useful to observe that

ηpk −η= (bc−1)pk + (bc−1)−pk −bc−1 − (bc−1)−1

= (bc−1)−pk
((bc−1)pk+1 −1)((bc−1)pk−1 −1)

for 1⩽ k < f , so η is contained in the subfield Fpk of Fq if and only if this expression is 0. Now

since b and c satisfy the condition in part (iii) of Lemma 4.3.11, it follows that (bc−1)pk−1 −1 ̸= 0,

whence η ∈ Fpk if and only if (bc−1)pk+1 = 1. If the latter equality holds, then bc−1 ∈ Fp2k and thus

2k = f . In particular, this implies that both −1 and bc−1 are squares, which contradicts (ii) in

Lemma 4.3.11.

This justifies the claim and we conclude that d and e satisfy the conditions in parts (i), (ii)

and (iii) of Lemma 4.3.11. In particular, {β,γ} is a base and the result follows. ■

Next we turn to the problem of determining when G has a unique regular suborbit on Ω. We

will need the following number-theoretic result, where φ and γ= 0.57721... denote Euler’s totient

function and Euler’s constant, respectively.
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Lemma 4.3.17. For every integer n⩾ 3,

φ(n)> n
eγ loglogn+ 3

loglogn

.

Proof. See [108, Theorem 15]. ■

Lemma 4.3.18. Suppose H is of type GL1(q) ≀S2. Then G has a unique regular suborbit if and

only if G =PGL2(q) and q ⩾ 4, q ̸= 5.

Proof. In view of Proposition 4.3.10, we may assume q > 27 and we recall that G = PGL2(q)

has a unique regular suborbit. For the remainder we may assume G∩PGL2(q)= T and our aim

is to show that G has at least two regular suborbits. By Corollary 4.3.13, we may assume that

G = PΣL2(q), in which case G has m/2 f regular suborbits by Corollary 4.3.15, where m is the

number of non-squares in Fq that are not contained in any proper subfield of Fq. Any primitive

element of Fq has this property and there are φ(q−1) such elements in Fq. By applying the lower

bound in Lemma 4.3.17 we deduce that φ(q−1)⩾ 4 f for all q > 27 and the result follows. ■

Proposition 4.3.19. Suppose H is of type GL1(q) ≀S2. Then the following hold:

(i) Property (⋆) holds.

(ii) Σ(G) is G-arc-transitive if and only if G =PGL2(q) and q ⩾ 4, q ̸= 5.

(iii) G is semi-Frobenius if and only if b(G)> 2.

Proof. In view of Lemmas 4.3.16 and 4.3.18, it suffices to prove (iii). Note that G is not semi-

Frobenius if b(G) = 2, so we only need to consider the groups with b(G) > 2, which means that

PGL2(q)<G and b(G)= 3. As before, we identify Ω with the set of distinct pairs of 1-dimensional

subspaces of F2
q, and as shown in the proof of [14, Lemma 4.7], {α,β,γ} is a base for G, where

α := {〈e1〉,〈e2〉}, β := {〈e1〉,〈e1 + e2〉}, and γ := {〈e1〉,〈e1 +µe2〉},

with {e1, e2} an arbitrary basis for F2
q and µ a generator of F×q . Thus {α,β} is an edge in Σ(G).

Moreover, for each λ ∈ F×q , replacing e2 by λe2 shows that α and {〈e1〉,〈e1 +λe2〉} are adjacent in

Σ(G). By symmetry, α is also adjacent to {〈e2〉,〈e1+λe2〉}. It remains to prove that, for all distinct

λ1,λ2 ∈ F×q , there exists a base for G containing both α and δ := {〈e1 +λ1e2〉,〈e1 +λ2e2〉}.
We claim that there exists ν ∈ {µ,µ−1} such that λ1λ

−1
2 ̸= νp j−1 for all j ∈ {1, . . . , f }. Otherwise,

since λ1 ̸= λ2, there would exist j,k ∈ {1, . . . , f −1} such that µp j−1 = (µ−1)pk−1, i.e. µp j+pk−2 = 1.

Since p j + pk −2< 2q−2, this would imply that p j + pk −2= q−1, which is impossible as they

have different parities, and so our claim follows. Now, let θ := {〈e1〉,〈e1 +λ1νe2〉}. We will show

that {α,θ,δ} is a base for G.
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The pointwise stabiliser of {α,θ} in ΓL2(q) consists of all elements of the form g j,x :=
σ jdiag((λ1ν)p j−1x, x), where 1 ⩽ j ⩽ f , x ∈ F×q , and σ is the field automorphism such that

(c1e1+c2e2)σ = cp
1 e1+cp

2 e2 for all c1, c2 ∈ Fq. Additionally, g j,x maps the subspace U := 〈e1+λ1e2〉
to 〈e1 +λ1(ν−1)(p j−1)e2〉. Suppose now that g j,x also stabilises δ. If g j,x swaps the two subspaces

in δ, then it follows that λ1λ
−1
2 = νp j−1, contradicting the definition of ν. Hence g j,x fixes U , and

so (ν−1)p j−1 = 1, yielding j = f and g j,x ∈ Z(GL2(q)). Therefore, {α,θ,δ} is a base for G. ■

4.3.5 H is of type GL1(q2)

Now we turn to the groups with H of type GL1(q2), so H0 = D2(q+1)/h and |Ω| = 1
2 q(q−1), where

h = (2, q−1). By Proposition 4.3.10 we may assume q > 27 and we recall that b(G) ⩽ 3, with

equality if and only if PGL2(q)⩽G.

Once again, we first treat the base-two groups, and hence we may assume q is odd and

G∩PGL2(q)= T, so either

(a) G = 〈T,φ j〉 for some j in the range 0⩽ j < f ; or

(b) G = 〈T,δφ j〉 with 0< j < f and f /( f , j) even.

Following [14], it will be helpful to identify T with the unitary group X0 =U2(q) and H with a

maximal subgroup of type GU1(q) ≀S2. We may then identify Ω with the set of orthogonal pairs of

nondegenerate 1-dimensional subspaces of the natural module U for X0, which is defined over Fq2 .

As in the proof of [14, Lemma 4.8], fix an orthonormal basis {u,v} for U and set α= {〈u〉,〈v〉} ∈Ω.

For each nonzero scalar b ∈ Fq2 with bq+1 ̸= −1 we define

(4.3.7) ωb = {〈u+bv〉,〈u−b−qv〉} ∈Ω.

Then

Ω= {α}∪ {ωb : b ∈ F×q2 , bq+1 ̸= −1}

and we note that ωb =ω−b−q . We will abuse notation by writing φ for the field automorphism of

X0 that corresponds to the map η 7→ ηp on Fq2 and we will assume that

(au+bv)φ = apu+bpv

for all a,b ∈ Fq2 . We define ΣU2(q) = 〈SU2(q),φ〉 and PΣU2(q) = 〈X0,φ〉 = X0. f , noting that

X0 ∩〈φ〉 = 〈φ f 〉. In this setting, the two cases we need to consider are as described in (a) and (b)

above, with T replaced by X0. Note that in (b), the diagonal automorphism δ is the image of a

diagonal matrix diag(λq−1,1) ∈GU2(q) with respect to the basis {u,v} for U , where F×q2 = 〈λ〉.
We begin with the following result, which is the analogue of Lemma 4.3.11 for the groups

with H of type GL1(q2) we are considering here. Note that the sufficient condition in the lemma

is equivalent to the non-containment of b
1
2 (q+1) in a proper subfield of Fq2 .
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Lemma 4.3.20. Suppose G∩PGL2(q)= T with q odd. Then {α,ωb} is a base for G if

(4.3.8) b
1
2 (q+1)(pk−1) ̸= 1

for all 0< k < 2 f .

Proof. Suppose b satisfies the condition in (4.3.8) for all 0< k < 2 f and let us assume

x = ABiφ j ∈ 〈GU2(q),φ〉

fixes α and ωb, where A ∈SU2(q), B = diag(λq−1,1), 0⩽ i < q+1, 0⩽ j < 2 f with j ̸= f , and j > 0

if i > 0. In order to prove that {α,ωb} is a base for G, it suffices to show that if x fixes α and ωb,

then i = j = 0 and A = ±I2. So let us assume x fixes α and ωb, which means that A is either

diagonal or anti-diagonal with respect to the basis {u,v} for the natural SU2(q)-module U .

First assume A = diag(a,a−1) is diagonal, so aq+1 = 1. If x fixes the two spaces in ωb, then

(u+bv)x = aλi(q−1)u+a−1bp j
v = η1(u+bv)

(u−b−qv)x = aλi(q−1)u−a−1b−qp j
v = η2(u−b−qv)

for some η1,η2 ∈ F×q2 , whence

(4.3.9) a2λi(q−1) = bp j−1 = bq(1−p j).

Since aq+1 = 1 we get (bq+1)(p j−1) = 1, which implies (bq+1)
1
2 (p2 j−1) = 1 and thus 2 j = 0 or 2 f are

the only possibilities. But we are assuming j ̸= f , hence j = 0 and thus i = 0. Therefore, (4.3.9)

gives a2 = 1 and we conclude that x =±I2.

Similarly, if x interchanges the spaces in ωb, then

(u+bv)x = aλi(q−1)u+a−1bp j
v = η1(u−b−qv)

(u−b−qv)x = aλi(q−1)u−a−1b−qp j
v = η2(u+bv)

for some η1,η2 ∈ F×q2 and we deduce that

(4.3.10) −a2λi(q−1) = bp j+q = b−qp j−1.

In particular, since aq+1 = 1, it follows that

(bq+1)
1
2 (p j+ f +1) = (−1)

1
2 (q+1)λ

1
2 i(q2−1) = (−λi(q−1))

1
2 (q+1)

and thus

(bq+1)
1
2 (p2 j−1) = (bq+1)

1
2 (p2( j+ f )−1) = (−λi(q−1))

1
2 (q+1)(p j+ f −1) = 1.

Since (4.3.8) holds and j ̸= f we deduce that j = 0 is the only possibility, implying i = 0. Then

(4.3.10) gives bq+1 = b−q−1 and thus bq+1 =±1. By construction we have bq+1 ̸= −1 (since ωb ∈Ω),
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while (4.3.8) implies that bq+1 ̸= 1. Therefore, we have reached a contradiction and this case does

not arise.

Now let us assume x interchanges the two spaces in α, so

A =
(

0 a

−a−1 0

)

is anti-diagonal and aq+1 = 1. If x fixes the spaces in ωb, then

(u+bv)x = abp j
u−a−1λi(q−1)v = η1(u+bv)

(u−b−qv)x =−ab−qp j
u−a−1λi(q−1)v = η2(u−b−qv)

for some η1,η2 ∈ F×q2 and we get

−a2λ−i(q−1) = b−p j−1 = bq+qp j
.

This implies that (bq+1)
1
2 (p2 j−1) = 1, which leads to a contradiction as above. Finally, suppose x

interchanges the two spaces in ωb. Here we get

(4.3.11) a2λi(q−1) = bq−p j = bqp j−1

and thus (bq+1)
1
2 (p f+ j−1) =λ 1

2 i(q2−1) =±1 and so (bq+1)
1
2 (p2( f+ j)−1) = 1. It follows that j = 0 and i = 0,

so (bq+1)
1
2 (p f −1) = 1 and this is incompatible with (4.3.8). ■

Lemma 4.3.21. Let G = PΣL2(q) with q odd. Then {α,ωb} is a base for G if and only if (4.3.8)

holds for all 0< k < 2 f .

Proof. By Lemma 4.3.20, it suffices to show that if the condition in (4.3.8) fails to hold, then

{α,ωb} is not a base for G. So let us assume k is an integer such that 0< k < 2 f and

b
1
2 (q+1)(pk−1) = 1.

If k ̸= f then by setting j = k we deduce that (4.3.9) holds with a = b(pk−1)/2 and i = 0, otherwise

(4.3.11) holds with a = b(q−1)/2 and i = j = 0. In both cases we conclude that {α,ωb} is not a base

and the result follows. ■

Remark 4.3.22. By inspecting the proofs of Lemmas 4.3.20 and 4.3.21, we deduce that if G = T

and q is odd, then {α,ωb} is a base for G if and only if b is a non-square in Fq2 . The same criterion

was established in the proof of [24, Theorem 10] for q ≡ 3 (mod 4) and we note that a very similar

argument can be used to reach the same conclusion when q ≡ 1 (mod 4). In addition, we refer the

reader to [24, Lemma 7.9] for a complete list of the subdegrees of G = T when q ⩾ 11 is odd.

We can now reduce our main problems to the special case G =PΣL2(q).
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Corollary 4.3.23. Suppose G∩PGL2(q) = T and q is odd. Then the Saxl graph Σ(G) contains

Σ(PΣL2(q)) as a subgraph.

Proof. If {α,ωb} is a base for PΣL2(q), then Lemma 4.3.21 implies that (4.3.8) holds and thus

{α,ωb} is a base for G by Lemma 4.3.20. ■

The following technical result is a key observation.

Corollary 4.3.24. Let G =PΣL2(q) with q odd and let b, c ∈ F×q2 be scalars such that bq+1, cq+1 ̸=
−1 and c ̸∈ {b,−b−q}. Then {ωb,ωc} is a base for G if and only if

ba−2
1 (b+b−q)+b−qd

a−2
1 (b+b−q)−d

∈ {c,−c−q}

for scalars a1,d ∈ Fq2 satisfying all of the following conditions:

(i) aq+1
1 = 1+bq+1;

(ii) dq+1 ̸= −1 and d ̸∈ {a−2
1 (b+b−q),−bq+1a−2

1 (b+b−q)};

(iii) d
1
2 (q+1)(pk−1) ̸= 1 for all 0< k < 2 f .

Proof. Choose a1 ∈ Fq2 such that aq+1
1 = 1+bq+1 and set a2 =−(b+b−q)a−1

1 (note that a1 exists

since 1+bq+1 ∈ Fq). Then aq+1
2 = 1+b−(q+1) and we deduce that both a−1

1 (u+bv) and a−1
2 (u−b−qv)

are unit vectors. Let g ∈ X0 =U2(q) be the image of the matrix

A =
(

a−1
1 a−1

2

ba−1
1 −b−qa−1

2

)
∈SU2(q),

which is expressed in terms of the basis {u,v} for U . Note that αg =ωb.

First assume {ωb,ωc} is a base for G, so ωc =ω
g
d for some neighbour ωd of α in Σ(G). Then

dq+1 ̸= −1 and Lemma 4.3.21 implies that d satisfies the condition in (iii). By applying g we get

(u+dv)g = (a−1
1 +a−1

2 d)u+ (ba−1
1 −b−qa−1

2 d)v.

Since ωc ̸= α, the coefficients of u and v in this expression are nonzero and we deduce that d

satisfies the remaining conditions in (ii). In particular,

〈u+dv〉g =
〈

u+ ba−1
1 a2 −b−qd

a−1
1 a2 +d

v

〉
=

〈
u+ ba−2

1 (b+b−q)+b−qd

a−2
1 (b+b−q)−d

v

〉

〈u−d−qv〉g =
〈

u+ ba−2
1 (b+b−q)−b−qd−q

a−2
1 (b+b−q)+d−q

v

〉
and we conclude that if {ωb,ωc} is a base for G then all of the required conditions are satisfied.

Conversely, if c has the given form for scalars a1 and d satisfying all of the given conditions,

then {α,ωd} is a base for G (via the condition in (iii)) and ωc =ω
g
d for some g ∈ T with ωb =αg.

Therefore, {ωb,ωc} is also a base for G. ■
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We are now in a position to extend Theorem 4.3.9 by establishing (⋆) for the base-two groups

with H of type GL1(q2).

Lemma 4.3.25. Property (⋆) holds if H is of type GL1(q2) and b(G)= 2.

Proof. We may assume q > 27 (see Proposition 4.3.10) and we recall that b(G) = 2 if and only

if q is odd and G∩PGL2(q)= T. In view of Corollary 4.3.23, we may assume that G =PΣL2(q).

By Theorem 4.3.9, it suffices to show that if {α,ωb} is a base for G, then there exists c ∈ F×q2 with

cq+1 ̸= −1 such that both {α,ωc} and {ωb,ωc} are also bases. Note that bq+1 ̸= −1 and b satisfies

the condition in (4.3.8) for all 0< k < 2 f (see Lemma 4.3.21).

We claim that all of the above properties hold with c =−b. Clearly, we have cq+1 = bq+1 ̸= −1

and c
1
2 (q+1)(pk−1) ̸= 1 for all 0 < k < 2 f , so {α,ωc} is a base. It remains to prove that {ωb,ωc} is a

base.

As in Corollary 4.3.24, fix a scalar a1 ∈ F×q2 such that aq+1
1 = 1+bq+1 and set

d = 2ba−2
1 (b+b−q)
b−b−q ∈ F×q2 .

Then

c = ba−2
1 (b+b−q)+b−qd

a−2
1 (b+b−q)−d

and it remains to show that d satisfies all the conditions in parts (ii) and (iii) of Corollary 4.3.24.

If d ∈ {a−2
1 (b+b−q),−bq+1a−2

1 (b+b−q)} then bq+1 =−1, which is a contradiction. In addition,

if we write αg =ωb as in the proof of Corollary 4.3.24, then 〈u+dv〉 = 〈u+ cv〉g−1
and 〈u−d−qv〉 =

〈u− c−qv〉g−1
. Since cq+1 ̸= −1, we have u+ cv ̸= u− c−qv and thus u+dv ̸= u−d−qv. Therefore,

dq+1 ̸= −1 and we conclude that d satisfies all of the conditions in part (ii) of Corollary 4.3.24.

Finally, we need to show that

d
1
2 (q+1) =±2

(
b

1
2 (q+1) −b− 1

2 (q+1)
)−1

is not contained in a proper subfield of Fq2 . Set e = b
1
2 (q+1), which is not in a proper subfield by

Lemma 4.3.21, and note that it suffices to show that e− e−1 is also not contained in a proper

subfield. Fix an integer 0< k < 2 f and observe that

(e− e−1)pk − (e− e−1)= e−pk
(epk+1 +1)(epk−1 −1),

so e− e−1 ∈ Fpk if and only if this expression is 0. In view of (4.3.8), this holds if and only if

epk+1 =−1. So let us assume this relation holds. Then ep2k−1 = (−1)pk−1 = 1 and thus 2k = 0 or 2 f .

If 2k = 2 f then k = f and so eq+1 = epk+1 =−1. This implies that

−1= eq+1 = b
1
2 (q+1)2 = b

1
2 (q2+1)bq =−bq+1

and so b is a square, which is incompatible with (4.3.8). Therefore k = 0, so e2 =−1 and e− e−1 =
−2e−1. The result now follows since Lemma 4.3.21 implies that e−1 is not contained in a proper

subfield of Fq2 . ■
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Lemma 4.3.26. Suppose H is of type GL1(q2). Then G has a unique regular suborbit if and only

if G =L2(5) or L2(9).2=M10.

Proof. In view of Proposition 4.3.10 and Corollary 4.3.23, we may assume q > 27 is odd and

G =PΣL2(q). Let r be the number of regular suborbits of G. If q is a prime then G = T and [24,

Lemma 7.9] gives r = (q−ℓ)/4, where q ≡ ℓ (mod 4) with ℓ ∈ {1,3}. For the remainder, we may

assume q > p.

Let λ be a primitive element of Fq2 . Then by Lemma 4.3.20, we see that {α,ωλ} is a base for

G. Therefore, the valency of Σ(G) is at least φ(q2 −1)/2, where φ is Euler’s function and thus

r ⩾ φ(q2 −1)/2 f (q+1) since |H| = f (q+1). By applying the lower bound in Lemma 4.3.17 we

deduce that
φ(q2 −1)
2 f (q+1)

⩾ 2

for q > 27 and the desired result follows. ■

Proposition 4.3.27. Suppose H is of type GL1(q2). Then the following hold:

(i) Property (⋆) holds.

(ii) Σ(G) is G-arc-transitive if and only if G =L2(5), PΓL2(8) or L2(9).2=M10.

(iii) G is semi-Frobenius if and only if b(G)> 2.

Proof. In view of Lemmas 4.3.25 and 4.3.26, it suffices to prove (iii), and we only need to show

that G is semi-Frobenius if PGL2(q)⩽G, in which case b(G)= 3.

Fix a generator µ of F×q2 , and let ζ ∈ F×q2 with ζq+1 ̸= −1. We shall prove by contradiction that

if −µ−(q−1) ∈ X := {ζ2,−ζ−(q−1)}, then −(µ−1)−(q−1) ∉ X . First suppose that −µ−(q−1) =−(µ−1)−(q−1).

Then 1 = µ2(q−1), contradicting the fact that |µ| = q2 −1 > 2(q−1). Without loss of generality,

we may therefore assume that ζ2 =−µ−(q−1). Since −1=µ(q2−1)/(2,q−1) and ζq+1 ̸= −1, we deduce

that q ≡ 1 (mod 4) and ζ=±µ(q−1)2/4. It follows that ζ−(q−1) =µ−(q−1)3/4. If −(µ−1)−(q−1) lies in X ,

then it is equal to −ζ−(q−1), and so 1= µq−1+(q−1)3/4. Hence q−1+ (q−1)3/4= k(q2 −1) for some

positive integer k, and solving this cubic equation shows that
p

k2 +2k−1 is an integer. However,

k2 +2k−1= (k+1)2 −2 is not a square, a contradiction. We have therefore proved our claim.

Now, choose ν ∈ {µ,µ−1} such that −ν−(q−1) ∉ X . We shall show that {α,ων,ωζ} is a base for

G (recall the notation for points in Ω from (4.3.7)). Note that the group ΓU2(q) = 〈GU2(q),φ〉
satisfies G ⩽Aut(U2(q))∼=ΓU2(q)/Z(GU2(q)). Following the proof of [14, Lemma 4.8], we see that

the pointwise stabiliser of {α,ων} in ΓU2(q) is generated by Z(GU2(q)) along with

M :=
(
0 −ν−(q−1)

1 0

)
.

Note that M2 ∈ Z(GU2(q)). Hence it suffices to prove that M does not fix ωζ. It is easy to see that

if M fixes each of the two subspaces in ωζ, then −ν−(q−1) = ζ2, and if M swaps these subspaces,
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then we have −ν−(q−1) = −ζ−(q−1). However, −ν−(q−1) ∉ X , and so neither of these cases occurs.

Therefore, M does not fix ωζ, and so {α,ων,ωζ} is a base for G. It follows immediately that G is

semi-Frobenius. ■

The proofs of Theorems 4.2(i), 4.3 and 4.6 are complete by combining Lemmas 4.3.4, 4.3.5,

4.3.6, 4.3.7, 4.3.8 and Propositions 4.3.19, 4.3.27.

4.4 Sporadic groups

Let G be a primitive almost simple group with sporadic socle T and point stabiliser H. Here the

base size b(G) is computed in [30], apart from two special cases involving G = B, where it was

proved in the same paper that b(G) ∈ {2,3}. Later on, these special cases were handled in [104].

In particular, we have b(G)⩽ 7 in every case, with equality if and only if (G,H)= (M24,M23).

In this section, we will establish Theorem 4.2(ii) by showing that (⋆) holds if b(G)⩾ 3. For

partial evidence of Conjecture II for the base-two groups, we refer the reader to [20, Section 6].

For example, [20, Theorem 6.1] shows that property (⋆) holds for every base-two group G with

G ∈ {M11,M12,M22,M23,M24,J1,J2,J3,HS,Suz,McL,Ru,He,O′N,Co2,Co3,Fi22}.

We start with the following result concerning the completeness of Σ(G).

Proposition 4.4.1. Let G be a primitive almost simple group with sporadic socle T and point

stabiliser H, such that b(G)⩾ 3.

(i) If b(G)⩾ 5, then G is semi-Frobenius.

(ii) If T ∉ {Co1,J4,Fi′24,B,M}, then G is semi-Frobenius if and only if (G,H,b(G)) does not appear

in Table 4.2.

Proof. First note that if b(G) ⩾ 5 and T ∈ A := {Co1,J4,Fi′24,B,M}, then T ∈ {Co1,Fi′24}, and H

is a maximal subgroup of G of minimal index. Since G is transitive, it is semi-Frobenius if and

only if, for a fixed ω ∈Ω and each point α ̸= ω in a set of orbit representatives of Gω, the set

{ω,α} extends to a base for G of size b(G). For all groups G satisfying T ∉A or b(G)⩾ 5, except

for one special case mentioned at the end of the proof, we use MAGMA to directly check this

condition on orbit representatives (see Section 4.2.5). Here if T ∉ {Ly,Th}, then we construct G

by implementing the approach explained in Section 4.2.1. If instead T ∈ {Ly,Th}, we construct

a matrix group Ĝ isomorphic to G and a subgroup Ĥ < Ĝ isomorphic to H using generators

from [123]. We then obtain G as the permutation group induced by the action of Ĝ on the orbit

UĜ , where U is a low-dimensional Ĥ-submodule of the module corresponding to Ĝ. This will be

discussed in Appendix A.1.2.5 in more detail.
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G H b(G)

M12 L2(11) 3

M12.2 L2(11).2 3
L2(11).2 3

M22 24:S5 3
23:L3(2) 3

M22.2 25:S5 3
23:L3(2)×2 3

M23 A8 3
24:(3× A5):2 3

M24 M22.2 4
M12.2 3
26:3.S6 3
L3(4):S3 3

J2 3.A6.2 3
21+4.A5 3

J2.2 3.A6.2.2 3
21+4.A5.2 3
22+4:(3×S3).2 3

G H b(G)

McL 34:M10 3

McL.2 34:(M10 ×2) 3

HS L3(4):2 3
S8 3

HS.2 25.S6 3
43.(2×L3(2)) 3

Co3 U4(3).2.2 3
M23 3

Co2 HS:2 3
(24 ×21+6).A8 3
U4(3):D8 3

Fi22 210:M22 3
26:Sp6(2) 3
(2×21+8):(U4(2):2) 3

Fi22.2 27:Sp6(2) 3
(2×21+8:U4(2):2):2 3
U4(3).2.2×S3 3
25+8:(S3 ×S6) 3

G H b(G)

HN A12 3
2.HS.2 3

HN.2 S12 3
4.HS.2 3

He 22.L3(4).S3 3

He.2 22.L3(4).D12 3

Suz G2(4) 4
3.U4(3):2 3
U5(2) 3
21+6.U4(2) 3
35.M11 3

Suz.2 G2(4).2 4
3.U4(3).2.2 3
U5(2):2 3
21+6.U4(2).2 3
35.(M11 ×2) 3

Fi23 PΩ+
8 (3).S3 4

22.U6(2).2 3
Sp8(2) 3
211.M23 3

Table 4.2: Primitive almost simple sporadic groups that are not semi-Frobenius

The one special case mentioned above is where G = Fi23 and H = 31+8.21+6.31+2.2S4, with

b(G) = 3. Here, the index of H in G is too large for the permutation group G to be constructed

directly using CosetAction. Therefore, we search through the elements of G for a full set of

representatives of the (H,H) double cosets, with the aid of the DoubleCosetCanonical function

(see Section 4.2.4). For each representative x ∉ H, we verify that there exists an element y ∈G

such that H∩Hx ∩H y = 1. This implies the above condition on orbit representatives of Gω, i.e. G

is semi-Frobenius. ■

Remark 4.4.2. In Table 4.2, there are two cases with (G,H)= (M12.2,L2(11).2), where exactly

one of the two groups H =L2(11).2 is such that H∩T is maximal in T.

Remark 4.4.3. Using computational methods from the proof of Proposition 4.4.1, we can show

that G is semi-Frobenius if T = Co1 and b(G) = 4 (so that H = 3.Suz:2), and that G is not

semi-Frobenius if T ∈ {Co1,J4}, b(G)= 3, and |Ω|⩽ 2×108. Determining which of the remaining
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primitive groups with T ∈ {Co1,J4,Fi′24,B,M} are semi-Frobenius will likely require alternative

approaches, due to the extremely large degrees of these groups.

In [20, Section 6], Burness and Giudici show that many almost simple sporadic groups G with

b(G)= 2 satisfy Conjecture II. We now extend their results (and Proposition 4.4.1) to the groups

with b(G)⩾ 3 as follows, which is Theorem 4.2(ii).

Theorem 4.4.4. Let G be a primitive almost simple group with sporadic socle, such that b(G)⩾ 3.

Then any two vertices in Σ(G) have a common neighbour.

Proof. We first observe that (⋆) holds if and only if, for a fixed ω ∈Ω, each point α ̸=ω in a set of

orbit representatives for Gω is adjacent to a neighbour of ω. In particular, this is the case if the

valency val(G) of G satisfies val(G)/|Ω| > 1/2. Now, by Proposition 4.4.1, it suffices to consider the

case where either G and H appear in Table 4.2, or soc(G) ∈ {Co1,J4,Fi′24,B,M} and b(G) ∈ {3,4}.

If G and H appear in Table 4.2, or if G =Co1 and H = 211:M24 or Co3, then we construct the

permutation group G in MAGMA via our usual method, and verify the above condition on orbit

representatives. In particular, we observe that among these groups, val(G)/|Ω|⩽ 1/2 if and only if

G =M12.2, H =L2(11).2 and H∩T is maximal in T. Even in this case, computations show that

(⋆) holds.

Next, suppose that G =Fi24 and H = (2×2.Fi22):2, so that b(G)= 3. We construct G in MAGMA

using the function AutomorphismGroupSimpleGroup, and H using generators from the Web

ATLAS [123] (Version 2.0). Computations show that there exist elements r, s ∈G \ H such that

H∩Hr ∩Hs = 1 and

|HrH| = 1429430650440473640960000> 1
2
|G|.

Thus ω ∈ Ω is adjacent in Σ(G) to each point in a Gω-orbit of size a := |HrH|/|H|, and so

val(G)/|Ω|⩾ a/|Ω| = |HrH|/|G| > 1/2. The MAGMA code will be given in Appendix A.1.2.5.

For the remaining cases, let R(G) be a set of representatives for the G-conjugacy classes of

elements of H of prime order. Recall that (⋆) holds if

Q̂(G,b(G))= ∑
x∈R(G)

|xG ∩H|b(G)

|xG |b(G)−1 < 1/2.

In each case, the character table of G is available in the GAP Character Table Library [12] and

we can use the Maxes function to access the character table of the maximal subgroup H (for

the case (G,H) = (M,2.B), the function Maxes is not available for G, and we directly construct

the character table of H via CharacterTable("2.B")). Moreover, apart from a single exception

(G,H) = (B, (22 ×F4(2)):2), [12] also stores the fusion map from H-classes to G-classes and this

allows us to compute precise fixed point ratios and subsequently determine the exact value

of Q̂(G,b(G)) and verify that Q̂(G,b(G)) < 1/2 (see Appendix A.2.1). Note that if G = B and

H = (22 ×F4(2)):2, then the fusion of H-conjugacy classes in G is not stored in GAP. However, all

possibilities for this fusion, as returned via the PossibleClassFusions function, yield the same

value for Q̂(G,b(G)). ■
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4.5 Soluble stabilisers

In this section, we will prove Theorems 4.2(iii) and 4.5. Let G ⩽ Sym(Ω) be an almost simple

primitive group with socle T and soluble point stabiliser H. Recall that the exact base size of G

has been computed in [14]. In particular, we have b(G)⩽ 5, which is the best possible bound (for

example, b(G)= 5 if G = S8 and H = S4 ≀S2).

As a key ingredient in the proofs of our main theorems, we will establish the following theorem

for base-two groups in this section. Here

G = {almost simple primitive groups G with b(G)= 2 and H =Gα soluble}.

Theorem 4.5.1. Suppose G ∈G has socle T ̸∼=L2(q) and point stabiliser H. Then either Q(G,2)<
1/4, or (G,H) is one of the cases in Tables 4.3 and 4.4.

Remark 4.5.2. Theorem 4.5.1 will be a key ingredient in the proof of Proposition 4.5.14 classifying

the base-two almost simple primitive groups with soluble stabilisers and reg(G) ⩽ 4. More

precisely, it will be proved that there is no group with Q(G,2)< 1/4 and reg(G)⩽ 4.

Remark 4.5.3. We make several comments concerning Tables 4.3 and 4.4.

(a) If G is a classical group, we record the type of H in the second column as before (see Section

2.2.3), which we recall provides an approximate description of the group theoretic structure

of H. For non-classical groups, the type of H refers to the precise structure of H.

(b) In both tables, the number r = r(G) of regular suborbits of G is listed in the third column.

(c) We use the standard ATLAS [40] notation for describing the almost simple groups of the

form L4(3).2. In particular, L4(3).22 and L4(3).23 contain involutory graph automorphisms

x with CT (x)=PSp4(3).2 and PSO−
4 (3).2, respectively.

(d) Suppose G = T.S3, where T =L3(4) and H is of type GL1(34). There are two groups of this

form, up to conjugacy in Aut(T), and we find that r = 6 and Q(G,2)= 17/80 if G = T.〈δ,φ〉,
whereas r = 3 and Q(G,2) = 97/160 if G = T.〈δ,γ〉. Here we are using the notation for

automorphisms in Example 2.2.3, where δ, φ and γ denote diagonal, field and graph

automorphisms, respectively. Following [11], we adopt similar notation to describe the

relevant groups with T = U4(3) or PΩ+
8 (3) (in the latter case, γ is an involutory graph

automorphism).

4.5.1 Alternating and sporadic groups

Proposition 4.5.4. The conclusion to Theorem 4.5.1 holds if T is an alternating group.
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G Type of H r Q(G,2)
A9 ASL2(3) 2 17/35
S7 AGL1(7) 1 13/20
M11 2.S4 1 39/55
M12 A4 ×S3 13 16/55
M12.2 S4 ×S3 4 31/55
J1 19:6 9 257/770

D6 ×D10 34 443/1463
J2 52:D12 2 59/84
J2.2 52:(4×S3) 1 59/84
J3.2 32+1+2:8.2 3 886/1615

22+4:(S3 ×S3) 10 457/969
HS.2 51+2.[25] 3 106/231
McL.2 22+4:(S3 ×S3) 228 9419/28875
He.2 24+4.(S3 ×S3).2 5 23011/29155
Suz 32+4:2.(A4 ×22).2 16 7529/25025
Suz.2 32+4:2.(S4 ×D8) 4 16277/25025
HN 51+4:21+4.5.4 47 332152/1066527
HN.2 51+4:21+4.5.4.2 22 34457/96957
2B2(8) 13:4 7 7/20
2B2(8).3 13:12 2 31/70
2F4(2)′ 52:4A4 6 27/52
2F4(2) 52:4S4 3 27/52
G2(3) (SL2(3)◦SL2(3)).2 4 563/819
G2(3).2 (SL2(3)◦SL2(3)).2.2 1 691/819
L4(3) O+

4 (3) 6 131/195
L4(3).23 O+

4 (3) 3 131/195
L4(3).22 O+

4 (3) 2 457/585
L4(3).21 =PGL4(3) O+

4 (3) 1 521/585
L3(9).22 GL1(9) ≀S3 48 4093/12285
L3(5) GL1(5) ≀S3 30 199/775
L3(5).2 GL1(5) ≀S3 13 1379/3875

GL1(53) 13 791/2000
L3(4).2 ̸=PΣL3(4) GU3(2) 1 17/35
L3(4).6 GL1(43) 5 11/32
L3(4).S3 = T.〈δ,γ〉 GL1(43) 3 97/160
L3(4).D12 GL1(43) 1 59/80
L3(3) GL1(33) 2 11/24

O3(3) 5 19/39
L3(3).2 O3(3) 2 23/39

Table 4.3: The groups in G with Q(G,2)⩾ 1/4, part I
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G Type of H r Q(G,2)
U4(5).22 GU1(5) ≀S4 409 361747/1421875
U4(4) GU1(4) ≀S4 80 259/884
U4(4).2 GU1(4) ≀S4 30 1661/3536
U4(4).4 GU1(4) ≀S4 15 1661/3536
U4(3) GU2(3) ≀S2 1 187/315
U4(3).2=U4(3).〈δ2φ〉 GU1(3) ≀S4 4 1811/2835
U4(3).22 ̸=U4(3).〈δ2,φ〉 GU1(3) ≀S4 1 2323/2835
U4(3).4 GU1(3) ≀S4 1 2323/2835
U3(9).2 GU1(9) ≀S3 40 1913/5913
U3(9).4 GU1(9) ≀S3 20 1913/5913
U3(8).2 GU1(8) ≀S3 78 1097/4256
U3(8).S3 GU1(8) ≀S3 19 205/448
U3(8).6 GU1(8) ≀S3 25 2437/8512
U3(8).(3×S3) GU1(8) ≀S3 6 2069/4256
U3(7) GU1(7) ≀S3 27 4381/14749
U3(7).2 GU1(7) ≀S3 10 7069/14749
U3(5).3 GU1(5) ≀S3 3 551/875

31+2.Sp2(3) 5 67/175
U3(5).S3 GU1(5) ≀S3 1 659/875

31+2.Sp2(3) 2 443/875
U3(4) GU1(4) ≀S3 1 133/208
PSp6(3) Sp2(3) ≀S3 1 853/1365
Sp4(4).4 O−

2 (4) ≀S2 2 103/153
PΩ+

8 (3) O+
4 (3) ≀S2 12 45041/61425

PΩ+
8 (3).2=PSO+

8 (3) O+
4 (3) ≀S2 4 151507/184275

PΩ+
8 (3).2=PΩ+

8 (3).〈γ〉 O+
4 (3) ≀S2 3 53233/61425

PΩ+
8 (3).3 O+

4 (3) ≀S2 3 16379/20475
PΩ+

8 (3).22 O+
4 (3) ≀S2 1 167891/184275

PΩ+
8 (3).4 O+

4 (3) ≀S2 2 151507/184275
PΩ+

8 (3).S4 O−
2 (3) ≀S4 823 17810761/44778825

Ω+
8 (2).3 O−

2 (2)×GU3(2) 1 2071/2800
Ω7(3) O+

4 (3)⊥O3(3) 5 1945/2457
SO7(3) O+

4 (3)⊥O3(3) 1 11261/12285

Table 4.4: The groups in G with Q(G,2)⩾ 1/4, part II

68



4.5. SOLUBLE STABILISERS

Proof. Let T = Am be the socle of G. If m⩽ 12 then the result is easily checked using MAGMA

(see Section 4.2), so let us assume m ⩾ 13. By inspecting [87, Table 14] and [14, Table 4] we

deduce that m is a prime and H =AGL1(m)∩G, in which case

|H|⩽ m(m−1)= a, |xG |⩾ m!
((m−1)/2)!2(m−1)/2 = b

for all x ∈ H of prime order (minimal if x is an involution, noting that x has at most one fixed

point on {1, . . . ,m}). In view of Lemma 2.4.1, this gives Q̂(G,2)< a2/b < 1/4 and the result follows.

■

Proposition 4.5.5. The conclusion to Theorem 4.5.1 holds if T is a sporadic group.

Proof. First assume G is not the Baby Monster B nor the Monster M. In the remaining cases we

first use the GAP Character Table Library [12] to identify the relevant groups with Q̂(G,2)⩾ 1/4,

implementing the method described in the proof of Theorem 4.4.4. This reduces the problem

to a small number of cases that require further attention. To handle these groups, we adopt

the method described in Section 4.2.4 to compute Q(G,2) precisely. First we use the function

AutomorphismGroupSimpleGroup to construct G as a permutation group and we obtain H via

the MaximalSubgroups function (for T = HN and H ∩T = 51+4.21+4.5.4 we construct H using

the generators given in the Web ATLAS [123]). Next we use DoubleCosetRepresentatives to

construct a complete set R of (H,H) double coset representatives and this allows us to calculate

Q(G,2) via (3.1.1) and (4.2.2) (we thank Eamonn O’Brien for his assistance with this computation

in the special case where T = HN and H ∩T = 51+4.21+4.5.4). In this way, we can read off the

groups with Q(G,2)⩾ 1/4 and they are recorded in Table 4.3.

Finally, suppose G =B or M. If G =B then H = [311].(S4 ×2S4) or 47:23; in both cases we can

use [12] and the Maxes function as above to show that Q̂(G,2) < 1/4. Similarly, if G =M then

H = 131+2:(3×4S4) or 41:40 and once again we can use [12] to verify the bound Q̂(G,2) < 1/4

(here we use NamesOfFusionSources in place of Maxes to access the character table of H and the

fusion maps, since the function Maxes is not available for M). ■

4.5.2 Exceptional groups

Next let us turn to the groups in G where T is an exceptional group of Lie type over Fq with

q = p f for a prime p. Here we exclude the cases where T is isomorphic to a two-dimensional

linear group, since these groups were already handled in Section 4.3, so T ̸= 2G2(3)′ ∼=L2(8).

As noted in the proof of [14, Proposition 7.1], the condition b(G) = 2 implies that H is a

maximal rank subgroup (that is, H contains a maximal torus of G). More precisely, either

H = NG(R) for some maximal torus R of T (see [93, Table 5.2]), or (G,H) is one of the cases

recorded in Table 4.5.

Lemma 4.5.6. The conclusion to Theorem 4.5.1 holds if T is an exceptional group of Lie type and

H is the normaliser of a maximal torus.
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T Type of H
(a) G2(3) SL2(3)2

(b) 3D4(2) 3×SU3(2)
(c) 2F4(2)′ SU3(2)
(d) F4(2) SU3(2)2

(e) 2E6(2) SU3(2)3

(f) E8(2) SU3(2)4

Table 4.5: The groups in G , T exceptional, H ̸= NG(R)

Proof. The possibilities for H are recorded in [93, Table 5.2] and [31, Proposition 4.2] states that

b(G)= 2 whenever H is the normaliser of a maximal torus (soluble or otherwise). We proceed by

carefully inspecting the proof of [31, Proposition 4.2] in the relevant cases with H soluble.

If T = E8(q) then one checks that the bound on Q̂(G,2) in the proof of [31, Lemma 4.3] is

sufficient and we note that H is insoluble when T = E7(q).

Next assume T = Eε
6(q). Here the proof of [31, Lemma 4.11] yields Q̂(G,2)< q−1 if q ⩾ 5, so

we may assume q ⩽ 4 and

NL(H0)= (q2 +εq+1)3.31+2.SL2(3),

where H0 = H∩T, L = Inndiag(T) and (q,ε) ̸= (2,−). One checks that the upper bound on Q̂(G,2)

presented in the proof of [31, Lemma 4.11] is sufficient unless ε=+ and q ⩽ 3. If q = 3 then H

does not contain any long root elements (see [31, Corollary 2.13], for example) and by bounding

the contribution to Q̂(G,2) from the remaining elements of prime order, as in the proof of [31,

Lemma 4.11], we deduce that Q̂(G,2)< 1/4.

Now suppose (q,ε)= (2,+). As explained in the proof of [31, Lemma 4.11], we can use MAGMA

to construct H as a subgroup of E7(8) (see [32, Example 1.11] for the details). If x ∈ H has odd

prime order then |xG | > 231 = b1 and we calculate that i3(H)= 11438 and i7(H)= 342, so Lemma

2.4.1 implies that the contribution to Q̂(G,2) from elements of odd prime order is less than

a2
1/b1, where a1 = 11780. Now assume x ∈ H is an involution. We find that H0 contains a2 = 441

involutions, so the contribution from these elements is less than a2
2/b2, where b2 = 221. Similarly,

there are a3 = 406 involutions in H0.2\ H0, each of which acts on T as a graph automorphism.

Therefore |xG | > 1
3225 = b3 and we conclude that

(4.5.1) Q̂(G,2)<
3∑

i=1
a2

i /bi < 1
4

.

Next assume T = F4(q), so q is even and G contains graph automorphisms (see [93, Table

5.2]). By applying the bounds on Q̂(G,2) in the proof of [31, Lemma 4.15] we immediately reduce

to the case q = 2. Here G = F4(2).2 and H = 72:(3×2.S4) is the normaliser of a Sylow 7-subgroup

of G. The upper bound on Q̂(G,2) in the proof of [31, Lemma 4.15] is larger than 1/2, but we can

use MAGMA to construct G and H as permutation groups of degree 139776 (more precisely, we
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use AutomorphismGroupSimpleGroup to construct G and we find H by taking the normaliser of

a Sylow 7-subgroup). Then by considering the fusion of H-classes in G we calculate that

Q̂(G,2)= 541861
29328998400

and the result follows.

Now suppose T =G2(q), so p = 3, q ⩾ 9 and G contains graph automorphisms (see [93, Table

5.2]). By arguing as in the proof of [31, Lemma 4.21] we reduce to the cases q ∈ {9,27}. Suppose

q = 27 and note that |H0|⩽ 12(q+1)2 = a1. Let x ∈ H be an element of prime order. If x ∈ H0

then |xG |⩾ q3(q3 −1)(q+1) = b1 (as noted in the proof of [31, Lemma 4.21]), whereas if x is a

field automorphism then |xG | > q28/3 = b2 and H contains at most a2 = 24(q+1)2 such elements.

Similarly, if x is an involutory graph automorphism then |xG | = q3(q3 −1)(q+1)= b3 and there

are at most a3 = 12(q+1)2 such elements in H. It is straightforward to check that (4.5.1) holds.

Finally, suppose q = 9. First we use MAGMA to construct G =G2(9).4=Aut(T) as a permutation

group of degree 132860 and we note that H = NG(K), where K is either a Sylow ℓ-subgroup of T

(with ℓ ∈ {5,13,73}) or K = C8 ×C8. In each case, it is straightforward to construct H and verify

the bound Q̂(G,2)< 1/4.

To complete the proof of the lemma, we may assume T is one of the twisted groups 3D4(q),
2F4(q)′, 2G2(q) (q ⩾ 27) or 2B2(q). First assume T = 3D4(q), in which case there are three

possibilities for H and one checks that the bound on Q̂(G,2) in the proof of [31, Lemma 4.24]

is sufficient if q ⩾ 9. Suppose q = 8 and let x ∈ H be an element of prime order, which implies

that x ∈ H0.3. Then |xG | > 814 = b1 and 3|H0|⩽ 383688 = a1, whence Q̂(G,2) < a2
1/b1 < 1/4. The

same conclusion holds when q = 7 since |H| ⩽ 233928 and |xG | > 714 for all x ∈ H of prime

order. The remaining groups with q ⩽ 5 can be handled using MAGMA. In each case, we can

use AutomorphismGroupSimpleGroup to construct G and we obtain H as the normaliser in G of

an appropriate Sylow ℓ-subgroup of T. For example, if q = 5 then the three possibilities for H

correspond to the primes ℓ ∈ {7,31,601}. In every case, it is straightforward to verify the bound

Q̃(G,2)< 1/4 (see (4.2.1)).

Next assume T = 2F4(q)′. The case q = 2 can be checked using MAGMA and we note that

Q(G,2) > 1/4 when H ∩T = 52:4A4 (as recorded in Table 4.3). For q ⩾ 8, the upper bound on

Q̂(G,2) in the proof of [31, Lemma 4.26] is sufficient (note that in the upper bound on |H| given in

the proof of this lemma, the 2log q factor can be replaced by |Out(T)| = log q). The case T = 2G2(q)

is very similar. Indeed, if q ⩾ 35 then the upper bound on Q̂(G,2) in the proof of [28, Lemma

4.37] is good enough, while the case q = 27 can be handled using MAGMA, noting that H = NG(K)

with K a Sylow ℓ-subgroup of T for ℓ ∈ {7,19,37}. Finally, let us assume T = 2B2(q). If q ⩾ 29

then the bounds in the proof of [28, Lemma 4.39] are good enough. If q = 27 and x ∈ H is a field

automorphism of order 7 then |xG | > q4 and by arguing as in the proof of [28, Lemma 4.39] we

deduce that Q̂(G,2)< 1/4. The remaining cases with q ∈ {8,32} can be checked using MAGMA and

we find that Q(G,2)< 1/4 unless q = 8 and H∩T = 13:4. The latter case is recorded in Table 4.3.

■
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Proposition 4.5.7. The conclusion to Theorem 4.5.1 holds if T is an exceptional group of Lie type.

Proof. In view of the previous lemma, we may assume G is one of the groups listed in Table 4.5.

In cases (a), (b) and (c) we can use MAGMA to prove the result (we get Q(G,2)< 1/4 in cases (b)

and (c), while Q(G,2)⩾ 1/4 in (a)). In (d), the upper bound on Q̂(G,2) in the proof of [31, Lemma

4.16] is insufficient. But as explained in [32, Example 1.4], we can use MAGMA to construct G

and H and then it is straightforward to verify the bound Q̂(G,2)< 1/4.

Finally, let us consider cases (e) and (f). In (e) we observe that 2 and 3 are the only prime

divisors of |H| and we deduce that Q̂(G,2) < 1/4 by applying the relevant bounds presented in

Case 1 in the proof of [31, Lemma 4.12]. Similarly, in case (f) we note that the only prime divisors

of |H| are 2 and 3. If x is a long root element, then

|xG ∩H| = 4|yL| = 36= a1, |xG | > 258 = b1,

where y is a long root element in L = SU3(2). If not, then |xG | > 292 = b2 and we note that

|H| = 104485552128= a2. By applying Lemma 2.4.1 we deduce that

Q̂(G,2)< a2
1/b1 +a2

2/b2 < 1
4

and the result follows. ■

In order to complete the proof of Theorem 4.5.1, we may assume T is a classical group. It will

be convenient to partition the proof into various subsections according to the socle T. The cases

that we need to consider are recorded in the following result, which is an immediate consequence

of [87] and [14, Theorem 2].

Theorem 4.5.8. Let G ⩽Sym(Ω) be a permutation group in G with socle T classical and point

stabiliser H. Suppose T ̸∼=L2(q). Then (G,H) is one of the cases in Table 4.6.

4.5.3 Linear groups

In this section we assume T =Ln(q) for n⩾ 3.

Proposition 4.5.9. The conclusion to Theorem 4.5.1 holds if T =Ln(q).

Proof. First assume n is a prime and H is of type GL1(qn). By applying the upper bound on

Q̂(G,2) in the proof of [14, Lemma 6.4] we immediately reduce to the cases where (n, q)= (7,2), or

n = 5 and q ⩽ 5, or n = 3 and q ⩽ 19. With the aid of MAGMA, it is straightforward to compute

Q(G,2) precisely in each of these cases and the result quickly follows (note that the condition

b(G)= 2 implies that G ̸=L3(3).2). In particular, we find that Q(G,2)⩾ 1/4 only if n = 3 and q ⩽ 5

(the precise exceptions are recorded in Table 4.4).
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T Type of H Conditions
Ln(q) GL1(qn) n⩾ 3 prime, G ̸=L3(3).2

GL2(q) ≀Sn/2 n ∈ {6,8}, q = 3
GL1(q) ≀Sn n ∈ {3,4}, q ⩾ 5
O+

4 (q) (n, q)= (4,3), G ̸=Aut(T)
O3(q) (n, q)= (3,3)
31+2.Sp2(3) n = 3, p = q ≡ 1 (mod 3)

Un(q) GU1(qn) n⩾ 3 prime
GU1(q) ≀Sn n ∈ {3,4}, q ⩾ 3, (n, q) ̸= (3,3)
GU2(q) ≀Sn/2 n ∈ {4,6,8}, q = 3
GU3(q) ≀Sn/3 n ∈ {9,12}, q = 2
31+2.Sp2(3) n = 3, q = p ≡ 2 (mod 3)
GU3(2) n = 3, q = 2 f , f ⩾ 3 prime

PSpn(q) Sp2(q) ≀Sn/2 n ∈ {6,8}, q = 3
Oϵ

2(q) ≀S2 (n, p)= (4,2), q ⩾ 4
O−

2 (q2) (n, p)= (4,2), q ⩾ 4
PΩ+

n (q) O+
4 (q) ≀Sn/4 n ∈ {12,16}, q = 3

O+
4 (q) ≀S2 (n, q)= (8,3), |G : T| < 6

Oε
2(q) ≀S4 n = 8, q ⩾ 3

O−
2 (q)×GU3(q) (n, q)= (8,2), G = T.3

O−
2 (q2)×O−

2 (q2) n = 8
Ωn(q) O+

4 (q)⊥O3(q) (n, q)= (7,3)

Table 4.6: The groups in G with T ̸∼=L2(q) classical

Next assume n ∈ {3,4}, q ⩾ 5 and H is of type GL1(q) ≀Sn. First assume n = 3. By inspecting

the proof of [14, Lemma 6.5] we deduce that Q̂(G,2) < 1/4 if q ⩾ 43. If 29⩽ q ⩽ 41 then G does

not contain field automorphisms of order 2 or 3, nor graph-field automorphisms of order 2, so

we may set a8 = a9 = 0 in the bound on Q̂(G,2) presented in the proof of [14, Lemma 6.5]. One

checks that this modified bound yields Q̂(G,2)< 1/4. For 7⩽ q ⩽ 27 we can use MAGMA to show

that Q(G,2) < 1/4 in the usual manner, with the single exception of the case G = Aut(T) with

q = 9, where Q(G,2)= 4093/12285. Finally, for q = 5 we calculate that Q(G,2)= 199/775 if G = T,

otherwise Q(G,2)= 1379/3875; both cases are recorded in Table 4.4. Similarly, if n = 4 then the

result follows by combining explicit MAGMA computations for q ∈ {5,7,8} with the upper bound

on Q̂(G,2) presented in the proof of [14, Lemma 6.6] for q ⩾ 9 (in every case we get Q(G,2)< 1/4).

The case where n = 3 and H is of type 31+2.Sp2(3) is entirely similar, working with the bound on

Q̂(G,2) in the proof of [14, Lemma 6.11].

There are four remaining cases to consider. If T =L3(3) with H of type O3(3) then we compute

Q(G,2) = 19/39 if G = T, whereas Q(G,2) = 23/39 for G = T.2. Next suppose T = L4(3) and H

is of type O+
4 (3). Here the condition b(G) = 2 implies that G ̸= Aut(T) and using MAGMA one

checks that Q(G,2) > 1/4 in each case (the precise value of Q(G,2) is recorded in Table 4.4).

The case T =L6(3) with H of type GL2(3) ≀S3 can be handled using MAGMA, working with the
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function MaximalSubgroups to construct H. Finally, suppose T =L8(3) and H is of type GL2(3)≀S4.

Here the MaximalSubgroups function is ineffective, but we can construct H by observing that

H = NG(K) with |K | = 211, as noted in the proof of [14, Proposition 6.3] (also see [14, Example

2.4]). It is straightforward to check that Q̂(G,2)< 1/4. ■

4.5.4 Unitary groups

Proposition 4.5.10. The conclusion to Theorem 4.5.1 holds if T =Un(q) with n⩾ 3.

Proof. First assume n is a prime and H is of type GU1(qn). For n⩾ 5, one checks that the upper

bound on Q̂(G,2) in the proof of [14, Lemma 6.4] is sufficient unless n = 5 and q ⩽ 5. Suppose

n = 5, so q ⩾ 3 by the maximality of H. If q = 5 then it is easy to improve the given bound in [14]

in order to show that Q̂(G,2)< 1/4 (for example, we can use the fact that |H|⩽ 10(55 +1)/6). For

q = 4 we observe that H = NG(P), where P is a Sylow 41-subgroup of G, so it is straightforward

to construct H in MAGMA and verify the bound Q̂(G,2)< 1/4 (note that it suffices to check this

for G =Aut(T)). The case q = 3 can also be checked using MAGMA (using MaximalSubgroups to

construct H, or noting that H is the normaliser of a Sylow 61-subgroup). Similarly, if n = 3 then

q ⩾ 4 and the bound in the proof of [14, Lemma 6.4] is sufficient for q ⩾ 23 (for q = 32, we note

that |xG |⩾ |T : U3(2)| if x is a field automorphism of order 5); the remaining cases with q ⩽ 19

can be verified using MAGMA.

Next suppose T =U3(q) and H is of type GU1(q) ≀S3 with q ⩾ 4. For q ⩾ 43 it is easy to check

that the upper bound on Q̂(G,2) in the proof of [14, Lemma 6.5] is sufficient. The same estimates

are also good enough when 29 ⩽ q ⩽ 41, noting that in each case G does not contain any field

or graph-field automorphisms of order 2 or 3. For 11⩽ q ⩽ 27 we can use MAGMA to verify the

bound Q̂(G,2) < 1/4. We find that there are examples with Q(G,2) ⩾ 1/4 when q ⩽ 9; they are

easily identified using MAGMA and they are recorded in Table 4.4. The case where T =U4(q) and

H is of type GU1(q) ≀S4 is similar. Here q ⩾ 3 and the bound on Q̂(G,2) in the proof of [14, Lemma

6.5] is good enough for q ⩾ 9. If q ∈ {7,8} then one can check that Q(G,2)< 1/4 using MAGMA. In

the same way, we find that there are exceptions to this bound when q ∈ {3,4,5} and each of these

cases is listed in Table 4.4.

Next let us turn to the groups where n ∈ {4,6,8}, q = 3 and H is of type GU2(q) ≀Sn/2. If n = 4

then G = T is the only group with b(G) = 2 (see [14, Table 7]) and with the aid of MAGMA we

calculate that Q(G,2) = 187/315. Next assume n = 6. Here H = NG(K) for some subgroup K of

T of order 210 and it is straightforward to check that Q̂(G,2) < 1/4 (see [14, Example 2.4] and

the proof of [14, Proposition 6.3]). Similarly, if n = 8 then H = NG(K) with |K | = 213 and once

again one checks that Q̂(G,2) < 1/4. (Note that in both cases, it suffices to check the bound for

G =Aut(T).)

Now assume n ∈ {9,12}, q = 2 and H is of type GU3(q) ≀Sn/3. As noted in the proof of [14,

Proposition 6.3], if n = 9 then H = NG(K) with |K | = 38 and we can use MAGMA to verify the

bound Q̂(G,2)< 1/4.
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For n = 12 we find that the bound presented in the proof of [14, Proposition 6.3] does not give

Q̂(G,2)< 1/4 and a more accurate estimate is required. To do this, it suffices to improve the upper

bound on the contribution to Q̂(G,2) from elements of order 3.

As in the proof of [14, Proposition 6.3], we may view H as the stabiliser in G of an orthogonal

decomposition

V =V1 ⊥V2 ⊥V3 ⊥V4

of the natural module, where each Vi is a nondegenerate 3-space. Suppose x ∈ H has order 3.

If some conjugate of x induces a nontrivial permutation of the Vi, then |xG | > 289 = b1 and we

note that |H| < 242 = a1. Following the argument in [14], the contribution from the remaining

elements of order 3 in H with |xG | > 269 = b2 is less than a2
2/b2, where a2 = 231. As explained

in the proof of [14, Proposition 6.3], the contribution from the elements with |xG |⩽ 3.262 is less

than 2
∑7

i=3 a2
i /bi, where the integers ai and bi are defined as in the proof in [14]. Finally, if

3.262 < |xG |⩽ 269 then one can check that x is of the form [I8,ωI4], where ω ∈ F4 is a primitive

cube root of unity. Here we calculate

|xG ∩H|⩽ 2

(
4
2

)
m+

(
4
2

)
m2 +2

(
4
2

)
m3 +m4 = 42480= a0

where m = 1
3 |GU3(2) : GU2(2)| = 12. Therefore, the contribution to Q̂(G,2) from elements of order

3 is less than

a2
1/b1 +a2

2/b2 +2

(
a2

0/b0 +
7∑

i=3
a2

i /bi

)
< 1

20

where b0 = 3.262. Finally, the estimates in the proof of [14, Proposition 6.3] imply that the

contribution to Q̂(G,2) from involutions is also less than 1/20 and the result follows.

To complete the proof of the proposition, we may assume n = 3 and either q = p ≡ 2 (mod 3)

and H is of type 31+2.Sp2(3), or q = 2 f with f ⩾ 3 a prime and H is a subfield subgroup of type

GU3(2). Suppose H is of type 31+2.Sp2(3). Here the proof of [14, Lemma 6.11] gives the result for

q > 29 and we can use MAGMA to handle the cases with q ⩽ 29, noting that there are exceptions

to the bound Q(G,2) < 1/4 when q = 5 (as recorded in Table 4.4). Finally, let us assume H is of

type GU3(2), so q = 2 f with f ⩾ 3 odd. If f ⩾ 7 then the bound on Q̂(G,2) in the proof of [14,

Lemma 6.10] is sufficient, while the cases with f ∈ {3,5} can be handled using MAGMA. ■

4.5.5 Symplectic groups

Next assume T =PSpn(q) with n⩾ 4. We exclude the groups with (n, q)= (4,2) since PSp4(2)′ ∼=
L2(9).

Proposition 4.5.11. The conclusion to Theorem 4.5.1 holds if T =PSpn(q) with n⩾ 4.

Proof. First assume n ∈ {6,8}, q = 3 and H is of type Sp2(q) ≀Sn/2. If n = 6 then the condition

b(G)= 2 implies that G = T and using MAGMA we calculate that Q(G,2)= 853/1365, so this case is
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listed in Table 4.4. For n = 8 we use AutomorphismGroupSimpleGroup and MaximalSubgroups to

construct G and H, and we apply DoubleCosetCanonical to establish the existence of sufficiently

many regular H-orbits in order to force Q(G,2)< 1/4 (see (3.1.1)). The details of the MAGMA code

here is given in Appendix A.1.2.4. Indeed, for G = T we get r ⩾ 3113, while r ⩾ 1557 for G = T.2.

Finally let us assume T =Sp4(q) with q ⩾ 4 even and H of type Oϵ
2(q) ≀S2 or O−

2 (q2). Here H is

maximal only if G contains graph automorphisms and with the aid of MAGMA one checks that if

q ⩽ 25 then either Q̂(G,2)< 1/4 or q = 4, G =Aut(T) and H is of type O−
2 (q) ≀S2. In the latter case

we have Q(G,2)= 103/153 as recorded in Table 4.4. For the remainder, we may assume q ⩾ 26.

Suppose H is of type Oϵ
2(q) ≀S2, so H0 = (Cq−ε)2:D8. By applying the upper bound in the

proof of [14, Lemma 6.9], we deduce that Q̂(G,2) < 1/4 if q ̸= 27. So let us assume q = 27 and

write Q̂(G,2) = α1 +α2, where α1 is the contribution from involutory graph automorphisms.

The proof of [14, Lemma 6.9] gives α2 < 2−6, so it remains for us to estimate α1. If ε = −
then H ⩽ (C129)2:(SD16 ×C7) and it follows that every involution in H is contained in H ∩T =
(C129)2:D8, whence α1 = 0 and the result follows. Now assume ε=+, so H ⩽ (C127)2:(D16 ×C7).

Since there are exactly 4 involutions in D16 \ D8, we deduce that α1 ⩽ d2/b with d = 4.1272 and

b = |T : 2B2(q)| = 34626060288. One checks that the resulting bound on Q̂(G,2) is good enough.

To complete the proof, let us assume q ⩾ 26 and H is of type O−
2 (q2), so

H0 =O−
2 (q2).2= Cq2+1:C4

and we will estimate the contribution to Q̂(G,2) from the various elements of prime order (the

details in this case were omitted in the proof of [14, Lemma 6.9]). First let x ∈ H be a unipotent

involution. Then x embeds in G as an involution of type c2 (in the notation of Aschbacher and

Seitz [4]), whence

|xG ∩H| = i2(H0)= q2 +1= a1, |xG | = (q2 −1)(q4 −1)= b1.

If x is semisimple, then |xG |⩾ |Sp4(q) : GU1(q2)| = q4(q2 −1)2 = b2 and we note that there are

at most a2 = q2 +1 such elements in H. Next suppose x is a field automorphism of odd order.

Then |xG | > q20/3 = b3 and H contains fewer than 4(q2 +1)log q = a3 such elements. Finally,

suppose x is an involutory field or graph automorphism (note that G cannot contain elements

of both types). If log q is even then every involution in H is contained in H0, so we may assume

log q is odd and x is a graph automorphism. Then |xG | = q2(q+1)(q2 −1)= b4 and we note that

|xG ∩H|⩽ |H0| = 4(q2 +1)= a4. Therefore, by applying Lemma 2.4.1 we deduce that

Q̂(G,2)<
3∑

i=1
a2

i /bi +αa2
4/b4,

where α= 1 if log q is odd, otherwise α= 0, and we conclude that Q̂(G,2)< 1/4. ■

4.5.6 Orthogonal groups

In order to complete the proof of Theorem 4.5.1, we may assume T =PΩε
n(q) with n⩾ 7.
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Proposition 4.5.12. The conclusion to Theorem 4.5.1 holds if T =PΩε
n(q) with n⩾ 7.

Proof. By inspecting Table 4.6 we observe that either n is even and ε=+, or (n, q)= (7,3). First

assume n ∈ {12,16}, q = 3 and H is of type O+
4 (q) ≀Sn/4. For n = 16, the upper bound in the proof

of [14, Proposition 6.3] gives Q̂(G,2)< 1/4. On the other hand, if n = 12 then we can construct G

and H in MAGMA (see [14, Example 2.4]) and it is straightforward to check that Q̂(G,2) < 1/4.

The relevant cases with T =Ω7(3) or Ω+
8 (2) can also be handled using MAGMA and the exceptions

with Q(G,2)⩾ 1/4 are recorded in Table 4.4.

To complete the proof, we may assume T =PΩ+
8 (q) with q ⩾ 3. Suppose q = 3 and H is of type

O+
4 (3) ≀S2, noting that |G : T| < 6 since b(G)= 2. Even though |G : H| = 14926275 is large, we can

still analyse this case in the usual way using MAGMA, working with a set of (H,H) double coset

representatives to compute r (and hence Q(G,2)). The results are presented in Table 4.4.

Next assume H is of type Oε′
2 (q) ≀S4. If q ∈ {3,4} then ε′ =− and using MAGMA one can check

that either Q(G,2)< 1/4, or q = 3, G =Aut(T), r = 823 and

Q(G,2)= 17810761
44778825

.

For example, if q = 3 and G = T.A4 then using DoubleCosetCanonical we can verify the bound

r ⩾ 3075, which forces Q(G,2) < 1/4 (see Appendix A.1.2.4). We thank Eamonn O’Brien for his

assistance with the precise calculation of r when G = Aut(T). For q ⩾ 5, we seek to apply the

upper bound on Q̂(G,2) presented in the proof of [14, Lemma 6.7]. If q ⩾ 9 then

Q̂(G,2)< 2q−1 + q−2 + q−3 + q−7 < 1
4

and the result follows. One can check that the bounds in the proof of [14, Lemma 6.7] are also

sufficient when q ∈ {7,8}, so we may assume q = 5. Here we have H = NG(K), where K < T has

order 29 if ε′ =+, otherwise |K | = 34. We now construct H as in [14, Example 2.4] and one checks

that Q̂(G,2)< 1/4.

Finally, let us assume H is of type O−
2 (q2)×O−

2 (q2) with q ⩾ 3. If q ⩾ 11 then the upper bound

on Q̂(G,2) in the proof of [14, Lemma 6.8] is sufficient. On the other hand, if q ⩽ 9 then we can

construct H in MAGMA, noting that H = NG(K) with K a Sylow ℓ-subgroup of T and ℓ an odd

prime divisor of q2 +1. In this way, it is straightforward to check that Q̃(G,2)< 1/4 (see (4.2.1))

and the result follows. ■

We conclude that the proof of Theorem 4.5.1 is complete via Propositions 4.5.4, 4.5.5, 4.5.7,

4.5.9, 4.5.10, 4.5.11 and 4.5.12.
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4.5.7 Proof for base-two groups

4.5.7.1 Common Neighbour Conjecture

Let G ⩽Sym(Ω) be a permutation group in G with socle T and point stabiliser H. Recall that our

goal is to show that the Saxl graph Σ(G) has the following property:

(⋆) Any two vertices in Σ(G) have a common neighbour

which immediately implies that Σ(G) has diameter 2. In view of Theorem 4.2(i) and Lemma

3.1.3(i), we may assume T ̸∼=L2(q) and Q(G,2)⩾ 1/2, so the relevant groups can be determined

by inspecting Tables 4.3 and 4.4 (see Theorem 4.5.1). In every one of these cases, we can verify

property (⋆) using MAGMA.

To do this, we first construct G and H using the approach in Section 4.2.1. Next we implement

the method discussed in Section 4.2.4 by identifying a set R of (H,H) double coset representatives

and then for each x ∈ R we seek an element y ∈ G (by random search) such that H ∩ H y =
Hx ∩H y = 1. Notice that (⋆) holds if and only if such an element y exists for each x ∈ R. As

demonstrated by the following example, it is easy to implement this approach in MAGMA.

Example 4.5.13. Suppose T =Ω+
8 (2), G = T.3 and H is of type O−

2 (2)×GU3(2). Here Q(G,2) =
2071/2800> 1/2 and so this is one of the cases we need to consider. We proceed as follows, noting

that G has a unique conjugacy class of maximal subgroups of order 11664:

G:=AutomorphismGroupSimpleGroup("O+",8,2);

S:=LowIndexSubgroups(G,2);

G:=S[1];

M:=MaximalSubgroups(G:OrderEqual:=11664);

H:=M[1]‘subgroup;

R,T:=DoubleCosetRepresentatives(G,H,H);

z:=0;

for x in R do

if exists(y){y : y in G | #(H meet H^y) eq 1 and #(H^x meet H^y) eq 1}

then z:=z+1;

end if;

end for;

z eq #R;

This returns true and we conclude that (⋆) holds. An entirely similar approach is effective for all

of the relevant groups in Tables 4.3 and 4.4.
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4.5.7.2 Regular orbits

In this section, we classify the groups G ∈ G with 1 ⩽ reg(G) ⩽ 4, which will be useful later in

our analysis of bases for product type groups in Chapter 6. This gives Theorem 4.5 for base-two

groups as an immediate corollary.

Proposition 4.5.14. Let G ⩽Sym(Ω) be an almost simple primitive group in G with socle T and

soluble point stabiliser H. Then 1⩽ r(G)⩽ 4 if and only if (G,H) is one of the cases in Tables 4.7

and 4.8.

Proof. First assume T ̸∼=L2(q) and Q(G,2)⩾ 1/4. Then G is one of the groups recorded in Tables

4.3 and 4.4, and it is a routine exercise to read off the cases with r(G)⩽ 4, all of which are listed

in Tables 4.7 and 4.8.

Next suppose G ∈ G , T ̸∼= L2(q) and Q(G,2) < 1/4, in which case 4|H|2r(G) > 3|G|. We will

establish the following claim, which immediately implies that r(G)⩾ 5.

Claim. If G ∈G , T ̸∼=L2(q) and Q(G,2)< 1/4, then 16|H|2 ⩽ 3|G|.
To prove the claim, we consider each possibility for T in turn. First assume T = Am is an

alternating group. With the aid of MAGMA, it is straightforward to verify the claim when m⩽ 12.

Now assume m > 12. Then by inspecting [87, Table 14] and [14, Table 4], we deduce that m is a

prime and H =AGL1(m)∩G, which implies that

|H|2
|G| ⩽

m(m−1)
(m−2)!

< 3
16

as required. The sporadic groups are also straightforward. Here the possibilities for H can be

read off from [45] and [120], noting that we may exclude the cases in Table 4.3 and [14, Table 4]

since we are assuming Q(G,2)< 1/4.

Next assume T is an exceptional group of Lie type over Fq. As noted in the proof of [14,

Proposition 7.1], either H = NG(R) for some maximal torus R of T (see [93, Table 5.2]), or (G,H)

is one of the cases in Table 4.5. In addition, we may exclude the relevant cases in Table 4.3.

The claim now follows by inspection. For example, suppose T = 2B2(q) and H = NG(R) is the

normaliser of a maximal torus, where q = 2 f with f ⩾ 3 odd. Here

|H|⩽ 4(q+
√

2q +1)log q, |G|⩾ |T| = q2(q2 +1)(q−1)

and the claim follows if f ⩾ 5. On the other hand, if f = 3 then the condition Q(G,2)< 1/4 implies

that H∩T = 7:2 or 5:4, whence |H|⩽ 60, |G|⩾ 29120 and once again the desired bound holds.

To complete the proof of the claim, we may assume T is a classical group over Fq and

T ̸∼=L2(q). Here we note that the possibilities for G and H are recorded in Table 4.6. In each case,

the precise structure of H is given in [80, Chapter 4] and the claim follows by inspection. For

example, suppose T =Lϵ3(q) and H is of type GLϵ
1(q) ≀S3. If q ⩾ 19, then the bounds |G| > 1

6 q8 and

|H|⩽ 12(q+1)2 log q are sufficient. For the remaining groups with q ⩽ 17, excluding the cases
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with Q(G,2)⩾ 1/4 recorded in Table 4.3, we can verify the bound by working with the exact orders

of G and H. All of the other cases are very similar and we omit the details. This justifies the

claim and we have now completed the proof of the proposition for the groups in G with T ̸∼=L2(q).

Finally, let us assume G ∈G and T ∼=L2(q). Write q = p f , where p is a prime. If q ⩽ 81 then it

is a routine exercise to determine all the groups with r(G)⩽ 4 using MAGMA and one can check

that all the relevant cases have been recorded in Tables 4.7 and 4.8. For the remainder, we may

assume q > 81.

First assume H is of type GL1(q) ≀S2. Here [14, Lemma 4.7] implies that b(G)= 2 if and only

if PGL2(q) is not a proper subgroup of G. If G =PGL2(q) then r(G)= 1 as noted above, and this

case is recorded in Table 4.8. Now assume G∩PGL2(q)= T and q is odd. By Lemmas 4.3.11 and

4.3.12, we have r(G)⩽ 4 only if r(PΣL2(q))⩽ 4. By arguing as in the proof of Lemma 4.3.18, we

see that r(PΣL2(q))= m/2 f , where m is the number of non-squares in Fq that are not contained in

any proper subfield of Fq. Since every generator of the multiplicative group F×q has this property,

it follows that m ⩾ φ(q−1), where φ is Euler’s totient function. In particular, r(G) ⩽ 4 only if

φ(q−1)⩽ 8 f . By applying the lower bound on φ(q−1) in Lemma 4.3.17, we find that φ(q−1)> 8 f

for every prime-power q with q > 81, whence r(G)⩾ 5 and no additional cases arise.

Next, suppose H is of type GL1(q2), so b(G) = 2 if and only if G does not contain PGL2(q)

(see [14, Lemma 4.8]). Therefore, we may assume q is odd and by combining Lemmas 4.3.20

and 4.3.21, we observe that r(G)⩽ 4 only if r(PΣL2(q))⩽ 4. By arguing as in the proof of Lemma

4.3.26, we deduce that r(G)⩽ 4 only if φ(q2 −1)⩽ 8 f (q+1). But one can check that the bound in

Lemma 4.3.17 yields φ(q2 −1)> 8 f (q+1) for every prime-power q with q > 81, and so once again

we conclude that r(G)⩾ 5.

Finally, one can deduce from the discussion in Section 4.3 that Q(G,2) < 1/4 if H is of any

other type, and so r(G)⩾ 5 by arguing as above. ■

Remark 4.5.15. Let us record some additional comments on Tables 4.7 and 4.8.

(i) As before, in the second column of Table 4.7 and the third column of Table 4.8, we record

the type of H (see Remark 4.5.3(i)).

(ii) In the first row of Table 4.7 we have G = PGL2(q) and H = D2(q−1) is a subgroup of type

GL1(q) ≀S2. Here we may assume q ⩾ 7 and q ̸= 9 because H is non-maximal when q = 5,

while the cases q = 4 and 9 are recorded as (G,H) = (A5,D6) and (A6.2,D16) in Table 4.7.

As noted in the proof of [14, Lemma 4.7], we have

r(T)=
{

1 q even

(q+a)/4 q odd

where a = 7 if q ≡ 1 (mod 4), otherwise a = 5.
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G Type of H r(T) Comments
PGL2(q) GL1(q) ≀S2 See Remark 4.5.15(ii) q ⩾ 7, q ̸= 9
PΩ+

8 (3).22 O+
4 (3) ≀S2 12 Both groups of this shape

Ω+
8 (2).3 O−

2 (2)×GU3(2) 5
SO7(3) O+

4 (3)⊥O3(3) 5
PSp6(3) Sp2(3) ≀S3 1
PGL4(3) O+

4 (3) 6
U4(3).[4] GU1(3) ≀S4 11 G ̸= T.〈δ2,φ〉
U4(3) GU2(3) ≀S2 1
L3(4).D12 GL1(43) 44
L3(4).2 GU3(2) 3 G ̸=PΣL3(4)
U3(5).S3 GU1(5) ≀S3 11
U3(4) GU1(4) ≀S3 1
PGL2(11) 21+2− .O−

2 (2) 3
G2(3).2 SL2(3)2 4
S7 AGL1(7) 4
A6.2 D16 4 G =PGL2(9)
A6.2 5:4 2 G =M10
A5 D6 1
J2.2 52:(4×S3) 2
M11 2.S4 1

Table 4.7: The groups in G with r(G)= 1

4.5.8 Proof for other cases

Finally, we are in a position to prove Theorems 4.2(iii) and 4.5.

First consider the proof of Theorem 4.5, noting that the result for base-two groups can be

deduced from Proposition 4.5.14. Here we will establish Proposition 4.5.19 below, which is the

analogue of Proposition 4.5.14 for groups with b(G)> 2 and this will be useful in Chapter 6.

Throughout this section, set r = reg(G), Q =Q(G,b(G)) and Q̂ = Q̂(G,b(G)). It is straightfor-

ward to show that r ⩾ 5 if

(4.5.2) Q̂ < 1− 4|H|b(G)

|G|b(G)−1 .

Three special cases arise in the proof of Proposition 4.5.19 below and it is convenient to handle

them separately from the main argument. Note that in the following lemma, H is the normaliser

of a non-split maximal torus of T.

Lemma 4.5.16. Suppose T =L2(q) and H is of type GL1(q2), where q ⩾ 11. Then b(G)⩽ 3, with

equality if and only if PGL2(q)⩽G. Moreover, if b(G)= 3 then reg(G)⩾ 5.

Proof. The base size of G is recorded in Theorem 4.1 and so for the remainder we may assume

PGL2(q) ⩽ G. Write q = p f with p a prime and note that H ∩PGL2(q) = D2(q+1). It suffices to
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r(G) G Type of H r(T) Comments
2 PΩ+

8 (3).4 O+
4 (3) ≀S2 12

L4(3).22 O+
4 (3) 6

Sp4(4).4 O−
2 (4) ≀S2 9

L3(3) GL1(33) 2
L3(3).2 O3(3) 5
U3(5).S3 31+2.Sp2(3) 21
L2(27).3 GL1(27) ≀S2 8

GL1(272) 6
PGL2(13) 21+2− .O−

2 (2) 6
L2(11) GL1(112) 2
2B2(8).3 13:12 7
A9 ASL2(3) 2
A6.2 SD16 4 G =M10
J2 52:D12 2

3 PΩ+
8 (3).3 O+

4 (3) ≀S2 12
PΩ+

8 (3).2 O+
4 (3) ≀S2 12 G = T.〈γ〉

L4(3).23 O+
4 (3) 6

L3(4).S3 GL1(43) 44 G ̸=PΓL3(4)
PGU3(5) GU1(5) ≀S3 11
L2(25).2 GL1(25) ≀S2 8 G =PΣL2(25)

GL1(252) 6 G ̸=PGL2(25)
L2(17) 21+2− .O−

2 (2) 3
L2(13) GL1(132) 3
2F4(2) 52:4S4 6
J3.2 32+1+2:8.2 10
HS.2 51+2.[25] 9

4 PSO+
8 (3) O+

4 (3) ≀S2 12
U4(3).2 GU1(3) ≀S4 11 G ̸= T.〈δ2φ〉
L2(25).2 GL1(25) ≀S2 8 G = T.〈δφ〉
L2(q) GL1(q2) 4 q = 17,19
G2(3) SL2(3)2 4
M12.2 S4 ×S3 13
Suz.2 32+4:2.(S4 ×D8) 16

Table 4.8: The groups in G with 2⩽ r(G)⩽ 4

82



4.5. SOLUBLE STABILISERS

verify the inequality in (4.5.2) (with b(G)= 3), so we need to consider the contributions to Q̂ from

the elements x ∈G of prime order; the argument below closely follows the proof of [14, Lemma

4.6]. Note that fpr(x)= 0 if xG ∩H is empty, so we are only interested in the relevant G-classes

that meet H. Let x ∈ H be an element of prime order r.

First assume r = 2, so x is either semisimple or unipotent (according to the parity of p) since

fpr(x)= 0 if x is an involutory field automorphism. Then

|xG ∩H|⩽ i2(D2(q+1))⩽ q+2= a, |xG |⩾ 1
2

q(q−1)= b,

so the contribution to Q̂ from involutions is at most α1 = b(a/b)3.

Now suppose r is odd, so either r divides q+1 and x is semisimple, or q = qr
0 is an r-th power

and x is a field automorphism. If x is semisimple, then |xT ∩H| = 2, |xT | = q(q−1) and we note

that G has (r−1)/2 distinct T-classes of such elements. Therefore, the combined contribution to

Q̂ from semisimple elements of odd order is at most

∑
r∈π

1
2

(r−1) · 8
q2(q−1)2 < 4log(q+1)

q(q−1)2 =α2,

where π is the set of odd prime divisors of q+1 (here we are using the fact that |π| is at most

log(q+1), recalling that all logarithms in this thesis are in base 2).

Finally, suppose q = qr
0 and x is a field automorphism of order r. Here

|xG ∩H| = q+1
q0 +1

, |xG | = q(q2 −1)
q0(q2

0 −1)

and we note that there are r−1 distinct T-classes of field automorphisms of order r in Aut(T). If

q0 = 2 then q = 2r and the contribution from field automorphisms is

(r−1) · 4(2r +1)
3.22r(2r −1)2 < 2−r = q−1.

And for q0 ⩾ 3 we get

∑
r∈π′

(r−1) · q2
0(q0 −1)2

q2(q−1)2 · q+1
q0 +1

< ∑
r∈π′

(r−1) ·3q−3(1− 1
r ) < q−1 loglog q =α3,

where π′ is the set of odd prime divisors of f = logp q.

By combining the above estimates, we conclude that Q̂ ⩽α1+α2+α3 and it is straightforward

to check that the bound in (4.5.2) holds for all q ⩾ 11. ■

Lemma 4.5.17. Suppose T = 2B2(q) and H ∩T = [q2]:Cq−1 is a Borel subgroup. Then b(G) = 3

and either G = 2B2(8):3 and reg(G)= 2, or reg(G)⩾ 5.

Proof. Here q = 2 f , f ⩾ 3 is odd and |Ω| = q2 +1. In addition, b(G)= 3 by [14, Theorem 1.2]. The

cases with q ⩽ 27 can be checked directly using MAGMA (see Section 4.2.4) and so we may assume
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f ⩾ 9. As before, it suffices to show that the inequality in (4.5.2) is satisfied (with b(G)= 3). Set

H0 = H∩T and let χ be the permutation character 1T
H0

, which can be expressed as the sum of the

trivial and Steinberg characters of T. The character table of T is given in [117].

First let x ∈ T be an element of prime order r. If r = 2 then χ(x)= 1, so fpr(x)= 1/(q2 +1) and

we have |xG | = (q2+1)(q−1). Similarly, if r divides q−1 then χ(x)= 2, |xG | = q2(q2+1) and we note

that there are at most (q−2)/2 distinct T-classes of such elements. Therefore, the contribution to

Q̂ from unipotent and semisimple elements is at most

α1 = q−1
(q2 +1)2 + 1

2
(q−2) · 8q2

(q2 +1)2 .

Finally, suppose x ∈G is a field automorphism of prime order r and note that r is odd since f

is odd. Then

|xT | = q2(q2 +1)(q−1)
q2/r(q2/r +1)(q1/r −1)

= f (q, r)

and CH0(x) is a Borel subgroup of CT (x)= 2B2(q1/r), so

|xT ∩H0x| = q2(q−1)
q2/r(q1/r −1)

= g(q, r).

There are r−1 distinct T-classes of field automorphisms of order r in Aut(T), so the combined

contribution to Q̂ from field automorphisms is

(4.5.3) β= ∑
r∈π

(r−1) · g(q, r)3 f (q, r)−2,

where π is the set of prime divisors of f = log q. Set

(4.5.4) e(q, r)= (r−1) · g(q, r)3 f (q, r)−2.

If q = 29 or 211 then it is straightforward to check that β < 1/25. Now assume q ⩾ 213. If

f = r then β = e(q, r) and one checks that this is less than q−1/2. Now assume f is composite,

so q1/r ⩾ 8 for each r ∈ π. Here f (q, r) > q5(1−1/r) and g(q, r) < 2q3(1−1/r), which implies that

e(q, r)< 8(r−1)q1−r
0 < 4q−1/2. Since |π| < loglog q, we deduce that

β< 4q−1/2 loglog q.

By combining the above estimates, we conclude that Q̂ ⩽α1+α2 for q ⩾ 29, where α2 = 1/25 if

q ∈ {29,211}, otherwise α2 = 4q−1/2 loglog q. It is now routine to verify that the bound in (4.5.2) is

satisfied for all q ⩾ 29. ■

Note that in the statement of the next lemma we assume q ⩾ 27. Indeed, if q = 3 then

T = 2G2(q)′ ∼=L2(8) and H∩T corresponds to a Borel subgroup of L2(8) (if G = T, then b(G)= 3

and reg(G)= 1, otherwise b(G)= 4 and reg(G)= 2).
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Lemma 4.5.18. Suppose T = 2G2(q) and H ∩T = [q3]:Cq−1 is a Borel subgroup, where q ⩾ 27.

Then b(G)= 3 and reg(G)⩾ 5.

Proof. Here q = 3 f , f ⩾ 3 is odd, |Ω| = q3 +1 and b(G)= 3 by [14, Theorem 1.2]. The case q = 27

can be checked directly using MAGMA and so we may assume f ⩾ 5. We now proceed as in the

proof of the previous two lemmas, working with fixed point ratio estimates to derive a suitable

upper bound on Q̂ which allows us to verify the inequality in (4.5.2) (with b(G)= 3). As before, set

H0 = H∩T and let χ= 1T
H0

be the permutation character. Once again, χ is the sum of the trivial

and Steinberg characters of T (the character table of T is presented in [119]).

First let x ∈ T be an element of prime order r. If r = 3 then χ(x)= 1 and thus fpr(x)= 1/(q3+1).

In addition, we calculate that there are precisely (q3+1)(q2−1) elements in T of order 3 (forming

three distinct conjugacy classes). Next assume r divides q−1. If r = 2 then |xG | = q2(q2 − q+1)

(there is a unique class of involutions in T) and we have χ(x)= q+1, so fpr(x)= 1/(q2−q+1). Now

suppose r is an odd prime divisor of q−1. Here χ(x)= 2, so fpr(x)= 2/(q3+1) and |xT | = q3(q3+1).

Since there are at most (q − 3)/2 distinct T-classes of such elements, we conclude that the

contribution to Q̂ from unipotent and semisimple elements is at most

α1 = q2 −1
(q3 +1)2 + q2

(q2 − q+1)2 + 1
2

(q−3) · 8q3

(q3 +1)2 .

Now assume x ∈G is a field automorphism of prime order r, so r is odd and we have

|xT | = q3(q3 +1)(q−1)
q3/r(q3/r +1)(q1/r −1)

= f (q, r)

and

|xT ∩H0x| = q3(q−1)
q3/r(q1/r −1)

= g(q, r).

Therefore, the combined contribution to Q̂ from field automorphisms is β, as defined in (4.5.3).

Define e(q, r) as in (4.5.4).

If f = r then β = e(q, r) < q−1 for all q ⩾ 35. Now assume f is composite, so q1/r ⩾ 27 for

each r ∈ π. Then one checks that f (q, r) > q7(1−1/r) and g(q, r) < 2q4(1−1/r), which implies that

e(q, r)< 8(r−1)q−2(r−1)
0 < 4q−1. Since |π| < loglog q, we conclude that β<α2 = 4q−1 loglog q for all

q ⩾ 35.

Therefore, Q̂ ⩽α1 +α2 and it is now straightforward to verify the bound in (4.5.2). ■

We are now in a position to prove the following result. Combining with Proposition 4.5.14,

this completes the proof of Theorem 4.5.

Proposition 4.5.19. Let G ⩽ Sym(Ω) be an almost simple primitive group with socle T and

soluble point stabiliser H. If b(G)⩾ 3 then reg(G)⩽ 4 if and only if (G,H) is one of the cases in

Table 4.9.

85



CHAPTER 4. ALMOST SIMPLE GROUPS

Proof. Recall that b(G)⩽ 5 by the main theorem of [14]. The proof of [14, Theorem 8.2] gives

r ⩾ 5 if b(G)= 5, so we may assume b(G) ∈ {3,4} and we note that the possibilities for G and H

are recorded in [14, Tables 4–7]. Recall that r ⩾ 5 if (4.5.2) holds.

For most of the cases appearing in [14, Tables 4–7], an explicit upper bound on Q̂ is given

in [14] and we can usually use this to verify the inequality in (4.5.2). However, this approach is

not always effective because the given upper bound on Q̂ is either too large, or is not defined. As

explained below, in these remaining cases we will typically use MAGMA to directly compute r,

implementing the approach described in Section 4.2.4. We divide the remainder of the proof into

three cases.

Case 1. b(G)= 4.

First assume b(G)= 4. By inspecting the relevant tables in [14], we see that T =L2(q) with

H of type P1 (a Borel subgroup of G) is the only infinite family that arises. Let us first consider

this special case. For q > 32, an explicit upper bound on Q̂ is presented as a function of q in

the proof of [14, Lemma 4.4] and it is a routine exercise to check that the bound in (4.5.2) is

satisfied. The remaining groups with q ⩽ 32 can be handled using MAGMA, which allows us to

compute r precisely. In particular, the groups with r ⩽ 4 are recorded in Table 4.9. We can apply

the same computational approach to handle all the remaining groups with b(G)= 4 appearing in

[14, Tables 4–7], considering each group in turn.

Case 2. b(G)= 3, H non-parabolic.

To complete the proof, we may assume b(G)= 3. We begin by assuming G is not a group of Lie

type in a parabolic action, so either

(a) T =L2(q) and H is of type GL1(q) ≀S2 or GL1(q2); or

(b) (G,H) is one of a finite number of sporadic cases in [14, Tables 4 and 7].

First let us consider the cases in (a), noting that the precise base size of G is recorded in [14,

Lemmas 4.7 and 4.8]. The groups with q ⩽ 37 can be handled using MAGMA and we find that

r ⩽ 4 if and only if (G,H, r) is one of the following:

(L2(4),D10,2), (L2(4).2,5:4,1), (L2(4).2,D12,4), (PGL2(5),D12,4),

all of which are recorded in Table 4.9 with G = A5 or S5. If H is of type GL1(q) ≀S2 and q > 37,

then the proof of [14, Lemma 4.6] yields the upper bound Q̂ < 2q−1/2 and we deduce that (4.5.2)

holds. For H of type GL1(q2), we refer the reader to Lemma 4.5.16.

Next let us turn to the groups in (b) above. Here we apply computational methods, after first

dividing the groups into two subcollections according to the size of Ω. By inspection, one can

check that |Ω|⩾ 5×106 if and only if T = PΩ+
8 (3) and H is of type O+

4 (3) ≀S2, or T ∈ {Fi22,Fi23}

and H is the 3-local subgroup of G recorded in [14, Table 4]. Here we can use MAGMA to compute
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Q̂ precisely, which then allows us to verify the bound in (4.5.2). In each of the remaining cases,

we can apply the usual approach to compute r, as explained in Section 4.2.4.

Case 3. b(G)= 3, H parabolic.

For the remainder of the proof, we may assume G is a group of Lie type over Fq, H is a

maximal parabolic subgroup and b(G)= 3. Write q = p f , where p is a prime, and let φ be a field

automorphism of T of order f .

First assume G is an exceptional group. Here the possibilities for (G,H) are recorded in [14,

Table 5] and by inspection we see that one of the following holds:

(a′) T =G2(q) and H∩T = [q6]:C2
q−1, where p = 3 and G ̸⩽ 〈T,φ〉.

(b′) T = 2B2(q) and H∩T = [q2]:Cq−1.

(c′) T = 2G2(q) and H∩T = [q3]:Cq−1, where q ⩾ 27.

(d′) (G,H) is one of a finite number of sporadic cases in [14, Table 5] with q ⩽ 3.

Consider case (a′). If q ⩾ 27, then the explicit upper bound on Q̂ presented in the proof of [14,

Lemma 5.9] is sufficient, while the groups with q ∈ {3,9} can be handled directly using MAGMA

(note that if q = 9 then we can construct H by observing that H = NG(K) for some subgroup K < T

of order 96). For (b′) and (c′) we refer the reader to Lemmas 4.5.17 and 4.5.18. The cases in (d′) can

all be handled computationally using MAGMA. First assume G = F4(2).2 and H = [222].S2
3.2, in

which case |Ω| = 21928725. Here we construct G as a permutation group of degree 139776 and we

use the fact that H = NG(K) with |K | = 222 to construct H (here the function MaximalSubgroups

is not effective). We then compute Q̂ and we check that (4.5.2) holds (given the size of Ω, this

appears to be the most efficient way to handle this case). We use a similar method in the case

where T = 3D4(3) and T∩H = [311]:(26◦SL2(3)).2. All of the remaining cases in (d′) can be handled

in the usual fashion and we can compute r precisely. In this way, we deduce that r ⩽ 4 if and only

if G =G2(3) and H = [35]:GL2(3), in which case r = 4.

Finally, let us assume G is a classical group and H is a parabolic subgroup. By inspecting [14,

Table 6], we see that one of the following holds:

(a′′) T =L2(q) and H is of type P1.

(b′′) T =L3(q) and H is of type P1,2.

(c′′) T =U3(q) and H is of type P1.

(d′′) T =PSp4(q) and H∩T = [q4]:C2
q−1, where q ⩾ 4 is even and G ̸⩽ 〈T,φ〉.

(e′′) (G,H) is one of a finite number of sporadic cases in [14, Table 6] with q ⩽ 3.
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First consider case (a′′). Here [14, Lemma 4.5] implies that b(G)= 3 if and only if G ⩽PGL2(q),

or q = p f is odd, f is even and G = 〈T,δφ f /2〉 = T.2, where PGL2(q)= 〈T,δ〉. In other words, either

G is sharply 3-transitive on Ω and thus r = 1, or q is odd, G = T and r = 2.

In cases (b′′), (c′′) and (d′′), an explicit upper bound on Q̂ is presented in the proofs of

[14, Lemmas 5.6–5.8]. Using this bound, one can check that (4.5.2) holds for q > 128,32,32,

respectively. Consider case (c′′) for example. For q > 104, the bound

Q̂ < 8q−1/2 loglog q+4q−1 + q−3

from the proof of [14, Lemma 5.7] is sufficient. Similarly, for 9 ⩽ q ⩽ 104, we can use a more

accurate upper bound on Q̂ in [14] to reduce our analysis to the groups with

q ∈ {3,4,5,7,8,9,16,27,32}

and at this point, we can use MAGMA to compute r precisely (here it is convenient to note that

the standard permutation representation of G in MAGMA corresponds to the action of G on Ω).

We find that there are several cases with r ⩽ 4, all of which have been listed in Table 4.9. Cases

(b′′) and (d′′) can be handled in the same way. Similarly, we can use MAGMA to compute r for each

group in case (e′′). ■

Remark 4.5.20. Let us record some additional comments on Table 4.9.

(i) Once again, the we continue using “type of H” as in the previous tables (see Remark

4.5.3(i)).

(ii) Consider the first row in Table 4.9 with b(G) = 3. Here G = L2(q).2, H = P1 is a Borel

subgroup and q = p f is odd, and we may assume q ̸= 5,9 (as L2(5)∼= A5 and L2(9)∼= A6). Then

reg(G)= 1 if and only if G is sharply 3-transitive, which means that either G =PGL2(q), or

f is even and G = T.〈δφ f /2〉.

(iii) Up to isomorphism, there are three almost simple groups of the form L4(3).2, one of which

is PGL4(3). In addition, we have L4(3).22 and L4(3).23, which contain involutory graph

automorphisms x with CT (x)=PGSp4(3) and PSO−
4 (3).2, respectively.

(iv) In the fourth column of Table 4.9 we record reg(G). In a few cases, this is presented as

r1, r2, . . ., which means that reg(G) = r i when q is contained in the i-th set appearing in

the fifth column. For example, if G = PΓL2(q) and H = P1, then reg(G) = 3 if q = 16 and

reg(G)= 2 if q = 8.

Finally we prove Theorem 4.2(iii).
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b(G) G Type of H reg(G) Comments
4 L3(3) P1,P2 1

PΓL2(q) P1 3,2 q ∈ {16}, {8}
A6.22 32:SD16 3
S5 S4 1

3 L2(q).2 P1 1 See Remark 4.5.15(ii)
L2(q) P1 2−δ2,p q ⩾ 7, q ̸= 9
PΩ+

8 (3) P2 3
Ω7(3) P2 3
PSp6(3) P2 3
L4(3).2 P1,3 3 G ̸=PGL4(3)
U4(3).2 P1 1 G ̸<PGU4(3)
U4(3) P1 3
Aut(L3(q)) P1,2 4,3,1 q ∈ {3,25,27,64}, {32}, {8,9,16}
L3(16).(2×4) P1,2 4
L3(16).D12 P1,2 2
L3(16).12 P1,2 3
L3(4).22 P1,2 4
L3(4).6 P1,2 4
Aut(U3(q)) P1 4,3,2,1 q ∈ {27}, {7,32}, {5,9,16}, {3,4,8}
U3(16).4 P1 4
U3(9).2 P1 4
U3(8).S3 P1 4
U3(8).6 P1 3
U3(8).32 P1 2
U3(4).2 P1 2
U3(4) P1 4
U3(3) P1 3
L2(7) 21+2− .O−

2 (2) 1
2B2(8).3 [82]:7.3 2
G2(3) [35]:GL2(3) 4
S7 S4 ×S3 1
A6.2 32:Q8 1 G =PGL2(9)

AGL1(9) 1 G =M10
A6 (S3 ≀S2)∩G 2
S5 S3 ×S2 4

5:4 1
A5 A4 1

D10 2

Table 4.9: Almost simple primitive groups G with soluble point stabilisers, b(G) ∈ {3,4} and
reg(G)⩽ 4
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Proof of Theorem 4.2(iii). The precise base size b(G) is computed in [14, Theorem 2]. In par-

ticular, we have b(G) ⩽ 5 in every case. If b(G) = 2 then the result follows from the argument

in Section 4.5.7.1. Thus, to complete the proof, we may assume that 3⩽ b(G)⩽ 5. Hence by [14,

Theorem 2], G appears among the infinite families and special cases listed in [14, Tables 4–7].

Note that if soc(G) ∈ {L2(q),U3(q),2B2(q),2G2(q)} and the point stabiliser is of type P1, then

G is 2-transitive and so Σ(G) is complete by Lemma 3.3.8. Upper bounds for Q̂(G,b(G)) in the

remaining infinite families with T ̸∼=L2(q) can be found in [14] and the proof of Lemma 4.5.16.

In almost all cases, we deduce that Q̂(G,b(G))< 1/2, and it follows from Lemma 3.2.6(i) that (⋆)

holds. Any remaining group in these infinite families with Q̂(G,b(G))⩾ 1/2 is one of the following:

(a) T =L3(q), H is of type P1,2, and either 3⩽ q ⩽ 16, 19⩽ q ⩽ 27, or q ∈ {32,47,64}; or

(b) T =Sp4(q), H∩T = [q4]:C2
q−1, and q ∈ {4,8,32}.

Combining probabilistic and computational methods (similar to those mentioned in Section

4.2 and the proofs of Proposition 4.4.1 and Theorem 4.4.4), one can check that property (⋆) holds

for each case in (a) and (b), together with all the special cases appearing in [14, Tables 4–7]. ■
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The majority of the new results in this chapter are taken from the papers

S.D. Freedman, H.Y. Huang, M. Lee and K. Rekvényi, On the generalised Saxl graphs

of permutation groups, submitted (2024), arXiv:2410.22613.

H.Y. Huang, Base sizes of primitive groups of diagonal type, Forum Math. Sigma 12
(2024), Paper No. e2, 43 pp.

which are [52] and [71], respectively. The work in Sections 5.8 and 5.9 is my own, original and

unpublished work.

In this chapter, we will consider the diagonal type primitive groups. Our main goal is to

establish Theorem A, which determines the exact base sizes of all these groups. A precise

statement of this result is Theorem 5.1 below. We will also classify the groups G such that

the generalised Saxl graph Σ(G) is G-arc-transitive in this setting (see Theorem 5.3 below),

establishing Theorem D. Additionally, we will make progress towards a classification of the

semi-Frobenius primitive groups of diagonal type, which is Theorem 5.4. Finally, we will also

establish Conjecture II for some base-two diagonal type groups in Theorem 5.6.

With the exception of Theorem 5.6 and the results in Sections 5.8 and 5.9, the majority of

the new results in this chapter are taken from my single-authored paper [71], and the results

concerning the generalised Saxl graphs come from my joint paper [52] with Freedman, Lee and

Rekvényi.
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5.1 Introduction

Let G ⩽Sym(Ω) be a diagonal type primitive group (recorded as type III in Table 2.1), so G has

socle Tk, where T is a non-abelian simple group and k ⩾ 2 is an integer. More precisely, we have

|Ω| = |T|k−1 and

Tk P G ⩽ Tk.(Out(T)×Sk).

The primitivity of G implies that the subgroup P ⩽ Sk induced by the conjugation action of G on

the set of factors of Tk is either primitive, or k = 2 and P = A2 = 1. The group P is called the top

group of G and we note that

(5.1.1) Tk P G ⩽ Tk.(Out(T)×P).

We will describe the action of G in more detail in Section 5.2.1.

The first systematic study of bases for diagonal type groups was initiated by Fawcett in [51].

Here she shows that b(G) = 2 if P ∉ {Ak,Sk}, and in the general case she determines the exact

base size of G up to one of two possibilities (see Theorem 5.2.3). One of the key ingredients

in [51] is a theorem of Seress [109], which asserts that if k > 32 and P ∉ {Ak,Sk}, then there

exists a subset of {1, . . . ,k} with trivial setwise stabiliser in P. However, this does not hold if

P ∈ {Ak,Sk}, and hence a different approach is required. In this chapter, we extend Fawcett’s

work by determining the exact base size in all cases. This is the first family of primitive groups

arising in the O’Nan-Scott theorem for which the exact base sizes are known.

Theorem 5.1. Let G be a diagonal type primitive group with socle Tk and top group P ⩽ Sk.

(i) If P ∉ {Ak,Sk}, then b(G)= 2.

(ii) If k = 2, then b(G) ∈ {3,4}, with b(G)= 4 if and only if T ∈ {A5, A6} and G = T2.(Out(T)×S2).

(iii) If k ⩾ 3, P ∈ {Ak,Sk} and |T|ℓ−1 < k ⩽ |T|ℓ with ℓ⩾ 1, then b(G) ∈ {ℓ+1,ℓ+2}. Moreover,

b(G)= ℓ+2 if and only if one of the following holds:

(a) k = |T|.

(b) k ∈ {|T|−2, |T|ℓ−1, |T|ℓ} and Sk ⩽G.

(c) k = |T|2 −2, T ∈ {A5, A6} and G = Tk.(Out(T)×Sk).

As a key step in the proof of Theorem 5.1, we will first classify the base-two diagonal type

primitive groups in Section 5.5, stated as below.

Theorem 5.2. Let G be a diagonal type primitive group with socle Tk and top group P ⩽ Sk.

Then b(G)= 2 if and only if one of the following holds:

(i) P ∉ {Ak,Sk}.
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(ii) 3⩽ k ⩽ |T|−3.

(iii) k ∈ {|T|−2, |T|−1} and G does not contain Sk.

We are also able to classify the diagonal type groups G such that Σ(G) is G-arc-transitive.

Recall that reg(G) is the number of regular G-orbits on Ωb(G), and Σ(G) is G-arc-transitive if

reg(G)= 1 (see Lemma 3.2.5).

Theorem 5.3. Let G be a diagonal type primitive group. Then Σ(G) is G-arc-transitive if and only

if G = Tk.(Out(T)×Sk) with T = A5 and k ∈ {3,57}. In particular, reg(G)= 1 if and only if G is one

of these base-two groups.

In addition, we also consider Problem IV for the primitive groups of diagonal type. Recall that

G is called semi-Frobenius if Σ(G) is a complete graph.

Theorem 5.4. Let G be a diagonal type primitive group with socle Tk and top group P ⩽ Sk.

(i) If k = 2, then G is semi-Frobenius if one of the following holds:

(a) P = 1;

(b) T = An for n⩾ 7; or

(c) T is a sporadic group.

(ii) If k ⩾ 3, then the following statements hold:

(a) If P ∉ {Ak,Sk} then G is not semi-Frobenius.

(b) If |T|ℓ−1 ⩽ k ⩽ |T|ℓ and b(G)= ℓ+2 with ℓ⩾ 1, then G is semi-Frobenius.

(c) If P ∈ {Ak,Sk}, |T|ℓ−1 +3 ⩽ k ⩽ |T|ℓ and b(G) = ℓ+1 with ℓ⩾ 1, then G is not semi-

Frobenius.

Remark 5.5. The only remaining cases for a complete classification of semi-Frobenius primitive

groups of diagonal type are the case where k ∈ {|T|ℓ−1+1, |T|ℓ−1+2} for ℓ⩾ 2, and the case where

P = S2. For the former, a partial result is given in Lemma 5.7.16, which shows that G is not semi-

Frobenius if Sk ⩽G. And for P = S2, we show that G is not semi-Frobenius if G = T2.(Out(T)×S2)

with T =L2(q) and q ⩾ 11 (see Proposition 5.6.12).

In Section 5.8 we will consider Conjecture II for the groups with P ∉ {Ak,Sk}, noting from

Theorem 5.1 that these groups are base-two.

Theorem 5.6. Let G be a diagonal type primitive group with socle Tk and top group P ⩽ Sk. If

P ∉ {Ak,Sk} then b(G)= 2 and any two vertices in Σ(G) have a common neighbour.
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Let us briefly discuss the methods we will use to establish our main theorems. Focusing first

on Theorem 5.2, recall that the holomorph of a non-abelian finite simple group T is the group

Hol(T)= T:Aut(T)= T2.Out(T),

which can be viewed as a primitive diagonal type group (with k = 2 and top group P = 1) in terms

of its natural action on T (see Section 5.3 for details). We write Hol(T,S) for the setwise stabiliser

of S ⊆ T in Hol(T). A key observation is Lemma 5.3.1, which implies that

b(G)= 2 if there exists S ⊆ T such that |S| = k and Hol(T,S)= 1.

This essentially reduces the proof of Theorem 5.2 to the cases where 3⩽ k ⩽ |T|/2. However, it is

rather difficult to directly construct an appropriate subset S of T such that Hol(T,S)= 1.

To overcome this difficulty, we adopt a probabilistic approach for k ⩾ 5 in the proof of Theorem

5.2 (see Section 5.4 for more details). More specifically, we estimate the probability that a random

k-subset S of T satisfies Hol(T,S)= 1, and we also use fixed point ratios to study the probability

that a random pair in Ω is a base for G. The former is a new idea, which involves computing

max{|CT (x)| : 1 ̸= x ∈Aut(T)}

in Theorem 5.2.10, while the latter is a widely used technique in the study of base sizes introduced

by Liebeck and Shalev [96], as described in Section 2.4 (and in view of Lemma 3.1.3(i), this method

will also allow us to establish Theorem 5.6).

The cases where k = 3 or 4 will be treated separately in Section 5.5.1. Here we use the fact

that T is invariably generated by two elements (that is, there exist x, y ∈ T such that 〈xg, yh〉 = T

for any g,h ∈ T, which is proved in [65] and [77], independently), and a theorem of Gow [61]

on the products of regular semisimple classes in groups of Lie type. We will use a very similar

approach to establish Theorem 5.3 for base-two groups.

The proof of Theorem 5.1 will be completed in Section 5.7, and the main step involves

constructing a base of size ℓ+ 1 when |T|ℓ−1 < k ⩽ |T|ℓ − 3 for some ℓ ⩾ 2. Once again, our

construction requires the existence of a suitable subset S of T such that Hol(T,S)= 1. We will

treat the case where k = 2 separately, working with a theorem of Leemans and Liebeck [86] on the

existence of a generating pair of T with a certain property (see Theorem 5.6.3). Our constructive

approach also allows us to complete the proofs of Theorems 5.3 and 5.4.

As described above, a key ingredient in our study of bases for diagonal type groups is the

following result, which may be of independent interest. The proof will be given in Section 5.5.

Theorem 5.7. Let T be a non-abelian finite simple group and suppose 3⩽ m⩽ |T|−3. Then there

exists a subset S ⊆ T such that |S| = m and Hol(T,S)= 1.

Remark 5.8. The structure of the proofs of Theorems 5.1, 5.2, 5.3 and 5.4 for the groups with

P ∈ {Ak,Sk} are described in Table 5.1. Note that the conclusions to Theorems 5.1, 5.2 and 5.4 for
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Theorem(s) Conditions Reference(s)
5.2 k ∈ {3,4, |T|−4, |T|−3} 5.5.6

5⩽ k ⩽ |T|−5, T sporadic 5.5.10
5⩽ k ⩽ |T|−5, T alternating 5.5.11
5⩽ k ⩽ |T|−5, T exceptional 5.5.14
5⩽ k ⩽ |T|−5, T classical 5.5.17
k = |T|−2 or |T|−1 5.5.8
k = 2 or k ⩾ |T| 5.2.4

5.1, 5.3 k = 2 5.6.4
3⩽ k ⩽ |T|−3 5.2 and 5.5.1
k = |T|−2 or |T|−1 5.5.8 and 5.5.9
k = |T| 5.2.3(iii) and 5.7.4
|T|ℓ−1 < k ⩽ |T|ℓ−3 with ℓ⩾ 2 5.7.9
k = |T|2 −2 5.7.13
k = |T|ℓ−2 with ℓ⩾ 3 5.7.14
k = |T|ℓ−1 or |T|ℓ with ℓ⩾ 2 5.7.11

5.4(i) k = 2, P = 1 5.6.1
P = S2, T = An, n⩾ 7 5.6.8
P = S2, T sporadic 5.6.11

5.4(ii)(b) k = |T| 5.7.4
k = |T|−2 or |T|−1 5.5.9
k = |T|ℓ−1 or |T|ℓ, with ℓ⩾ 2 5.7.11
k = |T|2 −2, T ∈ {A5, A6}, G = Tk.(Out(T)×Sk) 5.7.12

5.4(ii)(c) |T|ℓ−1 +3⩽ k ⩽ |T|ℓ, ℓ⩾ 1, b(G)= ℓ+1 5.7.15

Table 5.1: A road map for Theorems 5.1, 5.2, 5.3 and 5.4 when P ∈ {Ak,Sk}

the groups with P ∉ {Ak,Sk} follow from Theorem 5.2.3(i) (combining with Lemma 3.1.1(iii) for

Theorem 5.4), and we refer to Proposition 5.2.7 and Remark 5.2.8 for the conclusion to Theorem

5.3 for these groups. In view of Lemma 5.3.1, Theorem 5.7 is an immediate corollary of Theorem

5.2. We will prove Theorem 5.6 in Section 5.8. Finally, in Section 5.9, we apply some results from

Section 5.8 to establish Conjecture II and resolve Problem III for some primitive twisted wreath

products.
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5.2 Preliminaries

5.2.1 Diagonal type groups

Here we adopt Fawcett’s notation from [51]. Let k ⩾ 2 be an integer and let T be a non-abelian

finite simple group. Define

W(k,T) := {(α1, . . . ,αk)π ∈Aut(T) ≀k Sk :α1Inn(T)=αiInn(T) for all i},

D(k,T) := {(α, . . . ,α)π ∈Aut(T) ≀k Sk},

Ω(k,T) := [W(k,T) : D(k,T)].

Then |Ω(k,T)| = |T|k−1 and W(k,T) = Tk.(Out(T)×Sk) acts faithfully on Ω(k,T). We say that a

group G ⩽Sym(Ω) with Ω=Ω(k,T) is of diagonal type if

Tk P G ⩽ Tk.(Out(T)×Sk).

Let PG denote the subgroup of Sk induced by the conjugation action of G on the set of factors of

Tk. That is,

PG = {π ∈ Sk : (α1, . . . ,αk)π ∈G for some α1, . . . ,αk ∈Aut(T)}.

Then G ⩽ Tk.(Out(T)×PG) as in (5.1.1), and G is primitive if and only if either PG is primitive on

[k]= {1, . . . ,k}, or k = 2 and PG = 1. From now on, if G is clear from the context, we denote P = PG

and
W := Tk.(Out(T)×P),

D := {(α, . . . ,α)π :α ∈Aut(T),π ∈ P},

Ω :=Ω(k,T)= [W : D].

We write ϕt ∈ Inn(T) for the inner automorphism such that xϕt = t−1xt for any x ∈ T. Thus,

Ω= {D(ϕt1 , . . . ,ϕtk ) : t1, . . . , tk ∈ T}.

The action of G on Ω is given by

D(ϕt1 , . . . ,ϕtk )(α1,...,αk)π = D(ϕt
1π−1 α1π−1 , . . . ,ϕt

kπ−1 αkπ−1 ),

and the stabiliser of D ∈Ω in W is D itself. In particular, for any element (α, . . . ,α)π ∈ D, we have

D(ϕt1 , . . . ,ϕtk )(α,...,α)π = D(ϕtα
1π−1

, . . . ,ϕtα
kπ−1

),

noting that α−1ϕtα=ϕtα for all t ∈ T.

5.2.2 Bases

Now let us record some preliminary results on bases for diagonal type groups from [51]. We start

with [51, Lemma 3.4].
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Lemma 5.2.1. Let t1, . . . , tk be elements of T such that the following two properties are satisfied:

(i) At least two of the ti are trivial and at least one is non-trivial.

(ii) If ti and t j are non-trivial and i ̸= j, then ti ̸= t j.

Then (α, . . . ,α)π ∈G fixes D(ϕt1 , . . . ,ϕtk ) only if tαi = tiπ for all i.

For any x= (ϕt1 , . . . ,ϕtk ) ∈ Inn(T)k, we define an associated partition P x = {P x
t : t ∈ T} of [k]

such that i ∈P x
t if ti = t. Note that some parts P x

t in P x might be empty. The following result is

an extension of Lemma 5.2.1. Recall that P{P x} is the setwise stabiliser of the partition P x in P.

In particular, if tiπ = t jπ whenever ti = t j, then we have π ∈ P{P x}.

Lemma 5.2.2. Let x = (ϕt1 , . . . ,ϕtk ) ∈ Inn(T)k, ω = Dx ∈ Ω and let P x = {P x
t : t ∈ T} be the

associated partition of [k] as above. Suppose (α, . . . ,α)π ∈Gω. Then the following hold:

(i) π ∈ P{P x}.

(ii) If 0< |P x
1 | ̸= |P x

t | for all t ̸= 1, then tαi = tiπ for all i.

(iii) Under the same assumption as (ii), α lies in the setwise stabiliser of {g : |P x
g | = |P x

t |} for any

t ∈ T.

Proof. As (α, . . . ,α)π fixes ω = D(ϕt1 , . . . ,ϕtk ), there exists a unique g ∈ T such that tαi = gtiπ

for all i ∈ [k]. Suppose ti = t j for some i ̸= j (so i and j are in the same part of P x). Then

tiπ = g−1tαi = g−1tαj = t jπ . This gives part (i).

For part (ii), it suffices to show that g = 1. If ti = 1, then tiπ = g−1, and we get t jπ = g−1tαj ̸= g−1

if t j ̸= 1. This implies that |P x
g−1 | = |P x

1 |, so g = 1 by our assumption.

Finally, for part (iii), note that for any t ∈ T, we have |P x
t | = |P x

tα | by applying (ii). ■

The following theorem combines Fawcett’s main results on base sizes of diagonal type groups

from [51].

Theorem 5.2.3. Let G be a diagonal type primitive group with socle Tk and top group P ⩽ Sk.

(i) If P ∉ {Ak,Sk}, then b(G)= 2.

(ii) If k = 2, then b(G)= 3 if P = 1, and b(G) ∈ {3,4} if P = S2.

(iii) If k ⩾ 3, P ∈ {Ak,Sk} and |T|ℓ−1 < k ⩽ |T|ℓ with ℓ⩾ 1, then b(G) ∈ {ℓ+1,ℓ+2}. Moreover, if

either k = |T|, or k ∈ {|T|ℓ−1, |T|ℓ} and Sk ⩽G, then b(G)= ℓ+2.

Corollary 5.2.4. If P ∈ {Ak,Sk} and b(G)= 2, then 2< k < |T|.

The following is [51, Lemma 3.11].
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Lemma 5.2.5. Suppose P ∈ {Ak,Sk} and there exists an odd integer 3⩽ s ⩽ k that is relatively

prime to the order of every element of Out(T). Then G contains Ak.

Corollary 5.2.6. If P ∈ {Ak,Sk} and k ⩾ |T|−3, then G contains Ak.

Proof. We have |Out(T)| < |T|1/3 by Lemma 2.2.5. In particular, |Out(T)| < |T|/3, so there exists

a prime s such that |Out(T)| < s < k (Bertrand’s postulate). Now apply Lemma 5.2.5. ■

The following extends [51, Proposition 3.3], which asserts that b(G) = 2 if k > 32 and P ∉
{Ak,Sk}. As before, r(G) is the number of regular suborbits of G, noting that r(G)⩾ 1 if and only

if b(G)⩽ 2, and r(G)= reg(G) if b(G)= 2.

Proposition 5.2.7. If k > 32 and P ∉ {Ak,Sk}, then r(G)⩾ 2.

Proof. We use the same construction as in the proof of [51, Proposition 3.3]. By [109, Theorem

1], there exists a partition P = {Π1,Π2,Π3} of [k] such that each Πi is non-empty, |Π1|, |Π2| and

|Π3| are distinct, and

(5.2.1)
3⋂

m=1
P{Πm} = 1.

Let x1, x2 ∈ T be non-trivial elements of distinct orders. By the main theorem of [63], there exist

y1, y2 ∈ T such that 〈xi, yi〉 = T. Let ∆i = {D,D(ϕti,1 , . . . ,ϕti,k )} for i ∈ {1,2}, where ti, j = 1 if j ∈Π1,

ti, j = xi if j ∈Π2, and ti, j = yi if j ∈Π3. As explained in the proof of [51, Proposition 3.3], both ∆1

and ∆2 are bases for G.

Suppose ∆(α,...,α)π
1 =∆2. Then there exists g ∈ T such that tα1, j = gt2, jπ for all j ∈ [k]. If t1, j = t1, j′

for some j′ ∈ [k], then t2, j = t2, j′ and

t2, jπ = g−1tα1, j = g−1tα1, j′ = t2,( j′)π .

Hence, π ∈ P{P }, and so π ∈ P{Πm} for each m ∈ {1,2,3} as |Π1|, |Π2| and |Π3| are distinct. This

implies that π= 1 by (5.2.1), and so g = 1. However, it follows that xα1 = x2, which is incompatible

with |x1| ̸= |x2|. We conclude that ∆1 and ∆2 are in distinct GD-orbits, and thus r(G)⩾ 2. ■

Remark 5.2.8. In fact, as we will show in Section 5.5, we have r(G)⩾ 1 whenever 3⩽ k ⩽ |T|−3,

with equality if and only if T = A5, k ∈ {3,57} and G = Tk.(Out(T)×Sk). In particular, it follows

that r(G)⩾ 2 if k ⩽ 32 and P ∉ {Ak,Sk}.

5.2.3 Simple groups

We record some properties of finite simple groups that will be used to prove our main results.

Let T be a finite simple group of Lie type over a finite field Fq of characteristic p, and let

K be the algebraic closure of Fq. Recall that a semisimple element x ∈ T is regular if |CT (x)| is
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indivisible by p. In particular, if T is a classical group with natural module V , then a semisimple

element x ∈ T is regular if a pre-image x̂ ∈GL(V ) has distinct eigenvalues on V =V ⊗K . And if T

is an orthogonal group, then x is also regular if x̂ has a 2-dimensional (±1)-eigenspace and all the

other eigenvalues are distinct.

We say that a subset {t1, . . . , tm} of T is an invariable generating set if 〈tg1
1 , . . . , tgm

m 〉 = T for

any g1, . . . , gm ∈ T. It has been proved in [65] and [77], independently, that every non-abelian

finite simple group is invariably generated by 2 elements.

Theorem 5.2.9. Suppose T ∉ {L2(5),L2(7),Ω+
8 (2),PΩ+

8 (3)} is a finite simple group of Lie type.

Then there exist regular semisimple elements x and y of distinct orders such that T is invariably

generated by {x, y}.

Proof. If T is an exceptional group, then we take x and y to be t1 and t2 in [77, Table 2],

respectively, noting that t1 is a generator of the maximal torus T1 in that table. It is evident that

|t1| ̸= |t2| in each case, and {t1, t2} invariably generates T by [77] (see [77, p. 312]). Moreover, we

observe that 〈t1〉 and 〈t2〉 are both maximal tori, which implies that each ti is regular semisimple.

To complete the proof, we may assume T is a classical group. Here we will work with

the corresponding quasisimple group Q ∈ {SLε
n(q),Spn(q),Ωε

n(q)}, noting that if Q is invariably

generated by {t1, t2}, with t1 and t2 regular semisimple, then T =Q/Z(Q) is invariably generated

by {x, y}, where x and y are the images of t1 and t2 in T, respectively (so x and y are also regular

semisimple). Moreover, |x| = |t1|/a and |y| = |t2|/b for some integers a,b dividing |Z(Q)|, so |x| ̸= |y|
if

(5.2.2) |t2||Z(Q)| is indivisible by |t1| and |t1||Z(Q)| is indivisible by |t2|.

First assume Q ∉ {SL2(q),Ω+
8 (q)}. Here we use the same t1 and t2 as presented in [77, Table

1]. In each case, it is clear that t1 and t2 are semisimple elements satisfying (5.2.2), and {t1, t2}

invariably generates Q by [77, Lemma 5.3]. Thus, it suffices to show that t1 and t2 are regular in

every case, which is a straightforward exercise (for instance, we can work with the criterion for

regularity in terms of the eigenvalues on V as discussed above).

For example, consider the element t2 ∈Q =Ω+
4m(q). Here, t2 is of the form

t2 =
(

A

B

)δ
with respect to a decomposition V =U ⊥ W, where δ ∈ {1,2}, U and W are subspaces of minus

type of dimensions 4m−4 and 4, respectively, A ∈SO−
4m−4(q) has order q2m−2 +1 and B ∈SO−

4 (q)

has order q2 +1. Here we note that the block-diagonal matrix diag(A,B) is in SO+
4m(q), and δ

is chosen so that t2 ∈Ω+
4m(q). We only deal with the case where δ= 1 since a similar argument

holds for δ= 2. Then the eigenvalues of A over the algebraic closure K of Fq are

λ,λq, . . . ,λq4m−5
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for some λ ∈ K of order q2m−2 +1. Similarly, the set of eigenvalues of B over K is {µ,µq,µq2
,µq3

}

for some µ ∈ K of order q2 +1. If µ = λqi
for some i ∈ {0, . . . ,4m−5}, then λqi(q2+1) = 1 and so

q2m−2 +1 divides qi(q2 +1), which implies that q2m−2 +1 divides q2 +1 since (q2m−2 +1, qi)= 1.

However, since m⩾ 3, this is impossible. It follows that the eigenvalues of t2 over K are distinct,

and so t2 is a regular semisimple element.

Finally, let us handle the two excluded cases above. If Q =SL2(q) with q ∉ {4,5,7,9}, then we

take the same t1 and t2 as indicated in the proof of [77, Lemma 5.3]. The group L2(4) is invariably

generated by an element of order 3 and an element of order 5, and if q = 9 then we take x and y

to be of order 4 and 5, respectively. If Q =Ω+
8 (q) with q ∉ {2,3}, then we take t1 as in [77, Table 1],

and t2 an element of order (q3 −1)/(2, q−1) as described in the proof of [77, Lemma 5.4], where it

is denoted t3. ■

It is worth noting that the excluded groups L2(5), L2(7), Ω+
8 (2) and PΩ+

8 (3) in Theorem 5.2.9

are not invariably generated by any pair of regular semisimple elements of distinct orders. This

can be checked using MAGMA [10]. More specifically, we find the set of maximal overgroups of an

element x ∈ T up to T-conjugacy using the method given in [25, Section 1.2], noting that x and y

do not invariably generate T if there is a maximal subgroup M of T such that both |xT ∩M| and

|yT ∩M| are non-empty.

As mentioned in Section 5.1, one of our probabilistic approaches in Section 5.4 relies on

computing

h(T) :=max{|CT (x)| : 1 ̸= x ∈Aut(T)}

for every non-abelian finite simple group T.

Theorem 5.2.10. Let T be a non-abelian finite simple group. Then h(T) is listed in Tables 5.2

and 5.3.

Remark 5.2.11. Let us briefly comment on the notation we adopt in the third columns of Tables

5.2 and 5.3, where we record an element x ∈Aut(T) with |CT (x)| = h(T).

(i) We adopt the notation in [123] for labelling conjugacy classes when T is a sporadic group.

If T is Lie type, then we write uα for a long root element.

(ii) When T = Ln(q), we write φ for a field automorphism of order f = logp q, where p is the

characteristic of the field Fq.

(iii) If T =L2(q), then let H be the normaliser in PGL2(q) of a non-split maximal torus of T, so

H ∼= D2(q+1). We then define s ∈ H to be the central involution if q is odd, and an arbitrary

element of odd prime order if q is even.
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T h(T) x Conditions
An (n−2)! (1,2)
E8(q) q57|E7(q)|(2, q−1) uα
E7(q) q33|SO+

12(q)|/(2, q) uα
Eε

6(q) q21|SLε
6(q)|/(3, q−ε) uα

F4(q) q15|Sp6(q)| uα
G2(q) q5|SL2(q)| uα q ⩾ 3
3D4(q) q12(q6 −1) uα
2F4(q) q10|2B2(q)| uα q > 2
2F4(2)′ 10240 uα
2G2(q) q3 uα q ⩾ 27
2B2(q) q2 uα
Lε

n(q) |PGL2(q1/2)| φ f /2 n = 2, f is even
q+1 s n = 2, f is odd
|PGL3(q1/2)| φ f /2 n = 3, ε=+, f is even, 3 | q1/2 +1
|PGU3(q1/2)| φ f /2γ n = 3, ε=+, f is even, 3 ∤ q1/2 +1
(2, q−ε)|PGSp4(q)|/(4, q−ε) γ1 n = 4
|GUn−1(q)|/(n, q+1) [ωI1, In−1] n⩾ 6 is even, ε=−
q2n−3|GLε

n−2(q)|/(n, q−ε) uα n⩾ 5 is odd, or ε=+
PSpn(q) |Sp2(q2)| t1 n = 4, q is odd

qn−1|Spn−2(q)| uα n⩾ 6 or q is even, (n, q) ̸= (4,2)
PΩε

n(q) |SO−
n−1(q)| t′1 n is odd

|Spn−2(q)| b1 n is even, q is even
|Ωn−1(q)| γ1 n is even, q is odd

Table 5.2: h(T) in Theorem 5.2.10 for non-sporadic groups

(iv) We adopt the notation in [21, Chapter 3] for elements of classical groups. For example, if

T =PΩε
n(q), where n is even and q is odd, then a pre-image in Oε

n(q) of an element of type

γ1 is an involution of the form [−I1, In−1] (see [21, Section 3.5.2.14]).

Proof of Theorem 5.2.10. First observe that we only need to consider prime order elements in

Aut(T), since CT (x)⩽CT (xm) for any integer m and x ∈Aut(T).

Assume T = An is an alternating group. If n = 5 or 6, then the result can be checked using

MAGMA. Now assume n⩾ 7, so Aut(T)= Sn. It is easy to see that |CT (x)| is maximal when x is a

transposition, in which case CSn (x)∼= S2 ×Sn−2 and thus |CT (x)| = (n−2)!. Hence, h(T)= (n−2)!.

If T is a sporadic group, then |CT (x)| for all x ∈Aut(T) can be read off from the character table of

T (and also of Aut(T)= T.2 if |Out(T)| = 2), which can be accessed computationally via the GAP
Character Table Library [12].

For the remainder, we may assume T is a simple group of Lie type over Fq, where q = p f with

p a prime. As discussed in Section 2.2.4, an element in Aut(T) of prime order is either contained

in the group Inndiag(T) of inner-diagonal automorphisms (so it is semisimple or unipotent), or is

a field, graph or graph-field automorphism. Recall Table 2.3 for the description of Inndiag(T).
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T h(T) x
M11 48 2A
M12 240 2A
M22 1344 2B
M23 2688 2A
M24 21504 2A
J1 120 2A
J2 1920 2A
J3 2448 2B
J4 21799895040 2A
HS 40320 2C
McL 40320 2A
Suz 9797760 3A
He 161280 2A
HN 177408000 2A
Ru 245760 2A
Ly 2694384000 3A
Co1 1345036492800 3A
Co2 743178240 2A
Co3 2903040 2A
Th 92897280 2A
O′N 175560 2B
Fi22 18393661440 2A
Fi23 129123503308800 2A
Fi′24 4089470473293004800 2C
B 306129918735099415756800 2A
M 8309562962452852382355161088000000 2A

Table 5.3: h(T) in Theorem 5.2.10 for sporadic groups

Assume T is an exceptional group. Here we assume T ̸= 2G2(3)′ ∼=L2(8) and T ̸=G2(2)′ ∼=U3(3)

as noted in (2.2.1). By [31, Proposition 2.11], |CT (x)| is maximal when x ∈ T is a long root element.

So let us assume x ∈ T is a long root element. If T is not 3D4(q) or 2B2(q), then |CT (x)| can be

read off from the tables in [94, Chapter 22], noting that xInndiag(T) = xT by [94, Corollary 17.10].

If T = 3D4(q) or 2B2(q) then we can find |CT (x)| in [113, p. 677] and [117], respectively.

For the remainder of the proof, we assume T is a classical group defined over Fq. Let V be the

natural module of T and write V =V ⊗K , where K is the algebraic closure of Fq. For x ∈PGL(V ),

let x̂ be a pre-image of x in GL(V ). Following [16, Definition 3.16], we define

ν(x)=min{dim[V ,λx̂] :λ ∈ K×},

where [V ,λx̂]= {v−λx̂v : v ∈V }. That is, ν(x) is the codimension of the largest eigenspace of x̂ on

V , noting that ν(x) is independent of the choice of pre-image x̂. Upper and lower bounds on |xT |
in terms of n, q and ν(x) are given in [16, Section 3]. Similarly, if x is a field, graph or graph-field

102



5.2. PRELIMINARIES

automorphism, then lower bounds for |xT | can be read off from [16, Table 3.11]. In addition,

|CInndiag(T)(x)|, and a description of the splitting of xInndiag(T) into distinct T-classes, can be found

in [21, Chapter 3]. In particular, note that if x ∈ Inndiag(T) is a semisimple element of prime

order, then xInndiag(T) = xT (see [60, Theorem 4.2.2(j)], also recorded as [21, Theorem 3.1.12]).

We start with the case where T = L2(q). Let H be the normaliser in PGL2(q) of a non-split

maximal torus of T, so H ∼= D2(q+1). If q is odd, then we let x be the central involution in H, and

if q is even, let x ∈ H be an element of odd prime order. Then |CT (x)| = q+1, so h(T)⩾ q+1. Let

y ∈ Aut(T) be an element of prime order. Note that if y is unipotent then |CT (y)| = q, whereas

|CT (y)| divides q+1 or q−1 if y is semisimple. Thus, we only need to consider field automorphisms,

noting that |CPGL2(q)(y)| = |PGL2(q1/r)| if y is a field automorphism of prime order r. It follows

that |CPGL2(q)(y)| > q+1 only if r = 2 (so f is even). Indeed,

|CT (y)| = |CPGL2(q)(y)| = |PGL2(q1/2)| > q+1

if y is an involutory field automorphism, and so we conclude that h(T)= |PGL2(q1/2)| if f is even,

and h(T)= q+1 if f is odd.

To complete the proof for linear and unitary groups, we assume T = Lε
n(q) with n ⩾ 3. Let

x ∈ T be a unipotent element with Jordan form [J2, Jn−2
1 ] on the natural module, noting that x is

a long root element. Then |CPGLε
n(q)(x)| can be read off from [21, Tables B.3 and B.4], and we have

xPGLε
n(q) = xT by [21, Propositions 3.2.7 and 3.3.10]. More specifically,

|CT (x)| = (n, q−ε)−1q2n−3|GLε
n−2(q)|

and

|xT | = |xPGLε
n(q)| = |PGLε

n(q)|
q2n−3|GLε

n−2(q)| <
2q2n−1

q−1
.

The groups with n ∈ {3,4} require special attention, and we treat them separately.

Assume T =Lε3(q), so |CT (x)| = (3, q−ε)−1q3(q−ε), and let y be an element in Aut(T) of prime

order that is not a long root element. If y ∈PGLε
3(q) and ν(y)= 2, then either y has Jordan form

[J3] or |y| is odd, so by [16, Propositions 3.22 and 3.36],

|yT | > 1
2(3, q−ε)

(
q

q+1

)
q6 > (q2 −1)(q2 +εq+1)= |xT |.

If ν(y) = 1 and y is semisimple, then a pre-image ŷ of y in GL(V ) is [ωI1, I2], so |CT (y)| =
(3, q−ε)−1|GLε

2(q)|. It is easy to see that |CT (y)| < |CT (x)|. If y is a graph automorphism, then

|CPGLε
3(q)(y)| = |SL2(q)|, so |CT (y)| < |CT (x)| evidently. If y is a field automorphism of odd prime

order r, then by [21, Propositions 3.2.9 and 3.3.12],

|CPGLε
3(q)(y)| = |PGLε

3(q1/r)|⩽ q(q2/3 −1)(q−ε),

so |CT (y)|⩽ |CPGLε
3(q)(y)| < |CT (x)|. Thus, we only need to consider involutory field or graph-field

automorphisms, so we can assume ε=+ and f is even.
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Let y1 be an involutory field automorphism. Then by [21, Proposition 3.2.9],

|CT (y1)| = (3, q1/2 +1)
(3, q−1)

|PGL3(q1/2)|.

Similarly, if y2 is a graph-field automorphism, then

|CT (y2)| = (3, q1/2 −1)
(3, q−1)

|PGU3(q1/2)|

by [21, Proposition 3.2.15]. Note that

|PGL3(q1/2)| < q3(q−1)< |PGU3(q1/2)| < 3|PGL3(q1/2)|.

Therefore, h(T) = |CT (x)| if f is odd or ε = −, h(T) = |CT (y1)| if ε = +, f is even and 3 | q1/2 +1,

otherwise h(T)= |CT (y2)|.
Next, assume T =Lε

4(q) and let z be a graph automorphism of type γ1 (see [21, Sections 3.2.5

and 3.3.5]), so by [21, Propositions 3.2.14 and 3.3.17], we have

|CT (z)| = (2, q−ε)
(4, q−ε) |PGSp4(q)| > 1

(4, q−ε) q6(q2 −1)(q−ε)= |CT (x)|

and we claim that h(T)= |CT (z)|. Note that

|zT | = q2(q3 −ε)
(2, q−ε) .

By [16, Propositions 3.22, 3.36, 3.37 and 3.48], we have

|yT | > 1
2

(
q

q+1

)
q6

for any unipotent, semisimple, field or graph-field element y ∈ Aut(T) of prime order. Hence,

|yT | > |zT | if q ⩾ 4, and for q ∈ {2,3} we can check that |yT | > |zT | using MAGMA. Similarly, if y is

a graph automorphism, then |yT |⩾ |zT | by inspecting [21, Tables B.3 and B.4].

Finally, assume T =Lε
n(q) and n⩾ 5. Then by applying the bounds in [16, Table 3.11] we see

that

|yT | > 1
2

(
q

q+1

) 1
2 (1−ε)

q
1
2 (n2−n−4) > 2q2n−1

q−1
> |xT |

if y is a field, graph or graph-field automorphism, unless (n, q)= (5,2) or (6,2), in which cases one

can check that |yT | > |xT | with the aid of MAGMA. If y is a unipotent or semisimple element with

ν(y)⩾ 2, then

|yT | > 1
2

(
q

q+1

)
q4n−8 > 2q2n−1

q−1
> |xT |

by [16, Proposition 3.36]. Thus, we only need to consider the cases where ν(y) = 1 and y is

not Aut(T)-conjugate to x. In this setting, y is semisimple and a pre-image ŷ of y in GL(V ) is

[ωI1, In−1], where ω is a non-trivial r-th root of unity in Fq if ε=+, or Fq2 if ε=−, for some prime

r. It follows that

|CT (y)| = (n, q−ε)−1|GLε
n−1(q)|.
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Note that |CT (y)| > |CT (x)| if and only if ε=− and n is even. This implies that

h(T)= (n, q−ε)−1|GLε
n−1(q)|

if ε=− and n is even, otherwise h(T)= |CT (x)|.
This concludes the proof of Theorem 5.2.10 for linear and unitary groups. We can use a very

similar approach to handle the symplectic and orthogonal groups and we omit the details. But let

us remark that if T =PSpn(q) is a symplectic group, then |CT (x)| is maximal when x is a long root

element, unless n = 4 and q is odd, where an involution of type t1 has the largest centraliser order.

If T =PΩε
n(q), where n is odd or q is even, then |CT (x)| is maximal when x is an involution of type

t′1 or b1, respectively. Finally, if T =PΩε
n(q) with n even and q odd, then a graph automorphism

of type γ1 has the largest centraliser order. All the relevant information about these elements

can be found in [21, Chapter 3]. ■

An immediate corollary is the following.

Corollary 5.2.12. We have h(T)⩽ |T|/10 for any non-abelian finite simple group T.

5.3 Holomorph of simple groups

Recall that Hol(T) = T:Aut(T) is the holomorph of T, which acts faithfully and primitively on

T (in fact, Hol(T) = T2.Out(T) is a diagonal type primitive group). Note that every element in

Hol(T) can be uniquely written as gα, where g ∈ T acts on T by left translation and α ∈Aut(T)

acts naturally on T. That is,

tgα = (g−1t)α

for every t ∈ T. Let Hol(T,S) be the setwise stabiliser of a subset S ⊆ T in Hol(T). Throughout this

section, we assume P = Sk, so W = Tk.(Out(T)×Sk). The following result is a key observation.

Lemma 5.3.1. The following statements are equivalent.

(i) {D,D(ϕt1 , . . . ,ϕtk )} is a base for W;

(ii) t1, . . . , tk are distinct and Hol(T, {t1, . . . , tk})= 1.

Proof. First assume (i) holds. If ti = t j for some i ̸= j, then (i, j) ∈ W stabilises the points D

and D(ϕt1 , . . . ,ϕtk ), which is incompatible with (i). Thus, t1, . . . , tk are distinct. Suppose gα ∈
Hol(T, {t1, . . . , tk}). Then for any i we have

(5.3.1) t j = tgα
i = (g−1ti)α = (g−1)αtαi

for some j. That is, gα induces a permutation π ∈ Sk by (g−1)αtαi = tiπ . Now it is easy to see that

(α, . . . ,α)π fixes D(ϕt1 , . . . ,ϕtk ). Hence, α= 1 and π= 1, which implies that g = 1 by (5.3.1), noting

that i = j since π= 1.
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Conversely, suppose (ii) holds and (α, . . . ,α)π fixes D and D(ϕt1 , . . . ,ϕtk ). Then there exists

g ∈ T such that tiπ = g−1tαi for all i. It follows that gα
−1
α ∈Hol(T, {t1, . . . , tk}), which implies that

g = 1 and α= 1. As t1, . . . , tk are distinct, this gives π= 1 and so (i) holds. ■

Let Pk(T) (or just Pk if T is clear from the context) be the set of k-subsets of T. Recall that

r(G) is the number of regular suborbits of G.

Lemma 5.3.2. The number of regular orbits of Hol(T) on Pk or P|T|−k is r(W). In particular,

b(W)= 2 if and only if Hol(T) has a regular orbit on Pk or P|T|−k.

Proof. This follows directly from Lemma 5.3.1, noting that Hol(T,S)=Hol(T,T \ S). ■

Given a subset S ⊆ T, it is difficult to determine Hol(T,S). In particular, it is difficult to

construct a subset S ⊆ T such that Hol(T,S) = 1. By the transitivity of Hol(T) on T, we may

assume 1 ∈ S.

Lemma 5.3.3. Let X1 and X2 be subsets of T such that 1 ∈ X1 ∩ X2 and X gα
1 = X2. Then g ∈ X1.

Proof. We have g−1X1 = Xα−1

2 , so 1 ∈ g−1X1 and thus g ∈ X1. ■

Now we give some sufficient conditions that allow us to deduce that Hol(T,S)= 1 for a subset

S ⊆ T containing 1. Here we write Aut(T,R) for the setwise stabiliser of R ⊆ T# in Aut(T).

Lemma 5.3.4. Let S = {t1, . . . , tk} ∈Pk with t1 = 1. Then Hol(T,S)= 1 if the following conditions

are satisfied:

(i) Aut(T, {t2, . . . , tk})= 1; and

(ii) For all 2⩽ i ⩽ k, {|t−1
i t1|, . . . , |t−1

i tk|} ̸= {1, |t2|, . . . , |tk|}.

Proof. Suppose gα ∈Hol(T,S), where g ∈ T and α ∈Aut(T). By Lemma 5.3.3, we have g ∈ S. If

g = t1 = 1 then α ∈ Aut(T, {t2, . . . , tk}) and condition (i) forces α = 1. If g = ti for some 2 ⩽ i ⩽ k

then t−1
i S = Sα−1

, which implies that {|t−1
i t1|, . . . , |t−1

i tk|}= {1, |t2|, . . . , |tk|}, which is incompatible

with the condition (ii). ■

Corollary 5.3.5. Let S = {t1, . . . , tk} ∈Pk with t1 = 1. If Out(T) = 1 then Hol(T,S) = 1 if all the

following conditions are satisfied:

(i) t2, . . . , tk have distinct orders;

(ii) M = 〈t2, . . . , tk〉 is a maximal subgroup of T such that Z(M)= 1;

(iii) for all 2⩽ i ⩽ k, {|t−1
i t1|, . . . , |t−1

i tk|} ̸= {1, |t2|, . . . , |tk|}.
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Proof. In view of Lemma 5.3.4, it suffices to show that conditions (i) and (ii) imply that

Aut(T, {t2, . . . , tk})= 1. Suppose α ∈Aut(T, {t2, . . . , tk}). Then α ∈ CAut(T)(ti) for each i, as t2, . . . , tk

have distinct orders. It follows that α centralises 〈t2, . . . , tk〉 = M and so α ∈ CAut(T)(M). Since

Out(T)= 1, this implies that α ∈ CT (M)⩽ NT (M)= M since M is maximal, so α ∈ Z(M)= 1. This

completes the proof. ■

Lemma 5.3.6. Let X1 = {t1, . . . , tk} and X2 = {s1, . . . , sk} be k-sets in Pk such that 1 ∈ X1 ∩ X2 and

Hol(T, X j)= 1 for each j ∈ {1,2}. Then X1 and X2 are in distinct Hol(T)-orbits if

{|t−1
i t1|, . . . , |t−1

i tk|} ̸= {|s1|, . . . , |sk|}

for any i ∈ [k].

Proof. This follows immediately from Lemma 5.3.3. ■

Remark 5.3.7. Let us briefly discuss the main computational techniques we will use to show

that r(W)⩾ 2 for some suitable T and k. We refer the reader to Appendix A.1.3 for the relevant

MAGMA function RanHolOrder to implement this approach.

(i) Let X1 and X2 be k-element subsets of T containing 1, and let O j = {|t| : t ∈ X j}. Assume

that |O j| = k, 〈X j〉 = T and

O j ̸= {|x−1t| : t ∈ X j}

for any x ∈ X j \{1}. Then Hol(T, X j)= 1 by Lemma 5.3.4, noting that the first two conditions

imply that Aut(T, X j \{1})= 1. Combining Lemmas 5.3.2 and 5.3.6, we have r(W)⩾ 2 if

O2 ̸= {|x−1t| : t ∈ X1}

for any x ∈ X1. For suitable T and k, we can construct T in terms of an appropriate

permutation representation in MAGMA, and implement this approach to find k-subsets X1

and X2 of T with these properties by random search. We will only need to use this method

for k ⩽ 11.

(ii) In some cases where Out(T)= 1, we will work with a centreless maximal subgroup M of T,

rather than T itself. More precisely, if X1 and X2 are k-element subsets of M containing 1

and O j = {|t| : t ∈ X j}, then by Corollary 5.3.5, we have Hol(T, X j)= 1 if |O j| = k, 〈X j〉 = M

and

O j ̸= {|x−1t| : t ∈ X j}

for any x ∈ X j \{1}. Again, by Lemmas 5.3.2 and 5.3.6, we have r(W)⩾ 2 if

O2 ̸= {|x−1t| : t ∈ X1}

for any x ∈ X1. For example, if T =M is the Monster sporadic group and 3⩽ k ⩽ 5, then we

will work with a maximal subgroup M of T isomorphic to L2(71) (this case arises in the

proofs of Lemma 5.5.2 and Proposition 5.5.10).
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5.4 Probabilistic methods

In this section, we assume G = Tk.(Out(T)×Sk) with 2 < k < |T|. By Lemma 5.3.2, we have

r(G) ⩾ 2 for k = m if and only if r(G) ⩾ 2 for k = |T| − m, so we will assume 5 ⩽ k ⩽ |T|/2
throughout this section (we will treat the cases where k ∈ {3,4} separately in Section 5.5).

In Section 5.4.1, we will estimate the probability Prk(T) that a random k-subset of T has

non-trivial setwise stabiliser in Hol(T), noting that

(5.4.1) Prk(T)= |{S ∈Pk : Hol(T,S) ̸= 1}|(|T|
k

) .

In view of Lemma 5.3.2, we have r(G)⩾ 2 if and only if

(5.4.2) Prk(T)< 1− |Hol(T)|(|T|
k

) .

To establish this inequality, we will give upper bounds on Prk(T) in Section 5.4.1. In particular,

we will show that r(G)⩾ 2 if 4log |T| < k ⩽ |T|/2 (see Proposition 5.4.7).

Finally, to handle certain cases where k is small, in Section 5.4.2 we will consider the

probability Q(G,2) that a random pair of elements in Ω is not a base for G, which we recall is a

widely used method in the study of base sizes (see Section 2.4).

5.4.1 Holomorph and subsets

We first consider Prk(T), as defined in (5.4.1). Let F = {S ∈Pk : Hol(T,S) ̸= 1} and suppose S ∈F .

Then there exists σ ∈Hol(T,S) of prime order. In other words, S ∈ fix(σ,Pk), where

fix(σ,Pk)= {S ∈Pk :σ ∈Hol(T,S)}

is the set of fixed points of σ on Pk. It follows that

|F | =
∣∣∣∣∣ ⋃
σ∈R

fix(σ,Pk)

∣∣∣∣∣⩽ ∑
σ∈R

|fix(σ,Pk)|,

where R is the set of elements of prime order in Hol(T). Recall that r(G)⩾ 2 if and only if (5.4.2)

holds. Thus, r(G)⩾ 2 if ∑
σ∈R

|fix(σ,Pk)| <
(
|T|
k

)
−|Hol(T)|.

Moreover, since 5 ⩽ k ⩽ |T|/2, we note that |Hol(T)| < 1
2
(|T|

k
)

by Lemma 2.2.5. This observation

yields the following result.

Lemma 5.4.1. We have r(G)⩾ 2, and hence b(G)= 2, if

(5.4.3)

(
|T|
k

)
> 2

∑
σ∈R

|fix(σ,Pk)|.
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In order to apply Lemma 5.4.1, we need to derive a suitable upper bound for the summation

appearing on the right-hand side of (5.4.3).

Lemma 5.4.2. Let σ ∈Hol(T) be of prime order r with cycle shape [rm,1|T|−mr]. Then

|fix(σ,Pk)| =
⌊k/r⌋∑
u=0

(
m
u

)(
|T|−mr
k− ru

)
.

Proof. This follows by noting that any subset fixed by σ is a union of some cycles comprising σ.

■

If σ ∈ Hol(T) is an element as described in Lemma 5.4.2, then |T| −mr is the number of

elements in T fixed by σ. It follows that |T| −mr ⩽ fix(Hol(T)), where fix(Hol(T)) is the fixity

of Hol(T) (the fixity of a permutation group is the maximum number of elements fixed by a

non-identity permutation). Recall that

h(T)=max{|CT (x)| : 1 ̸= x ∈Aut(T)},

which has been determined in Theorem 5.2.10.

Lemma 5.4.3. We have fix(Hol(T))= h(T).

Proof. Let σ ∈ Hol(T) be such that it fixes at least one element in T. We may assume σ fixes

1 ∈ T by the transitivity of Hol(T). Thus, σ ∈Aut(T) and hence CT (σ) is the set of fixed points of

σ, which completes the proof. ■

Corollary 5.4.4. If σ ∈Hol(T) has prime order r, then

|fix(σ,Pk)|⩽
⌊k/r⌋∑
u=0

(
|T|/r

u

)(
h(T)

k− ru

)
.

The following bounds on binomial coefficients come from [114, Theorem 2.6], where e is the

exponential constant.

Lemma 5.4.5. Let ℓ,m,n be positive integers with n > m. Then

e−
1
8ℓ a(ℓ,m,n)<

(
nℓ
mℓ

)
< a(ℓ,m,n),

where

a(ℓ,m,n)= 1p
2π

ℓ−
1
2

(
n

(n−m)m

) 1
2
(

nn

(n−m)n−mmm

)ℓ
.

Corollary 5.4.6. Suppose n = tm for some integer t⩾ 2. Then

(5.4.4) e−
1
8

(
t2

(t−1)n

) 1
2
(

tt

(t−1)t−1

) n
t

<
p

2π

(
n
m

)
<

(
t2

(t−1)n

) 1
2
(

tt

(t−1)t−1

) n
t

.
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Proof. Put ℓ= 1 and m = n/t in Lemma 5.4.5. ■

Proposition 5.4.7. If 4log |T| < k ⩽ |T|/2, then r(G)⩾ 2. In particular, b(G)= 2.

Proof. First, if T = A5, then we construct Hol(T) as a permutation group on T via the function

Holomorph in MAGMA. We then find two k-subsets of T lying in distinct regular Hol(T)-orbits by

random search (see the function RanHol in Appendix A.1.3).

Hence, we may assume |T|⩾ 168 and thus 4log |T| < |T|/4. First assume |T|/4⩽ k ⩽ |T|/2. By

Corollary 5.4.4, we have

|fix(σ,Pk)|⩽
⌊k/r⌋∑
u=0

(
|T|/r

u

)(
h(T)

⌊h(T)/2⌋

)
⩽ 2|T|/r

(
h(T)

⌊h(T)/2⌋

)
⩽ 2|T|/2

(
h(T)

⌊h(T)/2⌋

)
for every element σ ∈Hol(T) of prime order. Hence, (5.4.3) holds if

(5.4.5)

(
|T|
k

)
> |Hol(T)|2|T|/2+1

(
h(T)

⌊h(T)/2⌋

)
,

and it suffices to consider k = |T|/4. Now we apply (5.4.4), which gives(
|T|
|T|/4

)
> 1p

2π
e−

1
8

4p
3|T|

(
4

33/4

)|T|

and (
h(T)

⌊h(T)/2⌋

)
< 1p

2π
·
√

4
h(T)

·2h(T) ⩽
1p
2π

·
√

40
|T| ·2

|T|/10

as h(T)⩽ |T|/10 by Corollary 5.2.12. Combining the inequalities above, we see that (5.4.5) holds

for k = |T|/4 if

1p
2π

e−
1
8

4p
3|T|

(
4

33/4

)|T|
> |Hol(T)| ·2|T|/2+1 · 1p

2π
·
√

40
|T| ·2

|T|/10.

Finally, since |Out(T)| < |T|1/3 by Lemma 2.2.5, it suffices to show that

(5.4.6) t|T|
0 >

p
30 e

1
8 |T| 7

3 ,

where

t0 = 4 ·3− 3
4 ·2− 1

2− 1
10 = 1.1577....

and it is easy to check that the inequality in (5.4.6) holds for all |T|⩾ 168.

Now assume 4log |T| < k < |T|/4 and let σ ∈Hol(T) be of prime order r. Observe that ru ⩽ k <
|T|/4 for all u ∈ {0, . . . ,⌊k/r⌋}, so

⌊k/r⌋∑
u=0

(
|T|/r

u

)(
h(T)

k− ru

)
<

⌊k/r⌋∑
u=0

(
|T|/2

u

)(
h(T)

k− ru

)

<
⌊k/r⌋∑
u=0

(
|T|/2
ru

)(
h(T)

k− ru

)

<
(
|T|/2+h(T)

k

)
,
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noting that the third inequality follows from Vandermonde’s identity. Thus, (5.4.3) holds if

(5.4.7)

(
|T|
k

)
> 2|Hol(T)|

(
|T|/2+h(T)

k

)
.

It is easy to see that (5.4.7) is equivalent to

|T|!
(|T|−k)!

> 2|Hol(T)| (|T|/2+h(T))!
(|T|/2+h(T)−k)!

.

Now |T|−m
|T|/2+h(T)−m

⩾
|T|

|T|/2+h(T)
=: t

for every m ∈ {0, . . . ,k−1} and thus (5.4.7) holds if tk > 2|Hol(T)|. By Corollary 5.2.12, we have

|T|/h(T) ⩾ 10, and hence t ⩾ 5/3. Therefore, (5.4.7) holds if (5/3)k > |T|8/3 (by applying Lemma

2.2.5), which implies the desired result. ■

Now we turn to the cases where 5⩽ k ⩽ 4log |T|. We start by giving some sufficient conditions

for r(G)⩾ 2.

Lemma 5.4.8. Suppose 5⩽ k ⩽ 4log |T|. Then r(G)⩾ 2, and hence b(G)= 2, if

(5.4.8)

(
|T|
k

)
> 2|Hol(T)|

⌊k/2⌋∑
u=0

(
|T|/2

u

)(
h(T)

k−2u

)
.

Proof. If 8log |T| < h(T), then k < h(T)/2 and (5.4.3) follows via (5.4.8) and Corollary 5.4.4. By

inspecting Table 5.2, we see that 8log |T|⩾ h(T) only if T is isomorphic to one of the following

groups:

(5.4.9) M11, J1, 2B2(8), L3(3), L2(q) (q ⩽ 167).

Assume T is one of the groups in (5.4.9) and suppose σ ∈Hol(T) has prime order r. We claim

that

(5.4.10) |fix(σ,Pk)| <
⌊k/2⌋∑
u=0

(
|T|/2

u

)(
h(T)

k−2u

)
.

To see this, first assume σ is fixed-point-free on T. Then |fix(σ,Pk)| = 0 if r ∤ k, and

|fix(σ,Pk)| =
(
|T|/r
k/r

)
otherwise. In particular, the inequality in (5.4.10) holds. Now assume σ has a fixed point on T.

Since σ is conjugate to an element fixing the identity element in T, we may assume σ ∈Aut(T).

Then with the aid of MAGMA and Corollary 5.4.4, it is easy to check that (5.4.10) holds when T is

one of the groups in (5.4.9).

We conclude that the proof is complete by combining (5.4.8) and (5.4.10) with Lemma 5.4.1.

■
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Lemma 5.4.9. The inequality (5.4.8) holds if

(5.4.11) 2uuu|T|k−u > 2|Hol(T)|⌊k/2⌋k2uek+uh(T)k−2u

for every u ∈ {0, . . . ,⌊k/2⌋}, where we define uu = 1 if u = 0.

Proof. First observe that (5.4.8) holds if

(5.4.12)

(
|T|
k

)
> 2|Hol(T)|⌊k/2⌋

(
|T|/2

u

)(
h(T)

k−2u

)

for every u ∈ {0, . . . ,⌊k/2⌋}. Now (
k

k−2u

)k−2u
< e2u

for all such u. Therefore, (5.4.12) follows by combining (5.4.11) and the well-known bounds on

binomial coefficients
nm

mm ⩽

(
n
m

)
⩽

(en)m

mm

for any integers n⩾ m⩾ 0, where we define mm = 1 if m = 0. ■

We conclude this section by establishing two more technical lemmas, which will play a key

role in Section 5.5.

Lemma 5.4.10. Suppose |T| > 4080 and 5 ⩽ k ⩽ 4log |T|. Then (5.4.8) holds if there exists an

integer k0 in the range 5⩽ k0 ⩽ k such that

(5.4.13) |T|k0 > |Hol(T)|2k2+k0
0 e3k0

and

(5.4.14) h(T)2 < k0|T|.

Proof. We first prove that (5.4.8) holds if k = k0. In view of Lemma 5.4.9, it suffices to verify

the inequality in (5.4.11) for all u ∈ {0, . . . ,⌊k/2⌋} and we will do this by induction. First assume

u = ⌊k/2⌋ and note that (5.4.13) is equivalent to (5.4.11) if k is even. For k odd we have u = (k−1)/2

and the inequality in (5.4.11) is as follows:

(5.4.15)
( |T|(k−1)

k2e3

)k
|T| > k−1

k2e
·4|Hol(T)|2

(
k−1

2

)2
h(T)2.

In view of (5.4.14), we see that (5.4.15) holds if( |T|
ke3

)k (
k−1

k

)k−1
e > k2|Hol(T)|2,

which is implied by (5.4.13) since ( k−1
k )k−1 > e−1. Therefore, (5.4.11) holds for u = ⌊k/2⌋ and we

have established the base case for the induction. Now suppose (5.4.11) holds for u = u0, where
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1⩽ u0 ⩽ ⌊k/2⌋. It suffices to show that (5.4.11) holds for u = u0 −1. Here the desired inequality

holds if

2−1|T| · (u0 −1)u0−1

uu0
0

> k−2e−1 ·h(T)2,

but this is implied by (5.4.14), noting that ( u0−1
u0

)u0−1 > e−1 and 2u0 ⩽ k. In conclusion, if k = k0

then (5.4.11) holds for all u ∈ {0, . . . ,⌊k/2⌋} and thus (5.4.8) holds by Lemma 5.4.9.

Finally, we need to show that (5.4.8) holds when k0 < k. By (5.4.14) we have h(T)2 < k0|T| <
k|T|, and by arguing as above, it suffices to show that

(5.4.16) |T|k > |Hol(T)|2k2+ke3k.

Since |T| > 4080 and 5⩽ k ⩽ 4log |T|, we get

|T| > 2e4(4log |T|+1)⩾ 2e4(k+1)>
(

k+1
k

)k+2
e3(k+1).

Therefore, (5.4.16) holds for all k0 ⩽ k ⩽ 4log |T| by induction on k, and the proof is complete. ■

Lemma 5.4.11. Suppose 5⩽ k ⩽ 4log |T|. Then (5.4.8) holds if there exists an integer k0 such that

5⩽ k0 ⩽ k,

(5.4.17) |T|k0 > 2|Hol(T)|⌊k0/2⌋ek0 h(T)k0

and

(5.4.18) 2h(T)2 > (4log |T|)2e|T|.

Proof. This is similar to the proof of Lemma 5.4.10, working with Lemma 5.4.9 to establish

the inequality in (5.4.8). First assume k = k0 and note that (5.4.17) is equivalent to (5.4.11) with

u = 0. We now use induction to show that (5.4.11) holds for all u ∈ {0, . . . ,⌊k/2⌋}. To do this, suppose

(5.4.11) holds for u = u0, where 0⩽ u0 ⩽ ⌊k/2⌋−1. Then (5.4.18) implies that

2|T|−1 · (u0 +1)u0+1

uu0
0

> k2e ·h(T)−2,

and thus (5.4.11) holds for u = u0 +1 and the result follows.

Finally, let us assume k0 < k. It suffices to show that

|T|k > 2|Hol(T)|⌊k/2⌋ekh(T)k

for all k0 ⩽ k ⩽ 4log |T|. This is clear by induction on k, since we have |T| > 2eh(T) for every T by

Corollary 5.2.12. ■
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5.4.2 Fixed point ratios

Now we turn to the probabilistic approach discussed in Section 2.4 to study b(G), where G =
Tk.(Out(T)×Sk). Here we will estimate the probability Pk(T) := 1−Q(G,2) that a random element

in Ω is in a regular orbit of GD = D, noting that b(G)= 2 if and only if Pk(T)> 0. Equivalently,

Pk(T)= r(G)|G|
|T|2k−2

is the probability that a random pair of elements in Ω is a base for G. In view of (2.4.2), we have

1−Pk(T)⩽
∑

x∈R(G)
|xG | · fpr(x)2 = ∑

x∈R(G)

|xG ∩D|2|CG(x)|
|G| ,

where R(G) is a set of representatives for the G-conjugacy classes of elements in the stabiliser D

in G which have prime order. We adopt the notation from [51, Section 4] and define

R1(G) := {(α, . . . ,α)π ∈ R(G) :π is fixed-point-free on [k]},

R2(G) := {(α, . . . ,α)π ∈ R(G) :π= 1},

R3(G) := {(α, . . . ,α)π ∈ R(G) :π ̸= 1 and π has a fixed point on [k]},

and

r i(G) := ∑
x∈Ri(G)

|xG ∩D|2|CG(x)|
|G| .

It follows that

(5.4.19) 1− r(G)|G|
|T|2k−2 = 1−Pk(T)⩽ r1(G)+ r2(G)+ r3(G),

which gives a lower bound on r(G). In particular, b(G)= 2 if r1(G)+ r2(G)+ r3(G)< 1. Thus, we

need to bound each r i(G) above.

Lemma 5.4.12. We have r1(G)< (k!)2|T|8/3−⌈k/2⌉.

Proof. This is established in the proof of Theorem 1.5 in [51]. ■

Lemma 5.4.13. We have r2(G)< (|T|/h(T))4−k.

Proof. Let fp(Aut(T)) be the number of conjugacy classes of elements of prime order in Aut(T).

It follows from the proof of [51, Lemma 4.2] that

r2(G)⩽ |Out(T)| fp(Aut(T))
(

h(T)
|T|

)k−2
.

Thus, it suffices to show that

(5.4.20) |Out(T)| fp(Aut(T))<
( |T|

h(T)

)2
.
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First assume T = An is an alternating group. Then as discussed in the proof of [51, Lemma

4.2], we have fp(Aut(T))< n2

2 . This implies (5.4.20) since h(T)= (n−2)! by Theorem 5.2.10.

Next, assume T is a sporadic group. Then fp(Aut(T)) can be read off from the character table

of Aut(T) and it is easy to check that (5.4.20) holds in every case.

Finally, assume T is a simple group of Lie type over Fq. Let f (T) be the number of conjugacy

classes in T. As noted in [55], we have fp(Aut(T))⩽ |Out(T)| f (T). Thus, it suffices to show that

(5.4.21) |Out(T)|2 f (T)<
( |T|

h(T)

)2
.

We divide the proof into several cases.

Case 1. T ̸=Lε
n(q).

Here [57, Theorem 1.2] implies that f (T)< |T|/h(T), so in view of (5.4.21) it suffices to show

that

(5.4.22) h(T)|Out(T)|2 < |T|.

First assume T ̸= PΩ+
8 (q). Then |Out(T)|⩽ 8log q and by inspecting Table 5.2, one can see

that |T|/h(T) ⩾ q3/2. It is straightforward to check that if q ⩾ 13, then 128(log q)2 < q3, which

implies that (5.4.22) holds for q ⩾ 13. Then there are only finitely many exceptional groups

of Lie type to consider, and in each case we can use the precise value of h(T) in Table 5.2 to

verify (5.4.22). Hence, we may assume q ⩽ 11 and T is a classical group. By our assumption,

T = PSpn(q), Ωn(q), PΩ−
n(q), or PΩ+

n(q) with n ⩾ 10 in the latter case. In each case, we have

|T|/h(T)> qn−2 by inspecting Table 5.2, so if n⩾ 8 we get

|Out(T)|2 ⩽ 64(log q)2 ⩽ q6 ⩽ qn−2 < |T|/h(T)

and thus (5.4.22) holds. There are finitely many groups remaining and we can check that (5.4.22)

holds in each case by using precise values of h(T) and |Out(T)|.
Now assume T =PΩ+

8 (q). Here |T|/h(T)> q6 and |Out(T)|⩽ 24 f ⩽ 24log q. This shows that

(5.4.22) holds for q ⩾ 4 since we have 242(log q)2 < q6. If q = 2, then |Out(T)|2 = 36 < 120 =
|T|/h(T), while for q = 3, we have |Out(T)|2 = 576< 1080= |T|/h(T).

Case 2. T =Un(q), n⩾ 3.

In this case, [57, Theorem 1.2] implies that f (T)< 1
2 |T|/h(T), except when (n, q)= (3,3) or (4,3).

In the latter two cases, it is easy to check (5.4.21). In the remaining cases, we have |T|/h(T)> qn

by inspecting Table 5.2, so (5.4.21) holds if

(5.4.23) |Out(T)|2 < 2qn.

Notice that |Out(T)| ⩽ 2(q+1)log q < q2 for q ⩾ 7, and for q ∈ {3,5} we still have |Out(T)| ⩽
2(q+1)< q2. This implies that if q ∉ {2,4} and n⩾ 4, then

|Out(T)|2 < q4 ⩽ qn < 2qn
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and so (5.4.23) is satisfied. If q = 2 then |Out(T)|⩽ 6, so (5.4.23) holds if n⩾ 5; and if q = 4 then

|Out(T)| ⩽ 20, and thus (5.4.23) holds for n ⩾ 4. It is straightforward to check (5.4.21) when

T =U4(2), where we have f (T)= 20.

Finally, assume n = 3, so |Out(T)| ⩽ 6log q. Here (5.4.23) is satisfied for all q > 4 since

(6log q)2 < 2q3. By our assumption, the only remaining cases are T =U3(3) with f (T)= 14 and

T =U3(4) with f (T)= 22, so the inequality in (5.4.21) holds.

Case 3. T =Ln(q).

Here we may assume (n, q) ̸= (2,4), (2,5), (2,9), (3,2), (4,2) as noted in Remark 2.2.2. If n = 2

and q ∈ {7,11}, then an easy computation using MAGMA shows that (5.4.20) holds, and the result

follows.

In each of the remaining cases, we have |T|/h(T) > qn−1 by inspecting Table 5.2. Moreover,

[54, Corollary 1.2] implies that fp(Aut(T))< 100|T|/h(T), so (5.4.20) holds if

(5.4.24) 100|Out(T)| < qn−1.

Since |Out(T)| ⩽ 2(q−1)log q < q2 for all q, (5.4.24) holds if n ⩾ 10. Moreover, if n ⩾ 4 then

(5.4.24) holds if q > 100, while for q < 100 it is easy to check that (5.4.24) still holds in each case,

unless q = 2 and n ⩽ 8, or n ∈ {5,6} and q ⩽ 4, or n = 4 and q ⩽ 9. But in each of these cases, it

is straightforward to check that (5.4.20) is satisfied, so to complete the proof we may assume

n ∈ {2,3}.

Suppose n = 3, so |Out(T)|⩽ 6log q and (5.4.24) holds if 600log q < q2. The latter holds if

q > 59. In fact, by working with the precise value of |Out(T)| we see that (5.4.24) holds if q > 25.

Finally, if q ⩽ 25, then we can check (5.4.20) using MAGMA.

To complete the proof, we may assume T = L2(q), so |Out(T)|⩽ 2log q and |T|/h(T) ⩾ (q+
1)q1/2/2. Thus, (5.4.20) holds if

800log q < (q+1)2

since we have fp(Aut(T))< 100q by [54, Corollary 1.2]. In this way, we deduce that (5.4.20) holds

if q ⩾ 71. And for q < 71, we can check that (5.4.20) holds with the aid of MAGMA. ■

Lemma 5.4.14. We have

r3(G)<
(
k
2

)(
1
|T| +

|Out(T)|h(T)k−3

|T|k−3

)
+ k!

|T| 4
3

+|T|− 1
3

(
2

(
k
3

)
+ 1

2

(
k
2

)(
k−2

2

))
.

Proof. First, let
R4(G)= {(α, . . . ,α)π ∈ R3(G) :π= (1,2)},

R4(T)= {α ∈Aut(T) : (α, . . . ,α)π ∈ R4(G)}

as in the proof of [51, Theorem 1.5]. Set P = Sk and

r4(G) := |(1,2)P | ∑
α∈R4(T)

|αAut(T)|
|T|

( |CInn(T)(α)|
|T|

)k−3
.
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Then we have

(5.4.25)

r4(G)=
(
k
2

)(
1
|T| +

∑
α∈R4(T)\{1}

|αAut(T)|
|T|

( |CInn(T)(α)|
|T|

)k−3
)

⩽

(
k
2

)(
1
|T| + |Out(T)|

(
h(T)
|T|

)k−3
)

.

As noted in the proof of [51, Theorem 1.5], we have

(5.4.26) r3(G)⩽ r4(G)+ ∑
π∈R\{(1,2)}

|πP |
|T|k−rπ− 5

3

,

where R is a set of representatives for the conjugacy classes of elements of prime order in P and

rπ is the number of 〈π〉-orbits on [k]. Without loss of generality, we may assume (1,2) ∈ R.

Let x, y ∈ R be representatives of the P-classes (1,2,3)P and (1,2)(3,4)P , respectively. Note

that rx = r y = k−2 and rz ⩽ k−3 for all z ∈ R \{(1,2), x, y}. Then

∑
π∈R\{(1,2)}

|πP |
|T|k−rπ− 5

3

= ∑
π∈R\{(1,2),x,y}

|πP |
|T|k−rπ− 5

3

+|T|− 1
3

(
2

(
k
3

)
+ 1

2

(
k
2

)(
k−2

2

))

< k!

|T| 4
3

+|T|− 1
3

(
2

(
k
3

)
+ 1

2

(
k
2

)(
k−2

2

))

and so the lemma follows by combining (5.4.25) and (5.4.26). ■

Now we define

(5.4.27) Q1(G) := (k!)2|T| 8
3− k

2 − 1
2δ5,k + k!

|T| 4
3

+ k4

2|T| 1
3

,

where δ5,k = 1 if k = 5 and δ5,k = 0 otherwise, and

(5.4.28) Q2(G) :=
( |T|

h(T)

)4−k
+

(
k
2

)
|Out(T)|

( |T|
h(T)

)3−k
.

By Lemmas 5.4.12, 5.4.13 and 5.4.14, we have

(5.4.29) r1(G)+ r2(G)+ r3(G)<Q1(G)+Q2(G).

Lemma 5.4.15. If Q1(G)+Q2(G)< 1/2 and 5⩽ k ⩽ 4log |T|, then r(G)⩾ 2. In particular, b(G)= 2.

Proof. By (5.4.19) and (5.4.29), we have

1
2
>Q1(G)+Q2(G)> 1− r(G)|G|

|T|2k−2 = 1− r(G)|Out(T)| ·k!
|T|k−2 .

It suffices to prove that

2|Out(T)| ·k!⩽ |T|k−2,

which is clear since k ⩽ 4log |T|. ■
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5.5 Proof of Theorem 5.2

In this section, we will establish Theorem 5.2, which determines the base-two diagonal type

primitive groups. The same method can be applied to establish Theorem 5.3 for base-two groups

G, recalling that reg(G)= 1 if and only if Σ(G) is G-arc-transitive (see Lemma 3.1.2). Recall that

r(G) is the number of regular suborbits of G, which is positive if and only if b(G) ⩽ 2, and it

coincides with reg(G) if b(G)= 2.

Theorem 5.5.1. Let G be a diagonal type primitive group with socle Tk. Then r(G)= 1 if and only

if T = A5, k ∈ {3,57} and G = Tk.(Out(T)×Sk).

We will consider the following cases in turn:

(a) P ∈ {Ak,Sk} and k ∈ {3,4, |T|−4, |T|−3};

(b) P ∈ {Ak,Sk} and k ∈ {|T|−2, |T|−1};

(c) P = Sk, 5⩽ k ⩽ |T|/2 and G =W .

More specifically, we will prove that r(G) ⩾ 2 (so b(G) = 2) for every group in cases (a) and

(c), with the exception of the two special cases arising in the statement of Theorem 5.5.1. Then

Lemma 5.3.2 shows that b(G)= 2 if P ∈ {Ak,Sk} and 3⩽ k ⩽ |T|−3, as in part (ii) of Theorem 5.2,

which also establishes Theorem 5.7. In particular, we deduce that r(G) ⩾ 2 if P ∉ {Ak,Sk} and

k ⩽ 32, as noted in Remark 5.2.8.

As explained in Remark 2.2.2, we will exclude the possibilities for T listed in (2.2.1).

5.5.1 The groups with k ∈ {3,4, |T|−4, |T|−3}

We start with case (a).

Lemma 5.5.2. Suppose k ∈ {3,4}, P = Sk and T is a sporadic simple group. Then r(G)⩾ 2.

Proof. If T ∉ {Ly,Th,J4,B,M} then we can construct T as a permutation group in MAGMA using

the function AutomorphismGroupSimpleGroup. Then the result follows by random search (see

Remark 5.3.7(i)). If T ∈ {Ly,Th,J4,B,M}, then |Out(T)| = 1. Let M be a maximal subgroup of T

with

(5.5.1) (T, M) ∈ {(Ly,G2(5)), (Th,AGL2(5)), (J4,M22.2), (B,Fi23), (M,L2(71))}.

In view of Corollary 5.3.5, the result follows by random search (see Remark 5.3.7(ii)). ■
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We define the following set of finite simple groups of Lie type:

C := {2B2(8),2B2(32),G2(3),G2(4),2F4(2)′,3D4(2),F4(2),L2(7),L2(8),

L2(11),L2(13),L2(16),L2(27),L2(32),Lε
3(3),Lε

3(4),U3(5),U3(8),Lε
4(3),

PSp4(3),Sp4(4),Lε
5(2),U6(2),Sp6(2),PSp6(3),Sp8(2),Ωε

8(2),PΩ+
8 (3)}.

Recall that an element x of a simple group of Lie type T defined over a field of characteristic p is

regular semisimple if and only if |CT (x)| is indivisible by p.

Lemma 5.5.3. Suppose T ∉C is a finite simple group of Lie type. Then T has at least 8 regular

semisimple Aut(T)-classes.

Proof. Suppose T is a Lie type group defined over Fq, where q = p f for some prime p. We will

work with a quasisimple group Q with Q/Z(Q)= T. Let m be the number of regular semisimple

conjugacy classes in Q. Then T has at least m|T|/|Q| regular semisimple T-classes, and thus T

has at least 8 regular semisimple Aut(T)-classes if

(5.5.2) m|T|⩾ 8|Out(T)||Q|.

First assume Q is a simply connected quasisimple exceptional group. Then m has been

computed by Lübeck [97], and one can see that (5.5.2) holds for every T ∉C by inspecting [97].

For example, if T = E7(q) with p = 3, then |Q|/|T| = 2, |Out(T)| = 2 f , and we get

m = q7 + q6 +2q5 +7q4 +17q3 +35q2 +70q+99

from [97], so (5.5.2) clearly holds.

Next, assume Q ∈ {SLε
n(q),Spn(q)}, so m is given in [53]. The result now follows by inspecting

[53]. For example, if Q =SL2(q) then |Q|/|T| = (2, q−1), |Out(T)| = (2, q−1) f and

m = q−3+ (2, q)

by [53, Theorem 2.4]. Thus, (5.5.2) is valid if

q−3+ (2, q)⩾ 8(2, q−1)2 f ,

which holds for all q > 81. For the cases where q ⩽ 81 and T ∉C , one can check using MAGMA

that there are at least 8 regular semisimple Aut(T)-classes. We use an entirely similar argument

to treat all the other cases and we omit the details.

To complete the proof, we assume Q =Ωε
n(q), so Q has index 2 in SOε

n(q). First assume q is

even. Here Q = T and every semisimple element in SOε
n(q) has odd order, and so lies in Q. This

implies that m is at least the number of regular semisimple SOε
n(q)-classes in SOε

n(q), which is

computed in [53, Theorem 5.12], and the result follows by arguing as above.
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Finally, assume Q =Ωε
n(q) and q is odd. Write d = ⌈n/2⌉−1. Let A ∈GLd(q) be of order qd −1

and let

x =


A

(A−1)T

In−2d


with respect to a decomposition V = (U1 ⊕U2)⊥W , where Ui is a totally singular d-space and W

is a non-degenerate space of type ε. Then x ∈SOε
n(q), so y := x2 ∈Ωε

n(q), noting that

y=


B

(B−1)T

In−2d

 ,

where B = A2. Let µ be an eigenvalue of B of order (qd −1)/2 in the algebraic closure K of Fq.

Then it is easy to show that µ ̸=µ±qt
for any 1⩽ t⩽ d−1, and the set of eigenvalues of y is

{µ,µq, . . . ,µqd−1
,µ−1,µ−q, . . . ,µ−qd−1

,1},

where 1 has multiplicity n−2d ∈ {1,2} and every other eigenvalue has multiplicity 1. It follows

that yi is regular semisimple if (i, (qd −1)/2)= 1. This gives at least

φ
(
(qd −1)/2

)
2d

regular semisimple GOε
n(q)-classes in Q, where φ is Euler’s totient function (note that two

semisimple elements in Q are not conjugate in GLn(q) if they have distinct sets of eigenvalues in

K). By arguing as above, T has at least 8 regular semisimple Aut(T)-classes if

(5.5.3) φ
(
(qd −1)/2

)
⩾ 32d · |Aut(T) : PGOε

n(q)|,

noting that |Aut(T) : PGOε
n(q)|⩽ f ⩽ log q if d ̸= 3, while |Aut(T) : PGOε

n(q)|⩽ 3 f ⩽ 3log q if d = 3.

It is easy to check that (5.5.3) holds unless

(d, q) ∈ {(6,3), (5,3), (4,3), (4,5), (4,7), (3,3), (3,5), (3,7)}.

For these remaining cases, one can use MAGMA to compute m and we find that (5.5.2) holds

unless Q ∈ {Ω−
10(3),Ω+

8 (5),Ωε
8(3),Ω7(3)}. In the latter cases, we can directly check that there are at

least 8 regular semisimple Aut(T)-classes in T, with the aid of MAGMA. ■

We remark that there are exactly 8 regular semisimple Aut(T)-classes in T =PΩ+
8 (3). If T ∈C

and T ̸=PΩ+
8 (3), then one can check that there are at most 7 such classes. But it is convenient to

include PΩ+
8 (3) in C in view of Theorem 5.2.9, so that each T ∉C is invariably generated by a

pair of regular semisimple elements of distinct orders.

Lemma 5.5.4. Suppose k = 3, P = Sk and T ∉C is a simple group of Lie type. Then r(G)⩾ 2.
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Proof. Let x and y be as described in Theorem 5.2.9. Let z1 and z2 be semisimple elements in T

lying in distinct Aut(T)-classes such that

z1, z2 ∉ xAut(T) ∪ (x−1)Aut(T) ∪ yAut(T) ∪ (y−1)Aut(T).

Note that the existence of z1 and z2 follows from Lemma 5.5.3. Then by applying [61, Theorem 2],

which asserts that the product of any two regular semisimple T-classes contains all semisimple

elements in T, there exist g i and hi in T such that zi = xg i yhi , and without loss of generality we

may assume g i = 1, so zi = xyhi .

It is easy to see that Hol(T, {1, x−1, yhi }) = 1, and so b(G) = 2. By Lemma 5.3.2, it suffices to

show that X1 = {1, x−1, yh1} and X2 = {1, x−1, yh2} are in distinct Hol(T)-orbits. Suppose X gα
1 = X2

for some gα ∈ Hol(T), and note that g ∈ X1 by Lemma 5.3.3. If g = 1 then (x−1)α = x−1 and

(yh1)α = yh2 . However, this implies that

zα1 = (xyh1)α = xyh2 = z2,

which is incompatible with our assumption zAut(T)
1 ̸= zAut(T)

2 . If g = x−1 then (yh1)g = xyh1 = z1,

which is not Aut(T)-conjugate to any element in X2, a contradiction. Similarly, if g = yh1 then

(x−1)g = y−h1 x−1 = z−1
1 and once again, this is impossible. Therefore, there is no gα ∈Hol(T) such

that X gα
1 = X2, which completes the proof. ■

Lemma 5.5.5. Suppose k = 4, P = Sk and T ∉C is a simple group of Lie type. Then r(G)⩾ 2.

Proof. Let x and y be as in Theorem 5.2.9. By [61, Theorem 2], every semisimple element in T

lies in xT yT , so we may assume that

(5.5.4) x−1 y ∉ xAut(T) ∪ (x−1)Aut(T) ∪ yAut(T) ∪ (y−1)Aut(T).

Additionally, using Lemma 5.5.3, we can choose a regular semisimple element z0 ∈ T such that

(5.5.5) z0 ∉ xAut(T) ∪ (x−1)Aut(T) ∪ yAut(T) ∪ (y−1)Aut(T) ∪ (x−1 y)Aut(T) ∪ (y−1x)Aut(T).

Again, [61, Theorem 2] implies that xT zT
0 contains all semisimple elements in T. Thus, by Lemma

5.5.3, there exists z ∈ zT
0 such that

(5.5.6) z−1x ∉ xAut(T) ∪ (x−1)Aut(T) ∪ yAut(T) ∪ (y−1)Aut(T) ∪ (x−1 y)Aut(T) ∪ (y−1x)Aut(T).

Set X1 = {1, x, y, z} and suppose gα ∈Hol(T, X1). If g = 1 then α ∈Aut(T, X1)= 1 as 〈x, y〉 = T and

x, y, z are in distinct Aut(T)-classes. If g = x then x−1 y ∈ x−1X1 = Xα−1

1 , which is incompatible

with either (5.5.4) or (5.5.5). The case where g = y can be eliminated using the same argument. If

g = z, then z−1X1 = Xα−1

1 and by appealing to (5.5.5) and (5.5.6), we see that both z−1 and z−1x

are Aut(T)-conjugate to z. But this implies that z−1 = zα = z−1x, a contradiction. Thus, we have

b(G)= 2.
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Similarly, Lemma 5.5.3 implies that there exists a regular semisimple element w ∈ T such

that w ̸= z,

w ∉ xAut(T) ∪ (x−1)Aut(T) ∪ yAut(T) ∪ (y−1)Aut(T) ∪ (x−1 y)Aut(T) ∪ (y−1x)Aut(T)

and

w−1x ∉ xAut(T) ∪ (x−1)Aut(T) ∪ yAut(T) ∪ (y−1)Aut(T) ∪ (x−1 y)Aut(T) ∪ (y−1x)Aut(T).

Set X2 = {1, x, y,w}. By arguing as above, we have Hol(T, X2)= 1 and it suffices to show that X1

and X2 are in distinct Hol(T)-orbits. Suppose X gα
1 = X2 and note that g ∈ X1 by Lemma 5.3.3. If

g = 1 then xα = x and yα = y, which implies that α= 1. However, this is incompatible with z ̸= w.

If g = x then

1g = x−1, yg = x−1 y and zg = x−1z.

So one of these elements is Aut(T)-conjugate to w, which has to be zg = x−1z by our assumption.

However, this gives a contradiction since yg = x−1 y is not Aut(T)-conjugate to x or y by (5.5.4).

The case g = y can be eliminated similarly. Finally, if g = z then

xg = z−1x, yg = z−1 y and 1g = z−1.

Once again, the only possibility is xgα = w by (5.5.6), but this gives (z−1)α = 1gα ∈ {x, y}, which is

incompatible with (5.5.5). ■

We can now establish Theorems 5.2 and 5.5.1 for k ∈ {3,4, |T|−4, |T|−3}.

Proposition 5.5.6. If k ∈ {3,4, |T|−4, |T|−3} then r(G)⩾ 1, with equality if and only if T = A5,

k ∈ {3,57} and G = Tk.(Out(T)×Sk).

Proof. By Proposition 5.2.7, we may assume P ∈ {Ak,Sk}. First assume k ∈ {3,4} and P = Sk.

The groups where T is sporadic have been treated in Lemma 5.5.2. If T ∉ C is Lie type, then

Lemmas 5.5.4 and 5.5.5 imply that r(G)⩾ 2, as desired. The cases where T ∈C can be handled

computationally, using random search (see Remark 5.3.7(i)).

Thus, to complete the proof for k ∈ {3,4} and P = Sk we may assume T = An is an alternating

group. First assume k = 3 and T = A5. One can check using MAGMA that Hol(T) has a unique

regular orbit on Pk, so r(G) = 1 if G = W = A3
5.(2×S3). In addition, we find that r(G) ⩾ 2 if

G <W . For the latter, we construct G as a permutation group of degree |Ω| = |A5|2 = 3600 via the

primitive groups database in MAGMA.

Next, assume P = S3 and T = An with n ⩾ 6. The groups with n ⩽ 8 can be easily handled

using MAGMA (see Remark 5.3.7(i)). Now assume n⩾ 9, so by a classical theorem of Miller [102],

there exist x1, y1 ∈ T such that |x1| = 2, |y1| = 3 and 〈x1, y1〉 = T. Note that if |x1 y1| = 2 or 3, then

〈x1, y1〉 = S3 or A4 respectively, so we must have |x1 y1|⩾ 4. Hence, Hol(T, {1, x1, y1})= 1 by Lemma

5.3.4, and thus b(G)= 2. Let x2 = (1,2, . . . ,n) if n is odd, while x2 = (1,2)(3, . . . ,n) if n is even, and
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let y2 = (1,2,3)x−1
2 . Then 〈x2, y2〉 = T and Lemma 5.3.4 implies that Hol(T, {1, x2, y2}) = 1, so we

have r(G)⩾ 2 by Lemma 5.3.6.

Now assume P = S4 and T = An. The cases where n⩽ 11 can be handled using MAGMA, as

noted in Remark 5.3.7(i). Assume n ⩾ 12 and let x = (1,2)(3,4). Let t1, t2 ∈ T be of cycle type

[24,1n−8] and [26,1n−12], respectively, and let Ci = tT
i . Note that there exist y1 ∈ C1 and y2 ∈ C2

such that xyi ̸= yix. Moreover, by [13, Theorem 1.2], there exist z1 and z2 such that

T = 〈x, z1〉 = 〈y1, z1〉 = 〈x, z2〉 = 〈y2, z2〉.

In particular, 2 ∉ {|zi|, |xzi|, |yi zi|}. Set X1 = {1, x, y1, z1} and X2 = {1, x, y2, z2}. We first prove

that Hol(T, X i) = 1. Suppose gα ∈ Hol(T, X i). If g = 1 then α ∈ Aut(T, X i) = 1 since 〈x, zi〉 = T

and x, yi, zi are in distinct Aut(T)-classes. If g = x then 2 ∉ {|yg
i |, |z

g
i |} = {|xyi|, |xzi|}, which is

impossible. The cases where g ∈ {yi, zi} can be eliminated similarly. This implies that b(G) = 2.

And by applying Lemma 5.3.3, one can show that X1 and X2 are in distinct Hol(T)-orbits.

Therefore, we have r(G) ⩾ 1 if k ∈ {3,4}, with equality if and only if G = A3
5.(2× S3). By

Lemma 5.3.2, it suffices to consider the case where T = A5 and k = |A5|−3= 57. Here r(G)= 1 if

G =W = A57
5 .(2×S57), and G has at least |W : G| regular suborbits if G <W . The result follows. ■

5.5.2 The groups with P ∈ {Ak,Sk} and k ∈ {|T|−2, |T|−1}

Lemma 5.5.7. Suppose m ∈ {2,3}. Then there exist X1, X2 ⊆ T# such that |X i| = m, Aut(T, X i)= 1

and XAut(T)
1 ̸= XAut(T)

2 .

Proof. First observe that if X1 ∪ {1} and X2 ∪ {1} are in distinct regular Hol(T)-orbits, then all

conditions in the statement of the lemma are satisfied. Hence, the result follows from Lemma

5.3.2 and Proposition 5.5.6, except when T = A5 and m = 2. In the latter case, we can verify the

lemma using MAGMA. ■

Proposition 5.5.8. Assume k = |T|−1 or |T|−2.

(i) If G contains Sk, then b(G)= 3.

(ii) If G does not contain Sk, then r(G)⩾ 2.

Proof. Recall that b(G) ∈ {2,3} by Theorem 5.2.3(iii). First assume G contains Sk. It suffices to

show that b(G) = 3 if G = Tk:Sk. Suppose {D,D(ϕt1 , . . . ,ϕtk )} is a base for G. If ti = t j for some

i ̸= j, then (i, j) ∈ G stabilises D and D(ϕt1 , . . . ,ϕtk ) pointwise. Therefore, t1, . . . , tk are distinct.

Let S = T \{t1, . . . , tk}, so |S| ∈ {1,2}. Without loss of generality, we may also assume 1 ∈ S. Thus,

there exists 1 ̸= t ∈ T such that Sϕt = S, and hence ϕt ∈Hol(T,T \ S), which is incompatible with

Lemma 5.3.1.
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Now we turn to the case where G does not contain Sk. Recall that Tk:Ak ⩽G by Corollary 5.2.6.

From Lemma 5.5.7, there are subsets X1, X2 ⊆ T# of size |T|−k+1 lying in distinct regular Aut(T)-

orbits. Write T#\X i = {ti,1, . . . , ti,k−2} and consider ∆i = {D,D(ϕti,1 , . . . ,ϕti,k )}, where ti,k−1 = ti,k = 1.

Suppose x = (α, . . . ,α)π ∈G(∆i). By Lemma 5.2.1, tαi, j = ti, jπ for all j. It follows that α ∈Aut(T, X i)

and thus α= 1. Hence, x = π ∈ 〈(k−1,k)〉, and so x = 1 since G does not contain Sk. This shows

that b(G)= 2. Finally, if ∆1 and ∆2 are in the same GD-orbit, then

D(ϕt1,1 , . . . ,ϕt1,k )(α,...,α)π = D(ϕt2,1 , . . . ,ϕt2,k )

for some α ∈ Aut(T) and π ∈ Sk. This implies that Xα
1 = X2, which is incompatible with our

assumption. Therefore, r(G)⩾ 2 and the proof is complete. ■

The following lemma will be useful in the proof of Theorem 5.3. Recall that G is called

semi-Frobenius if the generalised Saxl graph Σ(G) is complete (equivalently, any two points in Ω

can be extended to a base for G of size b(G)). In view of Lemma 3.3.8, if G is semi-Frobenius and

G is not 2-transitive, then Σ(G) is not G-arc-transitive and so reg(G)> 1 by Lemma 3.2.5.

Lemma 5.5.9. If k = |T|−1 or |T|−2 and G contains Sk, then G is semi-Frobenius. In particular,

Σ(G) is not G-arc-transitive, and reg(G)> 1.

Proof. By Proposition 5.5.8(i), we see that b(G)= 3. Let x= (ϕt1 , . . . ,ϕtk ) ∈ Inn(T)k be such that

D ̸= Dx. Then there exist i, j ∈ [k] such that ti ̸= t j, and so (i, j) ∉ GD ∩GDx. Without loss of

generality, we may assume {i, j}= {k−1,k}, and let ∆1 be as in the proof of Proposition 5.5.8. By

arguing as in the proof of Proposition 5.5.8, we have G(∆1) ⩽ 〈(k−1,k)〉, and thus ∆1 ∪ {Dx} is a

base for G. It follows that D and Dx are adjacent in Σ(G), and we conclude the proof. ■

5.5.3 The groups with P = Sk, 5⩽ k ⩽ |T|/2 and G =W

Finally, let us turn to case (c) defined at the beginning of Section 5.5. Note that if r(G) ⩾ 2 in

every case, then the proofs of Theorems 5.2 and 5.5.1 are complete by combining Corollary 5.2.4

with Propositions 5.2.7, 5.5.6 and 5.5.8. By Proposition 5.4.7, it suffices to consider the cases

where 5⩽ k ⩽ 4log |T|. Recall that r(G)⩾ 2 if (5.4.8) holds or Q1(G)+Q2(G)< 1/2 (see Lemmas

5.4.8 and 5.4.15).

Proposition 5.5.10. The conclusions to Theorems 5.2 and 5.5.1 hold when T is a sporadic simple

group.

Proof. As noted above, we may assume 5⩽ k ⩽ 4log |T|. With the aid of MAGMA, it is easy to

check that (5.4.8) holds for all k in this range unless T is one of the following groups:

Suz, Co1, Co2, Fi22, Fi23, Fi′24, B, M.
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Assume T ∈ {Suz,Co1,Co2,Fi22,Fi23,Fi′24}. Here we can construct T as a permutation group

in MAGMA using the function AutomorphismGroupSimpleGroup, and we can then check that

(5.4.8) holds for 9⩽ k ⩽ 4log |T|. The cases where 5⩽ k ⩽ 8 can also be handled using MAGMA

(see Remark 5.3.7(i)).

Finally, if T ∈ {B,M} then (5.4.8) holds unless k = 5 or (T,k) = (B,6). In each case, we can

verify that r(G)⩾ 2 by random search as described in Remark 5.3.7(ii), with the same centreless

maximal subgroup M of T defined in (5.5.1). ■

Proposition 5.5.11. The conclusions to Theorems 5.2 and 5.5.1 hold when T = An is an alternat-

ing group.

Proof. Once again, we may assume 5 ⩽ k ⩽ 4log |T|. The cases where n ∈ {5,6} can be easily

handled using MAGMA, so we also assume n ⩾ 7. First assume n ⩽ k ⩽ 4log |T|. With the aid

of MAGMA, it is easy to check (5.4.8) holds for all 7⩽ n⩽ 29. Note that h(T)= (n−2)! and thus

(5.4.18) holds. By Lemma 5.4.11, it suffices to establish the inequality in (5.4.17) for k0 = n. Thus,

we only need to show that (
n(n−1)

2e

)n
> n(n!)2

2
,

which holds for all n⩾ 30.

Finally, let us assume 5 ⩽ k < n and define Q1(G) and Q2(G) as in (5.4.27) and (5.4.28),

respectively. Then

Q1(G)= (k!)2|T| 8
3− k

2 − 1
2δ5,k + k!

|T| 4
3

+ k4

2|T| 1
3

< (6!)2
(

2
n!

) 1
3 + 2

4
3

(n!)
1
3

+ 2
1
3 n4

2(n!)
1
3

and

Q2(G)=
( |T|

h(T)

)4−k
+

(
k
2

)
|Out(T)|

( |T|
h(T)

)3−k
< 2

n(n−1)
+20

(
2

n(n−1)

)2
.

Given these bounds, it is easy to check that Q1(G)+Q2(G) < 1/2 for all n ⩾ 21. Finally, for the

cases where 7 ⩽ n ⩽ 20 and 5 ⩽ k < n, one can use MAGMA to check that either (5.4.8) holds,

or Q1(G)+Q2(G)< 1/2, or Hol(T) has at least 2 regular orbits on Pk (for the latter, we use the

random search approach described in Remark 5.3.7(i)). ■

To complete the proofs of Theorems 5.2 and 5.5.1, we may assume T is a finite simple group

of Lie type. First we consider some low rank groups, where h(T) is small and Lemma 5.4.10 can

be applied.

Lemma 5.5.12. Suppose T =L2(q) and 5⩽ k ⩽ 4log |T|. Then r(G)⩾ 2.

Proof. If q < 16 then one can check the result using MAGMA. More precisely, we construct Hol(T)

as a permutation group on T via the function Holomorph and we use random search to find two
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k-subsets X1 and X2 of T lying in distinct regular Hol(T)-orbits (this is a viable approach since

|T| is small; see the function RanHol in Appendix A.1.3).

Thus, we may assume q ⩾ 16. First assume k ⩾ 6 and set k0 = 6. For q ⩽ 733, one can check

(5.4.8) using MAGMA. Assume q > 733 and note that h(T) ⩽ q1/2(q−1) by Theorem 5.2.10, so

(5.4.14) holds. Moreover, as |Out(T)|⩽ 2log q, we can check that (5.4.13) holds if

q2(q2 −1)2 > 16(log q)268e18,

which holds true for all q > 733. Now apply Lemma 5.4.10, noting that |T| > 4080.

To complete the proof, we assume k = 5. By Lemma 5.4.9, r(G)⩾ 2 if (5.4.11) holds for every

u ∈ {0,1,2}. If u = 2, then (5.4.11) holds if

q1/2(q+1)> 54e7 log q,

which is easily checked for all q > 48449. With the same method, one can verify that (5.4.11) holds

for u ∈ {0,1} if q > 48449. With the aid of MAGMA, we see that (5.4.8) holds for all 16⩽ q ⩽ 48449,

unless q ∈ {16,25,49,81}, and the remaining cases can be handled using MAGMA and random

search, utilising the method in Remark 5.3.7(i). ■

Lemma 5.5.13. Suppose T ∈ {Lε
3(q),2B2(q),2G2(q)} and 5⩽ k ⩽ 4log |T|. Then r(G)⩾ 2.

Proof. Note that |T| > 4080 and h(T)2 < 5|T| by Theorem 5.2.10. Thus, in view of Lemma 5.4.10,

we only need to prove (5.4.13) for k0 = 5.

Assume T =Lε
3(q), so |T|⩾ q3(q2 −1)(q3 −1)/3 and |Out(T)|⩽ 6log q. Thus, (5.4.13) holds if

q3(q2 −1)(q3 −1)> 3(6log q)257e15,

which is true for all q > 73. By applying the precise values of h(T) and |Out(T)|, we see that

(5.4.8) holds unless ε=−, k = 5 and q ∈ {3,5,8}, or ε=+ and

(q,k) ∈ {(3,5), (3,6), (4,5), (13,5)},

all of which cases can be easily handled computationally, as described in Remark 5.3.7(i). We

can apply the same method to the cases where T = 2B2(q) or 2G2(q), noting that (5.4.13) holds if

T ̸= 2G2(27), 2B2(8), 2B2(32) or 2B2(128) (we are excluding the group 2G2(3)′, as noted in (2.2.1)).

In the remaining four cases, one can check (5.4.8) directly. ■

Proposition 5.5.14. The conclusions to Theorems 5.2 and 5.5.1 hold when T is an exceptional

group of Lie type.

Proof. Once again, by the previous results, we may assume 5⩽ k ⩽ 4log |T|. In view of Lemma

5.5.13, we may also assume T ̸= 2B2(q) or 2G2(q). Note that

|T|
h(T)

> 10|Out(T)|⩾ 10
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and |T| > 1
6 qd, where d is defined in Lemma 2.2.4.

First assume 5⩽ k ⩽ 8. Then

Q2(G)< h(T)
|T| +10|Out(T)| · h(T)2

|T|2 < 1
10

+ 1
10

= 1
5

and

Q1(G)< (6!)2

|T| 1
3

+ 8!

|T| 4
3

+ 84

2|T| 1
3

< 6
1
3 (6!)2

q
d
3

+ 6
4
3 ·8!

q
4d
3

+ 6
1
3 84

2q
d
3

< 3
10

unless T ∈ {2F4(2)′,3D4(2),3D4(3),3D4(4),F4(2)} or T =G2(q) for q ⩽ 23. In these cases, one can

check (5.4.8) with the aid of MAGMA unless T = 3D4(q) and k = 5, or T = F4(2) and k ∈ {5,6}. We

can resolve the latter cases by random search, explained as in Remark 5.3.7(i).

To complete the proof, we assume 9⩽ k ⩽ 4log |T|. The groups with q = 2 can be handled by

verifying (5.4.8) directly, so we now assume q ⩾ 3. We first prove (5.4.17) for k0 = 9. By inspecting

Table 5.2, we have

(5.5.7) 29
( |T|

h(T)

)9
> |T|2q22.

For example, if T = E8(q), then

|T|
h(T)

= (q30 −1)(q24 −1)(q20 −1)
(q10 −1)(q6 −1)

> 1
2

q58

and |T| < q248 by Lemma 2.2.4, which implies (5.5.7). Since |Out(T)| ⩽ 6log q, it follows that

(5.4.17) holds for k0 = 9 if

q22 > 48log q · (2e)9

and one can check that this inequality holds for q ⩾ 3.

By Lemma 5.4.11, it suffices to prove (5.4.18). Here we only give a proof for the case where

T =G2(q), as all the other cases are very similar. First note that |T| = q6(q6 −1)(q2 −1)< q14 and

h(T)= q6(q2 −1)> 1
2 q8. Then (5.4.18) holds if

q2 > 562(log q)2e,

which holds true for all q > 907. One can also check that (5.4.18) holds for all 601 < q ⩽ 907.

If q ⩽ 601, then we can use the precise values of |T|, h(T) and |Out(T)| to check (5.4.8) for all

9⩽ k ⩽ 4log |T|. This completes the proof. ■

Lemma 5.5.15. Suppose T =Lε
4(q) and 5⩽ k ⩽ 4log |T|. Then r(G)⩾ 2.

Proof. Recall that h(T) = (2, q− ε)|PGSp4(q)|/(4, q− ε) by Theorem 5.2.10. First assume that

k ⩾ 7 and set k0 = 7. For q ⩽ 89, one can check (5.4.8) with the aid of MAGMA. Now assume q > 89.

It is easy to see that

q5 >max{48(4e)7 log q,4e ·602(log q)2},
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which implies the inequalities in (5.4.17) and (5.4.18).

Now assume k ∈ {5,6}. Note that |T|/h(T)> 10|Out(T)|⩾ 10, so Q2(G)< 1
5 . Moreover,

Q1(G)< (6!)2

|T| 1
3

+ 6!

|T| 4
3

+ 64

2|T| 1
3

,

so we have Q1(G)< 3
10 if q ⩾ 19 and thus Q1(G)+Q2(G)< 1/2. Finally if q ⩽ 17 then we can use

MAGMA (via random search as in Remark 5.3.7(i)) to check that r(G)⩾ 2. ■

Lemma 5.5.16. Suppose T =PSp4(q) and 5⩽ k ⩽ 4log |T|. Then r(G)⩾ 2.

Proof. As noted in (2.2.1), we assume q ⩾ 3. First assume k ⩾ 6. It can be checked using MAGMA

that (5.4.8) holds for q ⩽ 607, unless (k, q)= (6,3), in which case we can verify the result using

MAGMA and random search as in Remark 5.3.7(i). Now assume q > 607. By applying the bounds

|T| < q10, h(T)> 1
2 q6 and 1

2 q4 < |T|/h(T)< 2q4, we see that (5.4.17) holds for k0 = 6 if

q4 > 6(2e)6 log q,

while (5.4.18) holds if

q2 > 402(log q)2e.

It is easy to check that both inequalities hold for all q > 607.

Finally, assume k = 5. Once again, we have |T|/h(T) > 10|Out(T)|⩾ 10 and thus Q2(G) < 1
5 .

Additionally,

Q1(G)= (5!)2

|T| 1
3

+ 5!

|T| 4
3

+ 54

2|T| 1
3

< 3
10

for all q ⩾ 27. The remaining groups with q ⩽ 25 can be handled with the aid of MAGMA via

random search (see Remark 5.3.7(i)). ■

Proposition 5.5.17. The conclusions to Theorems 5.2 and 5.5.1 hold when T is a classical group.

Proof. Let T be a classical group over Fq and let n be the dimension of the natural module. Note

that |T| > 1
8 qn(n−1)/2 by Lemma 2.2.4. As explained above, we may assume 5 ⩽ k ⩽ 4log |T|. In

addition, we may also assume n⩾ 5 by Lemmas 5.5.12, 5.5.13, 5.5.15 and 5.5.16. Then

|T|
h(T)

> 10|Out(T)|⩾ 10

by inspecting Table 5.2, and thus

Q2(G)< h(T)
|T| +10|Out(T)| · h(T)2

|T|2 < 1
10

+ 1
10

= 1
5

.

First assume 5⩽ k ⩽ n+3. Then

Q1(G)< (6!)2

|T| 1
3

+ (n+3)!

|T| 4
3

+ (n+3)4

2|T| 1
3

< 8
1
3 (6!)2

q
n(n−1)

6

+ 8
4
3 (n+3)!

q
2n(n−1)

3

+ 8
1
3 (n+3)4

2q
n(n−1)

6

=: Q(n, q).
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Evidently, Q(n, q) is a decreasing function of q. In addition, if q is fixed, then each summand is a

decreasing function of n. Thus, Q(n, q) is also decreasing with n. Note that Q(n, q)< 3
10 if

(n, q) ∈ {(12,2), (10,3), (9,4), (8,7), (7,9), (6,23), (5,97)}=: B.

Hence, we only need to consider the cases where n < n0 or q < q0 for some (n0, q0) ∈B. For these

groups, we can show that r(G)⩾ 2 either by checking Q1(G)+Q2(G)< 1/2 or (5.4.8), or by random

search as explained in Remark 5.3.7(i). This shows that r(G)⩾ 2 if 5⩽ k ⩽ n+3.

To complete the proof, assume n+4⩽ k ⩽ 4log |T| and let k0 = n+4. We first consider the case

where T =Lε
n(q). Note that |T| < qn2−1 and

|T|
h(T)

⩾
|PGLε

n(q)|
|GUn−1(q)| >

1
2

q2n−2

by Lemma 2.2.4 and Theorem 5.2.10. Hence, (5.4.17) holds if

q6n−8 > 2(n+4)(2e)n+4

since |Out(T)|⩽ 2(q+1)log q < 2q2. This inequality holds if q ⩾ 3 or n ⩾ 7, while we can check

(5.4.17) directly when (n, q) = (5,2) or (6,2). Thus, we have (5.4.17) for all n ⩾ 5 and q ⩾ 2. By

Lemma 5.4.11, it suffices to prove (5.4.18). To do this, first note that

h(T)⩾ q2n−3|PGLε
n−2(q)| > 1

2
q2n−3q(n−2)2−1 = 1

2
qn2−2n

by Lemma 2.2.4 and Theorem 5.2.10, so (5.4.18) holds if

qn2−4n−1 > 32e(n2 −1)2

since log q < q. One can easily check that the above inequality holds for all n⩾ 5 and q ⩾ 2, unless

n = 5 and q ⩽ 13, or (n, q)= (6,2), in which cases we can verify (5.4.18) directly. This completes

the proof for linear and unitary groups.

Next assume T =PSpn(q) with n⩾ 6. Here |T| < qn(n+1)/2 by Lemma 2.2.4 and

|T|
h(T)

= qn −1
(2, q−1)

> qn−1.

Since |Out(T)|⩽ 2log q, we see that (5.4.17) holds if

q2n−4 > 2log q · (n+4)en+4

and one checks that this inequality is valid unless q = 2 and n ⩽ 28, n = 6 and q ⩽ 5, or

(n, q) ∈ {(8,3), (10,3)}. In these remaining cases, one can also check (5.4.17) by applying the precise

values of |T|, h(T) and |Out(T)|, so as above, it just remains to verify (5.4.18). To do this, first

note that

h(T)= qn−1|Spn−2(q)| > 1
2

qn(n−1)/2,
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so it suffices to show that

qn(n−3)/2 > 8en2(n+1)2(log q)2.

The latter holds unless (n, q)= (6,2) or (6,3), in which cases one can directly verify (5.4.18). The

result now follows from Lemma 5.4.11.

Finally, assume T =PΩε
n(q) is an orthogonal group, so n⩾ 7, and q is odd if n is odd. In this

setting, |T| < qn(n−1)/2 and
|T|

h(T)
> 1

2
qn−1

by Lemma 2.2.4 and Theorem 5.2.10. In addition, (5.4.17) holds if

q4n−4 > 24log q · (n+4)(2e)n+4

since |Out(T)|⩽ 24log q, which is valid unless q = 2 and n⩽ 14. In the remaining cases, (5.4.17)

can be checked directly. Finally, to prove (5.4.18), note that

h(T)> 1
4

q(n−1)(n−2)/2

by Lemma 2.2.4 and Theorem 5.2.10, so we only need to show that

q(n−1)(n−4)/2 > 32en2(n−1)2(log q)2.

This holds unless (n, q)= (7,3) or (8,2), and in these special cases we can verify (5.4.18) directly.

We now complete the proof by applying Lemma 5.4.11. ■

As explained in Remark 5.8, we conclude that the proofs of Theorems 5.2 and 5.5.1 are

complete by combining Propositions 5.5.10, 5.5.11, 5.5.14 and 5.5.17. And the proof of Theorem

5.7 is also complete.

5.6 The groups with k = 2

In this section, we consider the groups with k = 2, noting that b(G) ∈ {3,4} by Theorem 5.2.3(ii).

We will establish Theorems 5.1, 5.3 and 5.4 for these groups.

First, we consider the case where P = 1. Here G ⩽Hol(T), and we have b(G)= 3 by Theorem

5.2.3(ii).

Lemma 5.6.1. Suppose that k = 2 and P = 1. Then G is semi-Frobenius. In particular, Σ(G) is not

G-arc-transitive.

Proof. As noted in Example 3.3.10, Hol(T) is semi-Frobenius, and so the same is true for G (by

Lemma 3.2.7). In view of Lemma 3.3.8, Σ(G) is not G-arc-transitive. ■

From now on, we focus on the groups with P = S2.
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Lemma 5.6.2. Suppose G = T2.(Out(T)×S2) and x, y ∈ T. Then {D,D(1,ϕx),D(1,ϕy)} is a base

for G if and only if:

(i) CAut(T)(x)∩CAut(T)(y)= 1; and

(ii) there is no α ∈Aut(T) such that xα = x−1 and yα = y−1.

Proof. This can be deduced from [98, Lemma 3.5]. ■

The following is [86, Theorem 1.1].

Theorem 5.6.3. Suppose T is not A7, L2(q) or Lε
3(q) for some prime power q. Then there exists a

generating pair (x, y) of T such that |x| = 2 and there is no α ∈Aut(T) with xα = x−1 and yα = y−1.

It has recently been proved that each of the excluded groups A7, L2(q) and Lε
3(q) in Theorem

5.6.3 are genuine exceptions (see [74, Theorem 1.3]).

Now we are ready to prove Theorems 5.1 and 5.3 for the groups with k = 2.

Proposition 5.6.4. The conclusions to Theorems 5.1 and 5.3 hold when k = 2.

Proof. The cases where T ∈ {A5, A6, A7} can be easily handled using MAGMA, so we assume

T ∉ {A5, A6, A7} and we are aiming to prove that b(G)= 3 and Σ(G) is not G-arc-transitive. To do

this, it suffices to show that {D,D(1,ϕx),D(1,ϕy)} is a base for some x, y ∈ T with |x| ̸= |y| (note

that this condition implies that (D,D(1,ϕx)) and (D,D(1,ϕy)) are two arcs in Σ(G) in different

G-orbits). By Theorem 5.6.3, this condition is satisfied if T ∉ {L2(q),Lε
3(q)}, so we may assume

T =L2(q) or Lε
3(q).

First assume T =L2(q). Note that q ∉ {5,9} since T ∉ {A5, A6}. Let λ be a primitive element of

F×q . Additionally, let x ∈ T be the image of

x̂ =
(
λ 0

0 λ−1

)
∈SL2(q),

and let y ∈ T be the image of

ŷ=
(
1 µ

0 1

)
∈SL2(q)

for some µ ∈ F×q . Then |x| = (q−1)/(2, q−1) and |y| = p. We claim that conditions (i) and (ii) of

Lemma 5.6.2 hold. To see this, first note that CΓL2(q)(x̂)= CGL2(q)(x̂), and thus

CPΓL2(q)(x)= CPGL2(q)(x)∼= Cq−1.

Moreover, CPGL2(q)(y)∼= C f
p, and so

CAut(T)(x)∩CAut(T)(y)= CPGL2(q)(x)∩CPGL2(q)(y)= 1,

131



CHAPTER 5. DIAGONAL TYPE GROUPS

which gives Lemma 5.6.2(i). Observe next that x̂g = x̂−1, where

g =
(
0 1

1 0

)
∈GL2(q).

It follows that if h ∈ΓL2(q) and x̂h = x̂−1, then h lies in the coset CΓL2(q)(x̂)g = CGL2(q)(x̂)g. Thus

h =
(
a 0

0 b

)(
0 1

1 0

)
=

(
0 a

b 0

)

for some a,b ∈ F×q . However,

ŷh =
(

1 0

a−1bµ 1

)
̸=

(
1 −µ
0 1

)
= ŷ−1.

Lemma 5.6.2(ii) now follows, and the proof is complete for T =L2(q).

It remains to consider the case T =Lε
3(q), with ε ∈ {+,−} and q ⩾ 3. It suffices to find x, y ∈ T

of distinct orders such that NAut(T)(〈x〉)∩NAut(T)(〈y〉)= 1. For q ⩽ 32, it is routine to find these

elements by random search with the aid of MAGMA. Thus, we may assume that q > 32. Let H1

be a maximal subgroup of Aut(T) of type GLε
1(q3), so that H1 = NAut(T)(〈x〉) for some x ∈ T with

|x| = (q2 +εq+1)/(3, q−ε). In addition, let y be an element of T with a pre-image

ŷ=
(

A

ζ

)
∈SLε

3(q),

for some A ∈ GL2(q) of order q2 − 1, with ζ chosen so that det( ŷ) = 1. Then | ŷ| = q2 − 1 and

|y| = (q2 −1)/(3, q−ε). Let H2 := NAut(T)(〈y〉). By [72, Satz II.7.3(a)], we have H2 ∩T = 〈y〉.2. It

suffices to show that Hg
1 ∩H2 = 1 for some g ∈Aut(T), or equivalently, that Aut(T) has a regular

orbit on Γ1 ×Γ2, where Γi := [Aut(T) : Hi]. Recall that

fpr(z,Γi)= |zAut(T) ∩Hi|
|zAut(T)|

is the fixed point ratio of z ∈ Aut(T) on Γi. Letting R(Aut(T)) be a set of Aut(T)-class represen-

tatives of prime order elements in Aut(T), arguing as in Section 2.4 shows that Aut(T) has a

regular orbit on Γ1 ×Γ2 if

(5.6.1)

m := ∑
z∈R(Aut(T))

|zAut(T)| · fpr(z,Γ1) · fpr(z,Γ2)

= ∑
z∈R(Aut(T))

|zAut(T) ∩H1| · |zAut(T) ∩H2|
|zAut(T)| < 1.

Following the proof of [14, Lemma 6.4], let z ∈ H1 be an element of prime order r. First assume

that z is unipotent or semisimple, so the proof of [14, Lemma 6.4] gives

|zAut(T)|⩾ 1
3

q3(q−1)(q2 − q+1)=: c1.
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We note that |H1 ∩PGLε
3(q)|⩽ 3(q2 + q+1)=: a1 and |H2 ∩PGLε

3(q)|⩽ 6(q2 −1)=: b1.

Now assume that z is a field automorphism with r odd. Here r ⩾ 5, as noted in the proof of

[14, Lemma 6.4], so we have

|zAut(T)|⩾ |zPGLε
3(q)| = |PGLε

3(q)|
|PGLε

3(q1/r)| >
1
2

q32/5 =: c2,

and there are at most 3(q2 + q+1)log2 q =: a2 and 6(q2 −1)log2 q =: b2 of these elements in H1

and H2, respectively.

Assume next that z is an involutory graph automorphism. Then |CPGLε
3(q)(z)| = |Sp2(q)|

and so |zAut(T)|⩾ q2(q3 −1) =: c3. Moreover, z inverts the normal subgroup C(q2+εq+1)/(3,q−ε) of

H1 and the normal subgroup C(q2−1)/(3,q−ε) of H2. This implies that both C(q2+εq+1)/(3,q−ε).〈z〉
and C(q2−1)/(3,q−ε).〈z〉 are dihedral, so H1 contains at most a3 := q2 + q + 1 involutory graph

automorphisms, and H2 contains at most b3 := q2 −1 such elements.

It remains to consider the case where ε = + and z is an involutory field or graph-field

automorphism. Here,

|zAut(T)|⩾ |zPGL3(q)|⩾ |PGL3(q)|
|PGU3(q1/2)| = q3/2(q+1)(q3/2 −1)=: c4,

and (as noted in the proof of [14, Lemma 6.4]) there are fewer than a4 := 2(q+ q1/2 +1) of these

elements in H1. We also set b4 := 12(q2 −1)⩾ |(H2 ∩PGLε
3(q)).〈z〉|.

Finally, we conclude that the number m defined in (5.6.1) is less than
∑4

i=1 aibi/ci, which is

less than 1 if q > 32. As noted above, this implies that NAut(T)(〈xg〉)∩NAut(T)(〈y〉) = 1 for some

g ∈G, which completes the proof. ■

From the proof of Proposition 5.6.4, we deduce the following property of simple groups, which

will be useful in Section 5.7.3 when we seek to establish Theorems 5.1 and 5.3 for the groups

with k = |T|ℓ−2.

Lemma 5.6.5. Let O ⩽ Out(T) and K := Inn(T).O, with O ̸= Out(T) if T ∈ {A5, A6}. Then there

exists a pair (x, y) of elements of T such that:

(a) |x| ̸= |y|;

(b) CK (x)∩CK (y)= 1; and

(c) there is no α ∈ K such that xα = x−1 and yα = y−1.

Now we determine whether or not G is semi-Frobenius in several special cases.

Lemma 5.6.6. Let O ⩽ Out(T). Suppose that P = S2 and T ∈ {A5, A6}. Then G is not semi-

Frobenius if and only if G = T2.(O×S2) with

(T, Inn(T).O) ∈ {(A5, A5), (A6,S6), (A6,PGL2(9))}.
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Proof. This can be obtained with the aid of MAGMA, implementing the approach described in

Section 4.2.5. Here we construct the group G via the primitive group database in MAGMA, noting

that |Ω| = |T| ∈ {60,360}. ■

For the remainder of this section, we assume T ∉ {A5, A6}, so the conclusion to Theorem

5.1 for these groups implies that b(G)= 3. In this setting, Lemma 5.6.2 implies that the group

T2.(Out(T)×S2) is semi-Frobenius if and only if for each non-identity element x ∈ T,

(⋄)
there exists y ∈ T such that CAut(T)(x)∩CAut(T)(y)= 1

and there is no α ∈Aut(T) with (x, y)α = (x−1, y−1).

We start with two basic observations.

Lemma 5.6.7. Suppose that T ∉ {A5, A6}. Then T2.(Out(T)×S2) is semi-Frobenius if and only if

(⋄) holds for all x ∈ T of prime order.

Proof. Let m be an integer, and let t ∈ T and α ∈ Aut(T). Since CAut(T)(t) ⩽ CAut(T)(tm) and

(tm)α = (tα)m, the result follows. ■

Now we show that G is semi-Frobenius if T = An with n⩾ 7.

Proposition 5.6.8. Suppose that k = 2 and T = An for some n⩾ 7. Then G is semi-Frobenius.

Proof. The cases where n ∈ {7,8,9} can be handled using MAGMA, so we will suppose that n⩾ 10.

Again, we may assume that G = T2.(Out(T)×S2). We will appeal to Lemma 5.6.7 and prove the

result by showing that (⋄) holds for all elements x ∈ T of prime order. Conjugating by an element

of Sn if necessary, we may assume that

(5.6.2) x = (1,2, . . . , p)(p+1, p+2, . . . ,2p) · · · ((ℓ−1)p+1,(ℓ−1)p+2, . . . ,ℓp)

for some prime p and some positive integer ℓ, so that the integers from 1 to ℓp appear in

consecutive order.

Let m := n if n is odd and m := n−1 if n is even. Suppose first that x = (1,2)(3,4). We claim that

(⋄) holds with y = (1,4,3,5,2,6,7, . . . ,m) (so that all integers from 6 to m appear in consecutive

order). To see this, first note that CSn (y) = 〈y〉, and that the elements of Sn inverting y by

conjugation are precisely the elements of the right coset 〈y〉σ, where

σ= (4,m)(3,m−1)(5,m−2)(2,m−3)(6,m−4)(7,m−5) · · ·
(

m+1
2

,
m+3

2

)
.

It is easy to check that if g ∈ Sn \{1} satisfies yg ∈ {y, y−1} and 1g ⩽ 4, then 2g > 4 or 4g > 4, and

thus xg ̸= x = x−1.

To complete the proof, suppose that x ̸= (1,2)(3,4). We claim that property (⋄) holds with

y= (1,3,4,2,5,6, . . . ,m). By the definition of x in (5.6.2), x cannot lie in 〈y〉. In what follows, we

write ordered pairs using square brackets to avoid confusion with permutations.
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First, we will show that CSn (x)∩CSn (y)= 1. Note that CSn (y)= 〈y〉, so for each non-identity

g ∈ CSn (y), either

[1g,2g] ∈ {[2,7], [3,5], [4,6], [m−2,1], [m−1,3], [m,4]},

or 1g ∈ {5, . . . ,m−3} and 2g = 1g +3. Additionally, 3g = m−1 if 1g = m−2. On the other hand,

we see from (5.6.2) that each h ∈ CSn (x) maps 1 and 2 to points in a common p-cycle of x, and

2h = 1h +1, interpreted within that cycle. Moreover, if [1h,2h]= [m−2,1] then (1, . . . ,m−2) is a

p-cycle of x and 3h = 2. It follows that CSn (x)∩CSn (y)= 1.

Finally, we will show that no element of Sn inverts both x and y via conjugation. To see this,

first observe that the elements of Sn inverting y are precisely the elements of the coset 〈y〉τ,

where

τ= (3,m)(4,m−1)(2,m−2)(5,m−3)(6,m−4) · · ·
(

m+1
2

,
m+3

2

)
.

Assume that g lies in this coset. Then either

[1g,2g] ∈ {[1,m−2], [2,1], [3,m−1], [4,m], [5,3], [6,4], [7,2]},

or 1g ∈ {8, . . . ,m} and 2g = 1g −3. Furthermore, if g fixes 1, then 3g = m, and if [1g,2g] = [2,1],

then [3g,5g,6g]= [4,m,m−1]. Now let h be an element of Sn that inverts x. Then h maps 1 and

2 to points in a common p-cycle of x, and 2h = 1h −1, interpreted within that cycle. In addition,

3h = m−3 if [1h,2h]= [1,m−2], and if [1h,2h]= [2,1], then either p = 2 or 3h = p. Thus, if h also

inverts y, then [1h,2h,3h,5h,6h]= [2,1,4,m,m−1], and the fact that p is prime yields p = 2. Our

assumption that x ̸= (1,2)(3,4) now gives ℓp ⩾ 6, and [5h,6h]= [m,m−1] implies that (m−1,m)

is a cycle of x, so that m must be even. However, m is odd, a contradiction. This completes the

proof. ■

To complete the proof of Theorem 5.4(i), it suffices to consider the case where T is a sporadic

simple group. To do this, we first present the following result, which will be recorded in my paper

[70]. Here we say a conjugacy class C of a group X is a witness if for any g ∈ X#, there exists

h ∈ C such that 〈g,h〉 = X .

Lemma 5.6.9. Suppose that there exists y ∈ T such that yT is a witness and y−1 ∉ yAut(T). Then

T2.(Out(T)×S2) is semi-Frobenius.

Proof. Note that the condition in the statement implies that T ∉ {A5, A6}. In addition, for any

z ∈ T#, there exists x ∈ zT such that 〈x, y〉 = T, so CAut(T)(x)∩CAut(T)(y) = 1. This gives (⋄) since

y−1 ∉ yAut(T). ■

By a theorem of Guralnick and Kantor [63, Theorem I], every non-abelian finite simple group

has a witness. In establishing this result, the probabilistic method introduced in [63, Section 2]

played a central role. To be more precise, for elements s and g in a finite group X , let

Ps(g)= |{t ∈ gX : X = 〈s, t〉}|
|gX |
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T M11 M12 M22 M23 M24 HS Ru McL Ly J1 J2 J3 J4
m 11 10 7 11 23 11 16 11 11 19 7 19 7

T Co1 Co2 Co3 HN He Suz Fi22 Fi23 Fi′24 O′N Th B M

m 23 23 11 19 17 13 22 23 23 31 31 47 59

Table 5.4: The integer m in Proposition 5.6.10

be the probability that s and a uniformly random element in gX generate X . Thus, gX is a

witness if Ps(g)> 0 for all s ∈ X# (equivalently, for all s ∈ X of prime order). The probability Ps(g)

can be estimated as follows. For an element z ∈ X and a maximal subgroup K of X , we write

fpr(z,K) for the fixed point ratio of z with respect to the action of X on [X : K], recalling that

fpr(z,K)= |zX ∩K |/|zX |. Then as noted in [63, Section 2],

1−Ps(g)⩽
∑

K∈M (g)
fpr(s,K)=: Q̂s(g),

where M (g) is the set of maximal subgroups of X containing g.

Given this observation, we now prove that the group G = T2.(Out(T)×S2) is semi-Frobenius

if T is a sporadic simple group. Here we establish a stronger result.

Proposition 5.6.10. Suppose T is a sporadic simple group, and let y be an element of order m,

where m is described in Table 5.4. Then for any z ∈ T \ yT of prime order, there exists x ∈ zT such

that 〈x, y〉 = T and there is no α ∈Aut(T) with (x, y)α = (x−1, y−1).

Proof. First assume

T ∈ {M11, M22, M23, M24, McL, J4, Co1, Co2, Co3, Ru, Fi23, Fi′24, Th, Ly, B, M}.

If T ∈ {B,M}, then yT is a witness, as noted in [13, Section 4.7], and one can use the GAP function

InverseClasses on the character table of T to check that y−1 ∉ yAut(T). If instead T ∉ {B,M}, one

can check with the aid of GAP that y−1 ∉ yAut(T) and Q̂z(y) < 1 for all z ∈ T# (the latter implies

that yT is a witness). This gives the desired result for these groups. See Appendix A.2.2 for the

relevant GAP code.

Next, we assume

T ∈ {M12, HS, Suz, He, J1, J2, J3, Fi22, O′N}.

For an element g ∈ T, let I(g) := {α ∈Aut(T) : gα ∈ {g, g−1}}⩽Aut(T) be the group of elements in

Aut(T) centralising or inverting g. With the aid of MAGMA, one can check that for each T-class

representative z ∈ T \ yT of prime order (obtained via the function ConjugacyClasses), there

exists x ∈ zT such that 〈x, y〉 = T and I(x)∩ I(y)= 1, noting that the latter condition implies that
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there is no α ∈ Aut(T) with (x, y)α = (x−1, y−1). The element x ∈ zT can be obtained by random

search, and we refer the reader to Appendix A.1.4 for the relevant MAGMA code.

To complete the proof, assume T = HN. Here the function ConjugacyClasses is expensive

since |T| is too large. Thus, we obtain each T-class representative of prime order within an

appropriate maximal subgroup. For example, we first construct the maximal subgroup K =U3(8).3

of T using the generators given in the Web ATLAS [123], and obtain y in the Sylow 19-subgroup

within K . Other representatives of prime order can be constructed with the same method. As

before, we check that for each representative z ∈ T \ yT of prime order, there exists x ∈ zT such

that 〈x, y〉 = T and I(x)∩ I(y) = 1, which gives the desired result. See Appendix A.1.4 for the

relevant MAGMA code. ■

Corollary 5.6.11. If T is a sporadic simple group, then the diagonal type primitive group

T2.(Out(T)×S2) is semi-Frobenius.

Proof. This is given by combining Lemma 5.6.7 and Proposition 5.6.10. ■

The conclusion to Theorem 5.4(i) follows from Lemma 5.6.1, Proposition 5.6.8 and Corollary

5.6.11 (see Remark 5.8).

Finally, we show that G is not semi-Frobenius if G = T2.(Out(T)×S2), T =L2(q) and q ⩾ 11.

Proposition 5.6.12. Suppose that G = T2.(Out(T)×S2), where T =L2(q) for some q ⩾ 11. Then

G is not semi-Frobenius.

Proof. Let x ∈ T be an element of order (q+1)/(2, q−1). We claim that (⋄) does not hold, which

implies the desired result. Setting R := PGL2(q), we note that CT (x) = 〈x〉, CR(x) ∼= Cq+1, and

NR(〈x〉) ∼= D2(q+1) is a maximal subgroup of R. In particular, each element of NR(〈x〉) either

centralises or inverts x.

Write q = p f with p prime, and let y ∈ T. Then either |y| = p, or y lies in a cyclic subgroup of

T of order (q−1)/(2, q−1) or (q+1)/(2, q−1). We shall divide the rest of the proof into four cases,

which together account for all possible choices for y; in each case, we will show that y does not

satisfy (⋄).

Case 1. |y| = 2.

The normaliser NT (〈x〉) is the unique maximal subgroup of T containing x. Thus if y ∉ NT (〈x〉),
then 〈x, y〉 = T. It follows (see [112, Theorem 3] and [86, p. 582]) that there exists α ∈Aut(T) such

that (x, y)α = (x−1, y−1). If instead y ∈ NT (〈x〉) \ 〈x〉, then (x, y)y = (x−1, y−1), and if y ∈ 〈x〉, then

y ∈ CAut(T)(x)∩CAut(T)(y). Hence y does not satisfy (⋄).

Case 2. p is odd and |y| = p.

Let H be the unique maximal subgroup of R of type P1 that contains y. Then H ∼= C f
p:Cq−1,

and each involution of H inverts y. Since (q−1, q+1) = 2 and any subgroup of H of order 4 is
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cyclic, we see that J := H∩NR(〈x〉) has order at most 2. In fact, |H| · |NR(〈x〉)| > |R|, which implies

that |J| = 2. Let α be the unique involution of J. Now, α is contained in a cyclic subgroup of H of

order q−1. Hence if α centralises x, then α lies in a proper subgroup of R of order divisible by

both q−1 and q+1. However, no such subgroup exists, and so (x, y)α = (x−1, y−1).

Case 3. 2 ̸= |y| | (q+1)/(2, q−1).

Here, y is contained in a cyclic subgroup of T of order (q+1)/(2, q−1). Since all such subgroups

of T are conjugate, we obtain that y ∈ 〈xg〉 for some g ∈ T. It is also clear that the maximal sub-

group NR(〈xg〉)∼= D2(q+1) of R is equal to NR(〈y〉). If y ∈ 〈x〉, then clearly CAut(T)(x)∩CAut(T)(y) ̸= 1,

so we shall assume that y ∉ 〈x〉. By inspecting [49, Table 2], we see that N := NR(〈x〉)∩NR(〈y〉) ̸= 1.

As 〈x〉∩〈xg〉 = 1, it follows that there exists α ∈ N such that (x, y)α = (x−1, y−1).

Case 4. 2 ̸= |y| | (q−1)/(2, q−1).

We shall identify elements of R with corresponding matrices in GL2(q). In this case, y lies in

a cyclic subgroup of T of order (q−1)/(2, q−1), and so (conjugating x and y by a common element

of T if necessary) we may assume without loss of generality that y is a diagonal matrix. Suppose

that

x =
(
a b

c d

)
for a,b, c,d ∈ Fq,

noting that b, c ̸= 0 since |x| = (q+1)/(2, q−1). Then the matrix(
0 1

−cb−1 0

)

inverts each of x and y, and so (⋄) does not hold. ■

Remark 5.6.13. In [70], I will present a complete classification of the semi-Frobenius groups

with G ⩽ T2.(Out(T)×S2), following the approach briefly outlined as below.

As in the proof of Proposition 5.6.10, for an element g ∈ T, let

I(g)= {α ∈Aut(T) : gα = {g, g−1}}⩽Aut(T)

be the group of elements in Aut(T) centralising or inverting g. For elements x, y ∈ T, let Γ1 :=
[Aut(T) : I(x)] and Γ2 := [Aut(T) : I(y)]. Then as noted in the proof of Proposition 5.6.4, Aut(T) has

a regular orbit on Γ1×Γ2 if and only if there exists g ∈Aut(T) such that I(x)∩ I(yg)= 1. The latter

implies that both {D,D(1,ϕx)} and {D,D(1,ϕy)} are edges in Σ(G) if one of x and y has order at

least 3, whereas the former condition holds if

∑
z∈R(Aut(T))

|zAut(T)| · fpr(z,Γ1) · fpr(z,Γ2)= ∑
z∈R(Aut(T))

|zAut(T) ∩ I(x)| · |zAut(T) ∩ I(y)|
|zAut(T)| < 1,

where R(Aut(T)) is a set of Aut(T)-class representatives of prime order elements.
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Let us finish this section by recording the following remark on the groups satisfying property

(⋆) (see Section 3.3.1).

Remark 5.6.14. Suppose that G = T2.(Out(T)×S2) with T ∉ {A5, A6} (so that b(G)= 3), and let

N := {t ∈ T : D(1,ϕt) is a neighbour of D in Σ(G)}.

Then we claim that Σ(G) has diameter at most 2 (equivalently, G satisfies (⋆), as noted in Remark

3.3.1) if and only if N2 = T (that is, any t ∈ T can be written as t = x1x2 for some xi ∈ N).

To see this, note that for g = (1, x−1) ∈ T2 ⩽G,

(D(1,ϕx),D(1,ϕy))g = (D,D(1,ϕyx−1)).

In particular, (D(1,ϕx),D(1,ϕy)) is an arc in Σ(G) if and only if (D,D(1,ϕyx−1)) is. Hence

(D,D(1,ϕx2),D(1,ϕx1x2))

is a 2-arc from D to D(1,ϕt), so diam(Σ(G))⩽ 2. The converse also holds by a similar argument.

As an example, in the case of T = L2(q) with q = 7 or q ⩾ 11, the elements of T of order

(q−1)/(2, q−1) lie in N (as noted in the proof of Proposition 5.6.4). By [56, Theorems 2(i) and 3(i)],

for the conjugacy class C of an element of order (q−1)/(2, q−1), we have C2 = T, and so it follows

that N2 = T and diam(Σ(G))⩽ 2.

5.7 Proofs of Theorems 5.1, 5.3 and 5.4

In this section, we will establish Theorems 5.1, 5.3 and 5.4. Note that the conclusions to these

theorems for the groups with k = 2 have already been established in Section 5.6. Moreover,

Theorems 5.2 and 5.5.1 yield the required results for base-two groups, and one can use Proposition

5.5.8 and Lemma 5.5.9 to handle the groups with k ∈ {|T|−2, |T|−1}. With these results in hand,

we will assume k ⩾ |T| and P ∈ {Ak,Sk} in this section. Recall that G contains Ak (see Corollary

5.2.6), and recall that b(G) ∈ {ℓ+1,ℓ+2} if |T|ℓ−1 < k ⩽ |T|ℓ by Theorem 5.2.3(iii).

Recall that for an element x= (ϕt1 , . . . ,ϕtk ) ∈ Inn(T)k, the partition P x = {P x
t : t ∈ T} of [k] is

defined so that j ∈P x
t if t j = t.

Lemma 5.7.1. Let x,y ∈ Inn(T)k be such that Dx and Dy lie in a common GD-orbit. Then there

exist g ∈ T and α ∈Aut(T) such that for each integer m,

(5.7.1) g{t ∈ T : |P x
t | = m}α = {t ∈ T : |P y

t | = m}.

Proof. Write x= (ϕx1 , . . . ,ϕxk ) and y= (ϕy1 , . . . ,ϕyk ), and let α ∈Aut(T) and π ∈ Sk be such that

Dx(α,...,α)π = Dy. Then

D(ϕxα1 , . . . ,ϕxαk )= D(ϕy1π , . . . ,ϕykπ ).

It follows that there exists g ∈ T such that gxαj = yjπ for all j ∈ [k], and that (P x
x j

)π = P
y
yjπ

. In

particular, |P x
x j
| = |P y

yjπ
| = |P y

gxαj
|, and thus (5.7.1) holds. ■
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Note from Lemma 3.3.8 that if G is semi-Frobenius, then Σ(G) is not G-arc-transitive as G is

not 2-transitive. To establish Theorem 5.4(ii)(b), the following lemma will be a key ingredient.

Lemma 5.7.2. Let π= ( j1, . . . , jm) ∈ Sk be an m-cycle with m < k, and let x= (ϕt1 , . . . ,ϕtk ) ∈ Inn(T)k

such that t j1 , . . . , t jm are not all equal. Then π ∉GD ∩GDx.

Proof. Suppose for a contradiction that π ∈GD ∩GDx. Then there exists g ∈ T such that t j = gt jπ

for all j ∈ [k]. Since m < k, there exists j0 ∈ [k]\{ j1, . . . , jm}, so by taking j = j0 we see that g = 1.

However, this yields t j1 = ·· · = t jm , which is incompatible with our assumption. ■

Corollary 5.7.3. The group G is semi-Frobenius if there exists a subset ∆⊆Ω of size b(G)−1 such

that G(∆) is generated by a transposition.

5.7.1 The groups with k = |T|
We start with the case where k = |T| and P ∈ {Ak,Sk}.

Proposition 5.7.4. Suppose k = |T| and P ∈ {Ak,Sk}. Then G is semi-Frobenius. In particular,

Σ(G) is not G-arc-transitive.

Proof. First note that b(G) = 3 by Theorem 5.2.3(iii). Write x = (ϕx1 , . . . ,ϕxk ) ∈ Inn(T)k. We

consider the following two cases in turn and show that {D,Dx} can be extended to a base for G of

size 3 in each case.

Case 1. There are at least three distinct entries in x.

Without loss of generality, we may assume that x1, x2, x3 are distinct. In view of Lemma 5.7.2,

it suffices to find a = (ϕt1 , . . . ,ϕtk ) ∈ Inn(T)k such that GD ∩GDa ⩽ 〈(1,2,3), (1,2)〉. Theorem 5.7

(proved in Section 5.5) implies that there exists a subset S ⊆ T# of size |T|−3 with trivial setwise

stabiliser in Aut(T). Let {t4, . . . , tk}= S and let t1 = t2 = t3 = 1. Suppose (α, . . . ,α)π ∈GDa. Then by

Lemma 5.2.2(iii) we have Sα = S, which forces α= 1. Thus, GD ∩GDa ⩽ 〈(1,2,3), (1,2)〉 as desired.

Case 2. There are exactly two distinct entries in x.

We may assume that x = (1, . . . ,1,ϕx, . . . ,ϕx) for some non-trivial x ∈ T, with 1 appearing

exactly m times for some m⩽ |T|/2 (that is, |P x
1 | = m). By the main theorem of [63], there exists

y ∈ T such that 〈x, y〉 = T. Define a = (ϕt1 , . . . ,ϕtk ) ∈ Inn(T)k such that the following conditions

hold:

(a) tm = tm+1 = 1;

(b) {t1, . . . , tk}\ {tm, tm+1}= T \{1, y}; and

(c) if m = |T|/2, then some Aut(T)-conjugacy class C is equal to {t1, . . . , t|C|} (note that |C| < m).
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Note that since k = |T|, each element of T\{1, y} is equal to t j for exactly one j. By Lemma 5.2.2(iii),

if (α, . . . ,α)π ∈GDa, then α ∈ CAut(T)(y).

Suppose now that (α, . . . ,α)π also lies in GDx. We claim that α ∈ CAut(T)(x). If m < |T|/2, then

this is immediate from Lemma 5.2.2(iii). Otherwise, the same lemma yields tαj = t jπ for all j ∈ [k]

and

{1, . . . ,m}π = {1, . . . ,m} or {m+1, . . . ,k}.

If the latter holds, then for each j < m, there exists j′ ⩾ m+1 such that tαj = t j′ , contradicting

condition (c). Hence, {1, . . . ,m} is fixed by π, and xαj = x jπ for all j ∈ [k]. This implies that α ∈
CAut(T)(x), as claimed.

It now follows that α ∈ CAut(T)(〈x, y〉)= CAut(T)(T)= 1. Moreover, if x j = x j′ , then t j ̸= t j′ , and

therefore π= 1. Thus {D,Dx,Da} is a base for G. ■

5.7.2 The groups with |T|ℓ−1 < k ⩽ |T|ℓ−3

Next, assume |T|ℓ−1 < k ⩽ |T|ℓ − 3 for ℓ ⩾ 2. Our aim is to show that b(G) = ℓ+ 1 and the

generalised Saxl graph Σ(G) is not G-arc-transitive.

Lemma 5.7.5. Suppose that P ∈ {Ak,Sk}, and that |T|ℓ−1 < k ⩽ |T|ℓ−3 for some ℓ⩾ 2. Then there

exists x ∈ Inn(T)k such that the partition P x = {P x
t : t ∈ T} of [k] satisfies the following properties.

(P1) |P x
t |⩽ |T|ℓ−1 for all t ∈ T.

(P2) |P x
1 | ̸= 0 and Hol(T,S)= 1, where S = {t ∈ T : |P x

t | = |P x
1 |}.

(P3) There exists x ∈ T# such that |P x
x | ∈ {1, |T|ℓ−1 −1}.

(P4) If k ̸= |T|ℓ−3, then there exist t1, t2 ∈ T \ S with |P x
t1
| ̸= |P x

t2
|.

Proof. First assume |T|ℓ−2|T|ℓ−1 < k ⩽ |T|ℓ−3. In view of Theorem 5.7, let S be a subset of T

containing 1 with |S| = |T|−3 and Hol(T,S)= 1, and let {x1, x2, x3}= T \S. Now define x ∈ Inn(T)k

with |P x
t | = |T|ℓ−1 if t ∈ S, and |P x

xi
|⩽ |T|ℓ−1 −1 with

|P x
x1
| = |T|ℓ−1 −1 and |P x

x2
|+ |P x

x3
| = k− (|T|−2)|T|ℓ−1 +1.

Note that such a partition exists since

2⩽ k− (|T|−2)|T|ℓ−1 +1⩽ 2|T|ℓ−1 −2.

It is then easy to check that P x satisfies the conditions (P1)–(P4).

Now assume 3|T|ℓ−1 < k ⩽ |T|ℓ−2|T|ℓ−1. Then there exists an integer m such that 3⩽ m⩽

|T|−3 and m|T|ℓ−1 < k ⩽ (m+1)|T|ℓ−1. By Theorem 5.7, there exists a subset S ⊆ T containing

1 with |S| = m and Hol(T,S) = 1. Let x1, x2 ∈ T \ S and define x ∈ Inn(T)k with |P x
t | = |T|ℓ−1 if
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t ∈ S, |P x
x1
| = 1 and |P x

x2
| = k−m|T|ℓ−1−1, noting that 0⩽ k−m|T|ℓ−1−1< |T|ℓ−1. One can check

(P1)–(P4) easily.

To complete the proof, we assume |T|ℓ−1 < k ⩽ 3|T|ℓ−1 and let S = {t1, t2, t3}⊆ T be such that

t1 = 1 and Hol(T,S)= 1. In this setting, let x1, x2, x3 ∈ T \ S and define x ∈ Inn(T) with |P x
ti
| = 1,

and |P x
xi
|⩽ |T|ℓ−1 with |P x

xi
| ̸= 1 and |P x

x1
|+ |P x

x2
|+ |P x

x3
| = k−3. We conclude the proof by noting

that P x satisfies the conditions (P1)–(P4). ■

For the remainder of this subsection, we fix an element x= (ϕt0,1 , . . . ,ϕt0,k ) ∈ Inn(T)k such that

the associated partition P x of [k] satisfies the conditions in Lemma 5.7.5, where S ⊆ T and x ∈ T#

are as described in (P2) and (P3), respectively.

Lemma 5.7.6. Suppose (α, . . . ,α)π ∈GDx. Then α= 1 and π ∈ P(P x).

Proof. First note that there exists a unique g ∈ T such that tα0, j = gt0, jπ for all j ∈ [k], and we

have π ∈ P{P x} by Lemma 5.2.2(i). This implies that π fixes the set {P x
t : t ∈ S}, and thus g−1tα ∈ S

if t ∈ S, whence gα
−1
α ∈Hol(T,S)= 1. It follows that g = 1 and α= 1, so t0, j = t0, jπ for all j ∈ [k],

which concludes the proof. ■

Write Tℓ−1 = {b1, . . . ,b|T|ℓ−1}, where bh = (a1,h, . . . ,aℓ−1,h). If |P x
x | = 1, then we may assume

b1 = (1, . . . ,1), and if |P x
x | = |T|ℓ−1 −1, we assume b|T|ℓ−1 = (1, . . . ,1). Let 1⩽ i ⩽ ℓ−1 and define

ai = (ϕti,1 , . . . ,ϕti,k ) ∈ Inn(T)k, where ti, j = ai,h if j is the h-th smallest number in P x
t . Define

X i,t := { j ∈P x
x : ti, j = t}.

Lemma 5.7.7. For any t ∈ T# and i ∈ {1, . . . ,ℓ−1}, we have |X i,t| ̸= |X i,1|.

Proof. If |P x
x | = 1, then b1 = (1, . . . ,1), so |X i,1| = 1 and |X i,t| = 0 for all t ∈ T#. And if |P x

x | = |T|ℓ−1,

then b|T|ℓ−1 = (1, . . . ,1), which implies that |X i,1| = |T|ℓ−1 −1 and |X i,t| = |T|ℓ−1 for all t ∈ T#. ■

Lemma 5.7.8. The set ∆= {D,Dx,Da1, . . . ,Daℓ−1} is a base for G.

Proof. Suppose (α, . . . ,α)π ∈G(∆). By Lemma 5.7.6, we have α= 1 and π ∈ P(P x). Note that for

any i ∈ {1, . . . ,ℓ−1}, there exists a unique g i ∈ T such that ti, j = g i ti, jπ for any j ∈ [k]. Now j ∈ X i,1

if and only if jπ ∈ X i,g−1
i

. This implies that g i = 1 by Lemma 5.7.7, and hence ti, j = ti, jπ for all

i ∈ {1, . . . ,ℓ−1} and j ∈ [k].

From the definition of ai, we see that if j, j′ ∈P x
t and j ̸= j′, then there exists i ∈ {1, . . . ,ℓ−1}

such that ti, j ̸= ti, j′ . This yields jπ ̸= j′, so jπ = j since π ∈ P{P x
t }. That is, π ∈ P(P x

t ) for all t ∈ T,

whence π= 1. ■

Proposition 5.7.9. Suppose ℓ⩾ 2, P ∈ {Ak,Sk} and |T|ℓ−1 < k ⩽ |T|ℓ−3. Then b(G)= ℓ+1 and

Σ(G) is not G-arc-transitive.
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Proof. We see that b(G)= ℓ+1 by combining Theorem 5.2.3(iii) and Lemma 5.7.8, so it suffices

to show that Σ(G) is not G-arc-transitive.

First assume k = |T|ℓ−3. Then |P x
t | ∈ {|T|ℓ−1−1, |T|ℓ−1} for all t ∈ T, whereas |P a1

1 | = |T|ℓ−1−3.

Hence by Lemma 5.7.1, (D,Dx) and (D,Da1) are arcs of Σ(G) lying in distinct G-orbits.

Now assume k ̸= |T|ℓ−3, and let t1, t2 ∈ T \S be as in (P4) of Lemma 5.7.5. Define y ∈ Inn(T)k

by setting

P
y
t1
=P x

t2
, P

y
t2
=P x

t1
, and P

y
t =P x

t for t ∈ T \{t1, t2}.

By repeating the above argument, we see that D and Dy are adjacent in Σ(G). Suppose that Dx
and Dy lie in a common GD-orbit. Then Lemma 5.7.1 implies that |P x

t | = |P y
t | for all t ∈ T, which

is incompatible with (P4). This gives |P x
t1
| ̸= |P x

t2
| = |P y

t1
|. ■

5.7.3 The groups with |T|ℓ−2⩽ k ⩽ |T|ℓ

Lemma 5.7.10. Suppose ℓ⩾ 2, |T|ℓ−2 ⩽ k ⩽ |T|ℓ, P ∈ {Ak,Sk} and Sk ̸⩽ G. Then b(G) = ℓ+1

and Σ(G) is not G-arc-transitive.

Proof. First note by [13, Theorem 1.2] that T has a conjugacy class C such that for any x, y ∈ T#,

there exists z ∈ C with 〈x, z〉 = 〈y, z〉 = T. Let x1, y1 ∈ T# be such that |x1|, |y1| and |z| for z ∈ C are

distinct, and let x2, y2 ∈ C be such that 〈x1, x2〉 = 〈y1, y2〉 = T. In particular, the setwise stabilisers

of {x1, x2} and {y1, y2} in Aut(T) are trivial, and {x1, x2}α ̸= {y1, y2} for any α ∈Aut(T).

Let k = |T|ℓ−m with m ∈ {0,1,2} and define x = (ϕt0,1 , . . . ,ϕt0,k ) ∈ Inn(T)k by setting |P x
1 | =

|T|ℓ−1 +1, |P x
x1
| = |T|ℓ−1 −1, |P x

x2
| = |T|ℓ−1 −m, and |P x

t | = |T|ℓ−1 for t ∈ T \ {1, x1, x2}. We also

write Tℓ−1 = {b1, . . . ,b|T|ℓ−1}, where bh = (a1,h, . . . ,aℓ−1,h), and we may assume b|T|ℓ−1 = (y, . . . , y).

Define ai = (ϕti,1 , . . . ,ϕti,k ) ∈ Inn(T)k for i ∈ {1, . . . ,ℓ−1}, where

ti, j =
ai,h if j is the h-th smallest number in P x

t ;

1 if j is the largest number in P x
1 .

We claim that ∆= {D,Dx,Da1, . . . ,Daℓ−1} is a base for G.

Suppose (α, . . . ,α)π ∈ G(∆). By Lemma 5.2.2, we have π ∈ P{P x} and tα0, j = t0, jπ for all j ∈ [k].

We first prove that α = 1. To see this, note that if k ∈ {|T|ℓ − 2, |T|ℓ − 1}, then π ∈ P{P x
x1
∪P x

x2
},

which implies that α ∈ Aut(T, {x1, x2}), and thus α = 1 since Aut(T, {x1, x2}) = 1. Now assume

k = |T|ℓ. Then π ∈ P{P x
x1

} and thus α ∈ CAut(T)(x1). Note that for each i ∈ {1, . . . ,ℓ−1}, we have

|P ai
1 | = |T|ℓ−1 +1, |P ai

x2 | = |T|ℓ−1 −1 and |P ai
t | = |T|ℓ−1 for t ∈ T \ {1, x2}. By arguing as above,

we have tαi, j = ti, jπ for all i ∈ {1, . . . ,ℓ−1}, which implies that α ∈ CAut(T)(x2), and so α= 1 since

Aut(T, {x1, x2})= 1.

Observe that there exists a unique pair { j1, j2} of elements in [k] such that j1 ̸= j2 and

ti, j1 = ti, j2 for all i ∈ {0, . . . ,ℓ−1}, where we have ti, j1 = ti, j2 = 1. For each i, there exists a unique

element g i ∈ T such that ti, j = g i ti, jπ for all j ∈ [k], so ti, jπ1 = ti, jπ2 = g−1
i . Since π ∈ P{P x

1 }, it follows
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that g i = 1 and so ti, j = ti, jπ for all j ∈ [k]. It is then easy to see that π ∈ 〈( j1, j2)〉, and thus π= 1

as G does not contain any transpositions in Sk.

Therefore, ∆ is a base for G, and so b(G) = ℓ+1. In particular, (D,Dx) is an arc in Σ(G).

Similarly, if y ∈ Inn(T)k is such that |P y
1 | = |T|ℓ−1 +1, |P y

y1 | = |T|ℓ−1 −1, |P y
y2 | = |T|ℓ−1 −m, and

|P y
t | = |T|ℓ−1 for t ∈ T \{1, y1, y2}, then Dy is adjacent to D in Σ(G). Suppose (D,Dx) and (D,Dy)

are in a common G-orbit and note that

{t : |P x
t | = |T|ℓ−1 +1}= {1}= {t : |P y

t | = |T|ℓ−1 +1}.

Hence, the element g ∈ T described in Lemma 5.7.1 is the identity, and we have xα1 = y1 for some

α ∈Aut(T), which is incompatible with the assumption |x1| ̸= |y1|. This shows that (D,Dx) and

(D,Dy) are arcs lying in distinct G-orbits. ■

Proposition 5.7.11. Suppose ℓ⩾ 2 and k ∈ {|T|ℓ−1, |T|ℓ}. Then

b(G)=
ℓ+2 if Sk ⩽G;

ℓ+1 otherwise,

and Σ(G) is not G-arc-transitive. In addition, if Sk ⩽G then G is semi-Frobenius.

Proof. The result on base sizes is a combination of Theorem 5.2.3(iii) and Lemma 5.7.10, and

so it suffices to show that G is semi-Frobenius if Sk ⩽G. In this setting, the construction in the

proof of Lemma 5.7.10 shows that there exists a subset ∆ of Ω of size ℓ+1= b(G)−1 such that

G(∆) is generated by a transposition. Now apply Corollary 5.7.3. ■

Finally, we consider the case where k = |T|ℓ−2 and Sk ⩽G. The case ℓ= 2 requires special

attention.

Lemma 5.7.12. Suppose k = |T|2 −2, T ∈ {A5, A6} and G = Tk.(Out(T)×Sk). Then b(G)= 4 and

G is semi-Frobenius. In particular, Σ(G) is not G-arc-transitive.

Proof. From the proof of Lemma 5.7.10, we see that there exists a subset ∆⊆Ω of size 3 whose

pointwise stabiliser in G is generated by a transposition. Hence, in view of Corollary 5.7.3, we

only need to show that b(G)= 4. By Theorem 5.2.3(iii), it suffices to prove that there is no base

for G of size 3.

We argue by contradiction and suppose ∆ = {D,Da0,Da1} is a base for G, where ai =
(ϕti,1 , . . . ,ϕti,k ) ∈ Inn(T)k. If |P a0

t |⩾ |T|+1 for some t, then there exist j, j′ ∈P
a0
t such that j ̸= j′,

t0, j = t0, j′ = t and t1, j = t1, j′ , which implies that G(∆) contains the transposition ( j, j′). Thus, we

may assume that |P a0
t |⩽ |T| for all t ∈ T. The same argument holds for a1. It follows that the set

X i = {t ∈ T : |P ai
t | = |T|}

has size at least |T|−2, so |X i| ∈ {|T|−2, |T|−1}.
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First, assume either |S0| or |X1| is equal to |T| −1, say |S0| = |T| −1 and 1 ∉ S0. For the

same reason as above, for any j, j′ such that j ̸= j′ and t0, j = t0, j′ , we have t1, j ̸= t1, j′ , otherwise

( j, j′) ∈ G(∆). This implies that |X1| = |T|−2, and we may assume T \ X1 = {1, x} for some x ̸= 1.

Write c j = (t0, j, t1, j) for j ∈ [k], noting that

{c j : j ∈ [k]}= T2 \{(1,1), (1, x)}.

That is, {c j : j ∈ [k]} is fixed by ϕx setwise, with the componentwise action. This induces a

permutation π ∈ Sk, where

jπ = m if cϕx
j = cm.

In particular, tϕx
i, j = ti, jπ for each i ∈ {0,1}. Then

Da(ϕx,...,ϕx)π
i = D(ϕtϕx

i,1π−1
, . . . ,ϕtϕx

i,kπ−1
)= D(ϕti,1 , . . . ,ϕti,k )= Dai

for each i ∈ {0,1}, and so (ϕx, . . . ,ϕx)π ∈G(∆).

To complete the proof, we may assume |S0| = |X1| = |T|−2, say T\S0 = {1, x} and T\X1 = {1, y}.

Write c j = (t0, j, t1, j) for j ∈ [k] as above, and observe that

T2 \{c j : j ∈ [k]}= {(1,1), (x, y)} or {(1, y), (x,1)}.

It is easy to check with the aid of MAGMA that there exists an automorphism α ∈ Aut(T) such

that 1 ̸=α ∈ CAut(T)(x)∩CAut(T)(y), or (x, y)α = (x−1, y−1).

Assume α ̸= 1 and (x, y)α = (x, y). Then {c j : j ∈ [k]} is fixed by α setwise, with the component-

wise action. Once again, α induces a permutation π ∈ Sk, where

jπ = m if cαj = cm.

Then by arguing as above, we deduce that (α, . . . ,α)π ∈G(∆).

Finally, assume (x, y)α = (x−1, y−1) and note that

{c j : j ∈ [k]}α = {(x−1, y−1)c j : j ∈ [k]}.

Here α also induces a permutation π ∈ Sk, where

jπ = m if cαj = (x−1, y−1)cm,

and thus tα0, j = x−1t0, jπ and tα1, j = y−1t1, jπ for all j ∈ [k], noting that π ̸= 1 if α= 1. Now we have

Da(α,...,α)π
0 = D(ϕtα

i,1π−1
, . . . ,ϕtα

i,kπ−1
)= D(ϕx−1ϕti,1 , . . . ,ϕx−1ϕti,k )= Da0

and similarly, Da(α,...,α)π
1 = Da1. This completes the proof. ■
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Proposition 5.7.13. If P ∈ {Ak,Sk} and k = |T|2 −2, then

b(G)=
4 if T ∈ {A5, A6} and G = Tk.(Out(T)×Sk);

3 otherwise.

Moreover, Σ(G) is not G-arc-transitive.

Proof. By Lemmas 5.7.10 and 5.7.12, we may assume that Sk ⩽G, and G is not Tk.(Out(T)×Sk)

if T ∈ {A5, A6}. That is, G = Tk.(O×Sk) for some O ⩽Out(T), with O ̸=Out(T) if T ∈ {A5, A6}. We

will prove the result by construction.

Write K = Inn(T).O ⩽Aut(T). In view of Lemma 5.6.5, there exist x, y ∈ T such that |x| ̸= |y|,
CK (x)∩CK (y)= 1 and there is no α ∈ K with (x, y)α = (x−1, y−1). Define x= (ϕt0,1 , . . . ,ϕt0,k ) ∈ Inn(T)k

by setting |P x
1 | = |P x

x | = |T|−1, and |P x
t | = |T| if t ∈ T \{1, x}. And we label the elements in T by

T = {g1, . . . , g|T|}, where g1 = 1 and g|T| = y. Now define y= (ϕt1,1 , . . . ,ϕt1,k ) ∈ Inn(T)k by setting

t1, j =
gh if t ̸= 1 and j is the h-th smallest number in P x

t ;

gh+1 if j is the h-th smallest number in P x
1 .

Note by Lemma 5.7.1 that (D,Dx) and (D,Dy) are in distinct G-orbits (as |x| ̸= |y|), so it suffices

to show that ∆= {D,Dx,Dy} is a base for G.

Suppose (α, . . . ,α)π ∈G(∆), noting that α ∈ K . By Lemma 5.2.2(i), we have π ∈ P{P x}, so either

π ∈ P{P x
1 } ∩P{P x

x }, or (P x
1 )π =P x

x , hence there are two cases to consider.

First assume that (P x
1 )π =P x

x . There exists a unique g ∈ T such that tα0, j = gt0, jπ for all j ∈ [k],

and by taking j ∈ P x
1 we have g = x−1. This implies that xα = x−1 by taking j ∈ P x

x . Note that

|P y
1 | = |P y

y | = |T|−1, and |P y
t | = |T| if t ∉ {1, y}. By arguing as above, either π ∈ P{P y

1 } ∩P{P y
y } or

(P y
1 )π =P

y
y . If the former holds, then

(P x
1 ∩P

y
1 )π =P x

x ∩P
y
1 .

However, as can be seen from the definitions of x and y, we have |P x
1 ∩P

y
1 | = 0, while |P x

x ∩P
y
1 | = 1.

This implies that (P y
1 )π =P

y
y , so yα = y−1 as above. By our assumptions on x and y, there is no

α ∈ K with (x, y)α = (x−1, y−1), which gives a contradiction.

Finally, suppose that π ∈ P{P x
1 } ∩P{P x

x }. First note that tα0, j = t0, jπ for all j ∈ [k], so xα = x.

Similarly, we have π ∈ P{P y
1 } ∩P{P y

y } and yα = y. This implies that α ∈ CK (x)∩CK (y)= 1, and thus

ti, j = ti, jπ for all i ∈ {0,1} and j ∈ [k], which yields π= 1 and completes the proof. ■

Proposition 5.7.14. If ℓ⩾ 3, k = |T|ℓ−2 and P ∈ {Ak,Sk}, then b(G) = ℓ+1 and Σ(G) is not

G-arc-transitive.

Proof. First note that there exist x, y, z ∈ T such that |x| ̸= |y|,

CAut(T)(x)∩CAut(T)(y)∩CAut(T)(z)= 1
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and there is no α ∈Aut(T) with

(x, y, z)α = (x−1, y−1, z−1).

To see this, if T ∉ {A5, A6} then we apply Lemma 5.6.5, and if T ∈ {A5, A6} then it can be checked

using MAGMA. Define x= (ϕt0,1 , . . . ,ϕt0,k ) ∈ Inn(T)k by setting |P x
1 | = |P x

x | = |T|ℓ−1 −1 and |P x
t | =

|T|ℓ−1 if t ∉ {1, x}. Write Tℓ−1 = {b1, . . . ,b|T|ℓ−1}, where bh = (a1,h, . . . ,aℓ−1,h), and we may assume

b1 = (1, . . . ,1) and b|T|ℓ−1 = (y, z, . . . , z). Now define ai = (ϕti,1 , . . . ,ϕti,k ) for i ∈ {1, . . . ,ℓ−1}, where

ti, j =
ai,h if t ̸= 1 and j is the h-th smallest number in P x

t ;

ai,h+1 if j is the h-th smallest number in P x
1 .

We claim that ∆= {D,Dx,Da1, . . . ,Daℓ−1} is a base for G.

We argue as in the proof of Proposition 5.7.13. Suppose (α, . . . ,α)π ∈G(∆), noting that π ∈ P{P x}

by Lemma 5.2.2(i). It follows that either π ∈ P{P x
1 } ∩P{P x

x } or (P x
1 )π =P x

x .

First assume that (P x
1 )π =P x

x . Note that there exists a unique g ∈ T such that tα0, j = gt0, jπ

for all j ∈ [k]. Now g = x−1 by taking j ∈ P x
1 , and thus xα = x−1 by taking j ∈ P x

x . Note that

|P a1
1 | = |P a1

y | = |T|ℓ−1 −1, and |P a1
t | = |T|ℓ−1 if t ∉ {1, y}. By applying Lemma 5.2.2(i) again, we

have either π ∈ P{P a1
1 } ∩P{P a1

y } or (P a1
1 )π =P

a1
y . If π ∈ P{P a1

1 } ∩P{P a1
y }, then

(P x
1 ∩P

a1
1 )π =P x

x ∩P
a1
1 ,

which is impossible since |P x
1 ∩P

a1
1 | = |T|ℓ−2 −1, while |P x

x ∩P
a1
1 | = |T|ℓ−2. Hence, we have

(P a1
1 )π =P

a1
y , and thus yα = y−1 with the same argument as above. Now suppose m⩾ 2, noting

that |P am
1 | = |P am

z | = |T|ℓ−1 −1, and |P ai
t | = |T|ℓ−1 if t ∉ {1, z}. By arguing as above, we have zα =

z−1. However, by our assumptions on x, y and z, there is no automorphism of T simultaneously

inverting all three elements, which gives a contradiction.

It follows that π ∈ P{P x
1 } ∩P{P x

x }, and with a similar argument we deduce that π ∈ P{P a1
1 } and

π ∈ P{P am
1 }. Hence, tαi, j = ti, jπ for all i ∈ {0, . . . ,ℓ−1} and j ∈ [k]. This implies that

α ∈ CAut(T)(x)∩CAut(T)(y)∩CAut(T)(z),

so α= 1. Moreover, note that if j, j′ ∈P x
t for some t ∈ T and j ̸= j′, then there exists i ∈ {1, . . . ,ℓ−1}

such that ti, j ̸= ti, j′ . Hence, π= 1 and so ∆ is a base for G. Therefore, b(G)= ℓ+1, as desired.

Finally, we see that (D,Dx) and (D,Da1) are in distinct G-orbits by Lemma 5.7.1 since |x| ̸= |y|.
This shows that Σ(G) is not G-arc-transitive and completes the proof. ■

5.7.4 Concluding remarks

As explained in Remark 5.8, we conclude that the proofs of Theorems 5.1 and 5.3 are complete,

which are obtained by combining Theorems 5.2.3(i) and 5.5.1 for the groups with P ∉ {Ak,Sk},

and the relevant results for the groups with P ∈ {Ak,Sk} as recorded in Table 5.1, noting that

Theorem 5.2 has been proved in Section 5.5.

To complete the proof of Theorem 5.4 (see Remark 5.8), we establish the following lemma.
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Lemma 5.7.15. Suppose P ∈ {Ak,Sk}, |T|ℓ−1 +3⩽ k ⩽ |T|ℓ for some ℓ⩾ 1 and b(G)= ℓ+1. Then

G is not semi-Frobenius.

Proof. If ℓ = 1 then b(G) = 2 and so G is not semi-Frobenius (see Lemma 3.1.1(iii)). Hence,

we assume ℓ ⩾ 2, and so Ak ⩽ G by Corollary 5.2.6. Let x := (1, . . . ,1,ϕx) ∈ Inn(T)k for some

x ∈ T#. It suffices to show that ∆ := {D,Dx,Da1, . . . ,Daℓ−1} is not a base for any choices of

ai := (ϕti,1 , . . . ,ϕti,k ) ∈ Inn(T)k.

For each j ∈ [k], let c j := (t1, j, . . . , tℓ−1, j) ∈ Tℓ−1. Note that k−1⩾ |T|ℓ−1 +2. This implies that

either there exist j1, j2, j3 ∈ [k−1] such that c j1 = c j2 = c j3 , or there exist distinct j1, j2 ∈ [k−1]

and distinct j′1, j′2 ∈ [k−1] such that c j1 = c j2 ̸= c j′1 = c j′2 . In the former case, ( j1, j2, j3) ∈ G(∆),

while ( j1, j2)( j′1, j′2) ∈G(∆) in the latter case. ■

However, as one may observe, the method in the above proof cannot be extended to the groups

with k = |T|ℓ−1 +1 or |T|ℓ−1 +2. Although we are not able to handle these cases in general, we

obtain partial results.

Lemma 5.7.16. Suppose that Sk ⩽G and k ∈ {|T|ℓ−1 +1, |T|ℓ−1 +2} for some ℓ⩾ 2. Then G is not

semi-Frobenius.

Proof. Note that b(G) = ℓ+ 1 by Proposition 5.7.9. Let x := (1, . . . ,1,ϕx) ∈ Inn(T)k for some

x ∈ T#. Again, it suffices to show that ∆ := {D,Dx,Da1, . . . ,Daℓ−1} is not a base for any choices of

ai := (ϕti,1 , . . . ,ϕti,k ) ∈ Inn(T)k, and without loss of generality, we may assume that ti,k = 1 for all i.

As before, let c j := (t1, j, . . . , tℓ−1, j) ∈ Tℓ−1 for each j ∈ [k].

It is easy to see that if k = |T|ℓ−1 +2, then there exist distinct j, j′ ∈ [k−1] such that c j = c j′ .

Thus ( j, j′) ∈G(∆), and ∆ is not a base for G.

To complete the proof, we assume that k = |T|ℓ−1 +1. Arguing as above, we may also assume

that c1, . . . ,ck−1 are all distinct, otherwise there is a transposition in G(∆). In particular, for each

j ∈ [k−1], we have cϕx
j = cm (acting componentwise) for some 1⩽ m⩽ k−1, and clearly cϕx

k = ck

as ck = (1, . . . ,1) by our assumption above. Thus ϕx induces a permutation π ∈ Sk, where

jπ = m if cϕx
j = cm.

That is, tϕx
i, j = ti, jπ for each i ∈ {1, . . . ,ℓ−1} and j ∈ [k]. Now

Da(ϕx,...,ϕx)π
i = D(ϕti,1 , . . . ,ϕti,k )(ϕx,...,ϕx)π

= D(ϕtϕx
i,1

, . . . ,ϕtϕx
i,k

)π

= D(ϕti,1π , . . . ,ϕti,kπ )π

= D(ϕti,1 , . . . ,ϕti,k )= Dai.

Therefore, (ϕx, . . . ,ϕx)π ∈G(∆), which concludes the proof. ■
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5.8 Proof of Theorem 5.6

Although it seems difficult to verify Conjecture II for diagonal type groups in full generality, we

consider the case where P ∉ {Ak,Sk} in this section, which establishes Theorem 5.6. Recall that

b(G)= 2 in this setting, and we may assume G = Tk.(Out(T)×P).

Here we adopt the notation from Section 5.4.2, recalling that R(G) is a set of representatives

for the G-conjugacy classes of elements in the stabiliser D in G which have prime order, and

defining

R1(G) := {(α, . . . ,α)π ∈ R(G) :π is fixed-point-free on [k]},

R2(G) := {(α, . . . ,α)π ∈ R(G) :π= 1},

R3(G) := {(α, . . . ,α)π ∈ R(G) :π ̸= 1 and π has a fixed point on [k]},

and

r i(G) := ∑
x∈Ri(G)

|xG ∩D|2|CG(x)|
|G| .

Recall (2.4.2) that

Q(G,2)⩽ Q̂(G,2)= r1(G)+ r2(G)+ r3(G).

Thus, in view of Lemma 3.1.3(i), it suffices to show that r1(G)+ r2(G)+ r3(G)< 1/2.

The following lemma is [51, Lemma 4.5].

Lemma 5.8.1. If x = (α, . . . ,α)π, then

|xG ∩D| = |αAut(T)||πP |.

Note that if (α, . . . ,α)π has prime order and π ̸= 1, then |π| is a prime and either |α| = |π| or

α = 1. Define X1(G) := ⋃
x∈R1(G)(xG ∩D). That is (recall that a fixed-point-free permutation is

called a derangement),

X1(G)= {(α, . . . ,α)π ∈G :π ∈ P is a derangement of prime order and |α| = |π| or α= 1}.

Then

r1(G)= ∑
x∈R1(G)

|xG ∩D|2|CG(x)|
|G| = ∑

x∈X1(G)

|xG ∩D||CG(x)|
|G| ,

and by Lemma 5.8.1 we get

(5.8.1) r1(G)= ∑
(α,...,α)π∈X1(G)

|αAut(T)||πP ||CG((α, . . . ,α)π)|
|G| .

Now we can apply [51, Lemma 4.6], where it is proved that

(5.8.2) |CG((α, . . . ,α)π)| = |CP (π)||COut(T)(α)||T| k
|π| ,
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where α is the image of α in Out(T). Note that |COut(T)(α)|⩽ |Out(T)|. Combining (5.8.1) and

(5.8.2), we have

(5.8.3) r1(G)⩽
∑

π∈∆(P)
|T| k

|π|−k

1+ ∑
α∈Aut(T)
|α|=|π|

|αAut(T)|

 ,

where ∆(P) is the set of derangements in P of prime order. We are now ready to bound r1(G) from

above.

Lemma 5.8.2. If (P,k) ̸= (S5,6), then r1(G)< |T|−1, and we have r1(G)< |T|− 1
6 if (P,k)= (S5,6).

Proof. First, let us assume k > 24. As noted in the proof of [51, Lemma 4.1], we have

r1(G)⩽
|Out(T)|2|P|2

|T|⌈ k
2 ⌉−2

and we also note that |P| < 2k by [100, Corollary 1.2]. By applying the bounds |T| ⩾ 60 and

|Out(T)|3 < |T| (see Lemma 2.2.5), we get

r1(G)⩽
|Out(T)|2|P|2

|T|⌈ k
2 ⌉−2

< 4k

60⌈ k
2 ⌉− 10

3 |T|
< |T|−1.

Now assume k ⩽ 24. Here we will use the bound given in (5.8.3), which gives

(5.8.4)

r1(G)⩽ |T|−1 ∑
π∈∆(P)

|T| k
|π|−k+1

1+ ∑
α∈Aut(T)
|α|=|π|

|αAut(T)|

=: |T|−1ϕ(P,T)

< |T|−1 ∑
π∈∆(P)

|Aut(T)|2|T| k
|π|−k+1

< |T|−1 ∑
π∈∆(P)

|T| k
|π|−k+ 11

3 =: |T|−1φ(P, |T|).

Assume (P,k) ̸= (S5,6). We have 11
3 + k( 1

p −1) < 11
3 − k

2 < 0 if k > 7. For k ⩽ 7, one can check

using MAGMA that the inequality 11
3 +k( 1

p −1)< 0 is still valid. Thus, φ(P, |T|) is an increasing

function of |T|. With the aid of MAGMA, it is routine to check that if |T|⩾ 126000= |U3(5)|, then

φ(P, |T|)< 1. For each simple group T with |T| < 126000, we use MAGMA to check that ϕ(P,T)< 1

and the result follows.

To complete the proof, it suffices to consider the case where (P,k)= (S5,6). Here there are 30

derangements of prime order in P, 10 of which have order 2, and the remainder have order 3.

Then (5.8.4) implies that

r1(G)< 10|T|− 1
3 +20|T|− 4

3 < 10|T|− 1
3 + 1

3
|T||T|− 4

3 < 11
3
|T|− 1

3 .

In particular, when |T|⩾ 1285608= |L2(137)|, we have r1(G)< 11
3 |T|− 1

3 < |T|− 1
6 . For each simple

group T with |T| < 1285608, we can use MAGMA to check that ϕ(P,T)< |T| 5
6 , so the result follows.

■
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By combining Corollary 5.2.12 and Lemma 5.4.13, we obtain the following upper bound on

r2(G).

Lemma 5.8.3. We have r2(G)< 104−k.

Finally, we obtain a bound on r3(G). To do this, we first extend [51, Lemma 4.4] with the

following technical result.

Lemma 5.8.4. Suppose k ⩾ 11, or 5⩽ k ⩽ 10 and |T|⩾ |L2(431)| = 40031280. Then

∑
π∈R(P)

|πP |
|T|k−rπ

⩽ |T|− 5
3 k−1,

where R(P) is a set of representatives for the conjugacy classes of prime order elements in P, and

rπ denotes the number of orbits of π on [k].

Proof. Note that if k− rπ⩽ 5
3 then k− rπ = 1, so π is a transposition, which forces P = Sk by a

classical result of Jordan [75] (that is, a primitive group of degree k that contains a transposition

is always Sk) and is incompatible with our assumption. Thus, k− rπ⩾ 2, and hence it is easy to

check the desired result holds if 5⩽ k ⩽ 10 and |T|⩾ |L2(431)| = 40031280.

From now on, assume k ⩾ 11. Observe that the lemma holds if we can show that

(5.8.5)
∑

π∈R(P)

k|πP |
60k−rπ− 5

3

< 1.

First assume 11⩽ k ⩽ 24. The group P can be accessed via the primitive group database of

MAGMA [10], so one can verify that (5.8.5) holds by checking each group in turn.

Next, we consider the cases where k > 24. Then by [100, Corollary 1.2], we have |P| < 2k. By

arguing as in the proof of [51, Lemma 4.4], the lemma holds if

(5.8.6)
k|P|

|T| µ(P)
2 − 5

3

< 1,

where µ(P) is the minimal degree of P (the smallest number of points in [k] moved by any

non-identity element in P).

Let us first assume µ(P)⩾ 3k/7. Then

k|P|
|T| µ(P)

2 − 5
3

⩽
k2k

360
3k
14 − 5

3

⩽ 360
5
3 k

(
2

360
3
14

)k
< 1

for |T|⩾ 360= |A6|, and so (5.8.6) holds. Similarly, we can eliminate the cases where T = A5 and

k ⩾ 60, or T = PSL2(7) and k ⩾ 30. For the remaining cases, we can check the lemma directly

with the aid of MAGMA.

It suffices to consider the case where µ(P)< 3k/7 and k > 24, so by [64, Corollary 1] we have

k = (m
ℓ

)r, m⩾ 5, r ⩾ 1 and

Ar
m P P ⩽ Sm ≀Sr,
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identifying [k] with Γr, where Γ is the set of subsets of {1, . . . ,m} of size ℓ with 1⩽ ℓ< m/2. We

divide the proof into three cases.

Case 1. (r,ℓ) ̸= (1,2) or (2,1).

Following the proof of [51, Lemma 4.4], we set

g(m, r,ℓ) :=
(
m−2
ℓ−1

)(
m
ℓ

)r−1

and so (5.8.5) holds if

(5.8.7) 3mr logm+ r log r ⩽
(
g(m, r,ℓ)− 5

3

)
log60.

As noted in the proof of [51, Lemma 4.4], if r ⩾ 3 then g(m, r,ℓ)⩾ mr−1; if r = 2 and ℓ⩾ 2 then

g(m,2,ℓ)⩾ m2; and if r = 1 and ℓ⩾ 3 then g(m, r,ℓ)⩾ (m−3)2/2. Using these bounds, we see that

(5.8.7) holds unless m⩽ 8, r = 1 and ℓ⩾ 3 (note that the conditions ℓ< m/2 and k > 24 yield m⩾ 7

and ℓ= 3). If m = 8 then we see that (5.8.7) still holds by inputting the exact value g(m, r,ℓ)= 15,

while for m = 7 we can check that (5.8.5) holds.

Case 2. (r,ℓ)= (1,2).

In this case, P = Am or Sm. As noted in the proof of [51, Lemma 4.2], we have fp(Sm)< m2

2 ,

where fp(X ) is the number of conjugacy classes of elements of prime order in a group X , which

implies that fp(P)⩽ m2 by [51, Lemma 4.7]. Note that k = (m
2
)< m2, so we only need to show that

|πP |60
5
3+rπ−k ⩽ m−4 for each π ∈ P of prime order. By arguing as in the proof of [51, Lemma 4.4],

it suffices to show that

(5.8.8)
(
1+ 4

pt

)
logm+ pt+1+ 20

3pt
+ s < 2m

for all primes p ⩽ m and integers t such that 1⩽ t⩽ m/p, where s = 0 if p ⩾ 3 and s = 2/p if p = 2.

Assume m⩾ 12, so 3logm⩽ m. When pt⩾ 4, we have(
1+ 4

pt

)
logm+ pt+1+ 20

3pt
+ s < 2

3
m+m+ 11

3
< 2m

and so (5.8.8) is satisfied. One can also check that (5.8.8) holds if pt⩽ 3 (where we have p ∈ {2,3}

and t = 1). Now assume m < 12. Note that m⩾ 8 since k = (m
2
)
⩾ 25. Then it is easy to check that

(5.8.8) holds in each case with m⩾ 9. For m = 8, we can check that (5.8.5) holds.

Case 3. (r,ℓ)= (2,1).

To complete the proof, we move to the case where (r,ℓ)= (2,1), so A2
m P P ⩽ S2

m:S2 =: Q. Here

we adopt the notation in the proof of [51, Lemma 4.4], where C and Cτ are the unions of elements

of prime order in S2
m and Q\S2

m, respectively. As noted in the proof of [51, Lemma 4.4], C ∩P and

Cτ∩P comprise at most 3m3 and 8 conjugacy classes of P, respectively. Note that m =p
k , so in
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order to prove (5.8.5), it suffices to show that |πP |60
5
3+rπ−k is less than 1

3 m−5 for all π ∈ R(P)∩C ,

and at most 1
8 m−2 for all π ∈ R(P)∩Cτ.

For the latter, we have |πP |⩽ mm−1 and k−rπ = 1
2 (m2−m) as noted in the proof of [51, Lemma

4.4], where π ∈Cτ∩P. Since log60> 4, it suffices to prove that

(m+1)logm < 2(m2 −m)− 29
3

.

This is obvious since logm < m−1.

Finally, let π = (s1, s2) ∈ C ∩P be of order p, and let fπ be the number of fixed points of

π on [k]. As noted in the proof of [51, Lemma 4.4], we have fπ = (m− pt1)(m− pt2) for some

0⩽ t1, t2 ⩽ m/p and t1 or t2 is non-zero. We also have k− rπ⩾ (k− fπ)/2. Thus, in order to prove

that |πP |60
5
3+rπ−k ⩽ 1

3 m−5, it suffices to show that

(5.8.9) (pt1 + pt2 +5)logm+2p2t1t2 < 2m(pt1 + pt2)− 5
6

log60− log6.

Note that pt1+ pt2 ⩾ 2 and 2p2t1t2 ⩽ mp(t1+ t2) (see the proof of [51, Lemma 4.4]). This implies

that (5.8.9) holds for m⩾ 10 as we have 3logm < m. We now complete the proof by noting that

(5.8.9) holds for 7⩽ m⩽ 9, while (5.8.5) holds for m = 5,6. ■

Lemma 5.8.5. We have r3(G)< |T|− 1
3 k−1.

Proof. As noted in the proof of [51, Lemma 4.3], we have

(5.8.10) r3(G)⩽
|Out(T)||P|

|G| |T| 4
3

∑
π∈R(P)

|πP ||T|rπ ,

where R(P) and rπ are as in the statement of Lemma 5.8.4. Thus, by Lemma 5.8.4, the desired

bound holds if k ⩾ 11, or if k ⩽ 10 and |T|⩾ 40031280. For the groups with k ⩽ 10 and |T| <
40031280, one can check with the aid of MAGMA that the left-hand side of (5.8.10) is less than

|T|− 1
3 k−1. ■

We are now in a position to prove Theorem 5.6, which is our final main result on diagonal

type groups.

Proof of Theorem 5.6. As noted above, it suffices to show that r1(G)+ r2(G)+ r3(G) < 1/2. If

(P,k) ̸= (S5,6) then

r1(G)+ r2(G)+ r3(G)< |T|−1 +104−k +|T|− 1
3 k−1 ⩽

1
60

+ 1
10

+ 1
5 ·601/3 < 1

2

by Lemmas 5.8.2, 5.8.3 and 5.8.5. Similarly, if (P,k)= (S5,6), then

r1(G)+ r2(G)+ r3(G)< |T|− 1
6 + 1

100
+ 1

6 ·601/3 < 1
2

if T ̸= A5, and for T = A5 the result follows by computing precise values of r i(G). ■
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5.9 Remarks on primitive twisted wreath products

We conclude this chapter by establishing Conjecture II and resolving Problem III for some

primitive twisted wreath products (see type V of Table 2.1). Throughout, let T be a non-abelian

simple group, P ⩽ Sk be a primitive group on [k], and let G = Tk:P be a primitive twisted wreath

product. Here b(G)= 2 by [50, Theorem 1.1].

Theorem 5.9.1. Any two vertices in Σ(G) have a common neighbour.

Proof. In view of Lemma 3.1.3(i), it suffices to show that Q(G,2)< 1/2. By [50, Lemma 5.5], we

have

(5.9.1) Q(G,2)< ∑
π∈R(P)

|πP |
|T|k−rπ

,

where R(P) is a set of representatives for the conjugacy classes of prime order elements in P, and

rπ denotes the number of orbits of π on [k].

If P ∉ {Ak,Sk} and k ⩾ 11, then we see that Q(G,2)< 1/2 by applying (5.9.1) and Lemma 5.8.4.

One can check using MAGMA that if P ∉ {Ak,Sk} and k ⩽ 10 then

∑
π∈R(P)

|πP |
60k−rπ

< 1
2

,

which shows that Q(G,2)< 1/2 by (5.9.1). Finally, if P ∈ {Ak,Sk} then k ⩾ 6 and T = Ak−1 by [50,

Lemma 4.8], and ∑
π∈R(P)

|πP |
|T|k−rπ

< |T|− 1
3 ·

(
k(k−1)

(k−1)!
2
3 2

1
3

+ 2
5
3 k

(k−1)!
2
3

)
as remarked in the proof of [50, Theorem 5.1]. This shows that Q(G,2) < 1/2 for these groups,

which completes the proof. ■

Theorem 5.9.2. We have reg(G)⩾ 2. In particular, Σ(G) is not G-arc-transitive.

Proof. As can be seen in the proof of Theorem 5.9.1, we have Q(G,2)< 1/2, so in view of Lemma

3.3.6, it suffices to show that 2|P| < |T|k. If P ∉ {Ak,Sk}, then this is given by the main theorem of

[105], which shows that |P| < 4k. And if P ∈ {Ak,Sk} then T = Ak−1 by [50, Lemma 4.8], and hence

one can show that 2|P| < |T|k immediately. This shows that reg(G)> 1. The statement concerning

Σ(G) follows from Lemma 3.1.2. ■
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PRODUCT TYPE GROUPS

The work in this chapter is heavily drawn from the papers

T.C. Burness and H.Y. Huang, On base sizes for primitive groups of product type, J.

Pure Appl. Algebra 227 (2023), Paper No. 107228, 43 pp.

S.D. Freedman, H.Y. Huang, M. Lee and K. Rekvényi, On the generalised Saxl graphs

of permutation groups, submitted (2024), arXiv:2410.22613.

which are [26] and [52], respectively.

In this final chapter, we consider the product type primitive groups (see type IV of Table

2.1). Here we have G ⩽ L ≀P and Ω can be identified with the Cartesian product Γk, where k ⩾ 2,

L ⩽Sym(Γ) is a primitive group of type II or III in Table 2.1, and P ⩽ Sk is transitive on [k].

Our main focus will be on the groups of the form G = L ≀P, and we will study b(G) and reg(G)

as before, establishing Theorems 6.1, 6.2 and 6.3 below. By studying bases for these groups, we

will show that Conjecture II on the generalised Saxl graphs of primitive groups is equivalent to (a

priori, stronger) statement (see Conjecture 6.5 below). Finally, we take the first step in studying

the base size of G when it is a proper subgroup of L ≀P. One of our main results here is Theorem

B from Chapter 1, and a detailed statement is given in Theorem 6.6.

Most of the results in this chapter are taken from my joint paper with Burness [26], while the

proof of Theorem 6.2 and the results on generalised Saxl graphs for the groups with b(G)⩾ 3 are

from my joint paper [52] with Freedman, Lee and Rekvényi.
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6.1 Introduction

Recall that if G ⩽Sym(Ω) is a product type primitive group, then G ⩽ L ≀Sk acts on Ω=Γk with

its product action (see (6.2.1) in Section 6.2.2), where k ⩾ 2 and L ⩽Sym(Γ) is a primitive group

with socle T, which is either almost simple or diagonal type (see Table 2.1). Moreover, G has socle

Tk and the subgroup P ⩽ Sk induced by the conjugation action of G on the set of factors of Tk is

transitive. It follows that Tk P G ⩽ L ≀P and thus b(G)⩽ b(L ≀P).

Bases for product type groups of the form G = L ≀P are considered by Bailey and Cameron

in [6]. In order to state their main result (which imposes no conditions on L or P), let D(P)

denote the distinguishing number of P, which is the minimal number of parts in a distinguishing

partition for the action of P on {1, . . . ,k} (a partition is a distinguishing partition if the intersection

of the setwise stabilisers of the parts in P is trivial). In addition, for a positive integer m, let

reg(L,m) be the number of regular orbits of L in its coordinatewise action on Γm (note that

reg(L,b(L)) = reg(L), and reg(L,m) ⩾ 1 if and only if m ⩾ b(L)). Then [6, Theorem 2.13] states

that

(6.1.1) b(L ≀P)⩽ m if and only if reg(L,m)⩾ D(P).

In particular, we have b(L)⩽ b(L ≀P).

In studying product type groups G ⩽ L ≀P as above, there is a natural distinction to make

between the full wreath product L ≀P and its proper (primitive) subgroups. Focussing first on the

former case, we consider the groups G = L ≀P with soluble point stabiliser H. In this setting, L

has soluble point stabilisers, so L is an almost simple group and the precise b(L) (with respect

to the action on Γ) has been computed in [14] (in particular b(L) ⩽ 5 in every case). Moreover,

the solubility of H implies that P is soluble, and so D(P)⩽ 5 by [110, Theorem 1.2]. In view of

(6.1.1), we see that b(L ≀P)= b(L) if and only if reg(L)⩾ 5, and we recall Propositions 4.5.14 and

4.5.19, which determine the groups L with reg(L)⩽ 4 (see Tables 4.7, 4.8 and 4.9). With these

observations in hand, we will prove the following result in Section 6.3.

Theorem 6.1. Let G = L ≀P be a product type primitive group with soluble point stabiliser J ≀P.

Then either

(i) b(G)= b(L); or

(ii) b(G)= b(L)+1, reg(L)< D(P) and (L, J,reg(L)) is one of the cases in Table 4.7, 4.8 or 4.9.

Now we turn to the problem of classifying the groups G = L ≀P with reg(G) = 1. In order to

state the theorem, let Pm([k]) be the set of ordered partitions of [k] into m parts, where some

of the parts are allowed to be empty. In Lemma 6.4.5 we will show that reg(G)= 1 if and only if

reg(L,b(G))= D(P) and P has a unique regular orbit on PD(P)([k]). We are also able to classify

the primitive groups satisfying the latter condition (see Proposition 6.4.15), which extends earlier

results of Seress [109] and Dolfi [47]. This allows us to establish the following theorem.
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Theorem 6.2. Let G = L ≀P be a product type primitive group, where P ⩽ Sk is primitive. Then

reg(G)= 1 if and only if reg(L,b(G))= D(P) and one of the following holds:

(i) P = Sk and D(P)= k;

(ii) P = A5, k = 6 and D(P)= 3;

(iii) P =PΓL2(8), k = 9 and D(P)= 3; or

(iv) P =AGL3(2), k = 8 and D(P)= 4.

For base-two groups, we are able to determine a formula for reg(G) = r(G) when G = L ≀P
(recall that r(G) is the number of regular suborbits of G, and r(G) ⩾ 1 if and only if b(G) ⩽ 2),

which turns out to have some interesting applications. Here tm denotes the number of (unordered)

distinguishing partitions with m non-empty parts for the action of P on {1, . . . ,k}, so tm ⩾ 1 if and

only if D(P)⩽ m.

Theorem 6.3. Let G = L ≀P be a product type primitive group acting on Ω=Γk. Then

r(G)= 1
|P|

k∑
m=D(P)

m!

(
r(L)
m

)
tm.

In general, it is difficult to compute tm precisely, but this can be achieved in some special

cases, which then allows us to simplify the given expression for r(G). For example, see Corollaries

6.4.3 and 6.4.4. Notice that we have a trivial upper bound tm ⩽ S(k,m), which is the total number

of partitions of {1, . . . ,k} into m non-empty parts (a Stirling number of the second kind). In fact,

this bound is best possible. For instance, if P = Ck has prime order, then tm = S(k,m) for all

m⩾ 2. On the other hand, if Π= {π1, . . . ,πm} is a distinguishing partition for P, then P{Π} ⩽ Sm is

a permutation group on the set of parts comprising Π and thus tm ⩾ |P|/m!. Note that tm = |P|/m!

only if each part has the same size in every distinguishing partition for P into m parts. For

example, if P = Sk and m = k, then tm = 1= |P|/m! since the partition of {1, . . . ,k} into singletons

is the only distinguishing partition for P.

In a different direction, we can use Theorem 6.3 to establish several new results on the Saxl

graphs of base-two product type primitive groups. Recall Lemma 3.1.1(iv), which tells us that

the valency of the Saxl graph Σ(G) for a base-two group G is val(G)= r(G)|H|, where H is a point

stabiliser of G. Our main result on the valency of Saxl graphs of product type groups is Corollary

6.4 below, which extends earlier work in [20] and [37]. For part (i), recall that a connected graph

is Eulerian if and only if every vertex has even degree.

Corollary 6.4. Let G = L ≀P be a base-two product type primitive group with Saxl graph Σ(G).

Then the following hold:

(i) Σ(G) is Eulerian.
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(ii) val(G) is a prime power if and only if L = M10, J = SD16, P is a 2-group and t2 ⩾ 1 is a

2-power.

Note that val(G) is a prime power only if |H| = |J|k|P| is a prime power, which implies that

both J and P are soluble. Let us also observe that there are genuine examples in part (ii), where

P is a 2-group and t2 is a 2-power. For example, if P = C8:(C2 ×C2) is the holomorph of the cyclic

group C8 in its natural action on 8 points, then t2 = 16. We refer the reader to Remark 6.5.4 for

further comments.

Now we turn to Conjecture II for the generalised Saxl graph Σ(G) of a primitive product type

group G. By considering this conjecture for primitive wreath products, we will show that it is

equivalent to the following (a priori, stronger) statement. Here N(α) is the set of neighbours of α

in Σ(G), and a Gβ-orbit αGβ is called almost-regular if {α,β} can be extended to a base of size b(G)

(in particular, a regular Gβ-orbit is almost-regular, and N(α) is the union of all almost-regular

Gα-orbits).

Conjecture 6.5. Let G ⩽Sym(Ω) be a finite primitive permutation group and let α,β ∈Ω. Then

N(α) meets every almost-regular Gβ-orbit on Ω.

We will present some evidence for Conjecture 6.5 in Section 6.5.2. For example, we will show

that the conclusion holds for the action of L2(q) on the set of pairs of 1-dimensional subspaces of

the natural module F2
q (see Proposition 6.5.8).

In the final part of the chapter, we consider general product type groups of the form G ⩽ L ≀P.

The analysis of bases in this setting is significantly more difficult and there are very few (if any)

existing results in the literature that are tailored to this particular situation. As a starting point,

we determine the base-two groups in certain families of product type primitive groups of the form

(6.1.2) T ≀P <G < L ≀P

with soluble point stabilisers. Here P is soluble and L is almost simple with soluble point

stabilisers. In addition, we may assume G induces L on each copy of Γ in the Cartesian product

Ω=Γk, so both L and P are uniquely determined by G (see Remarks 6.2.4 and 6.2.5).

Our main results are Theorems 6.6.4 and 6.6.11. For instance, the following result in the

special case k = b(L)= 2 is stated as Theorem 6.6.4 in Section 6.6, which establishes Theorem B

in Chapter 1 for the groups with G < L ≀P.

Theorem 6.6. Let G be a product type primitive group as in (6.1.2), where k = b(L) = 2 and G

has soluble point stabilisers. Then b(G)⩽ 3, with equality if and only if |L ≀P : G| = 2 and one of

the following holds, where J is a point stabiliser in L:

(i) (L, J)= (M10,5:4).

(ii) (L, J)= (J2.2,52:(4×S3)).
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(iii) L =PGU4(3) and J is of type GU1(3) ≀S4.

For the almost simple primitive group L with soluble point stabilisers, note that b(L≀S2)= b(L)

or b(L)+1 by Theorem 6.1, and the latter holds if and only if r(L)= 1. Recall that r(L)= 1 if and

only if L is a base-two group recorded in Table 4.7 (see Theorem 4.5). This gives Theorem B by

combining with Theorem 6.6.

Further observations on the base-two problem for general product type primitive groups are

presented at the end of Section 6.6.

Let us briefly describe the structure of this chapter. We begin in Section 6.2 by recording some

preliminary results that will be needed in the proofs of our main results. This includes work of

Seress [109, 110] on the distinguishing number of permutation groups, which we will combine

with a key result of Bailey and Cameron [6] on bases for product type groups (see Theorem 6.2.6).

Next in Section 6.3 we focus on the product type groups of the form G = L ≀P with soluble point

stabilisers and we will prove Theorem 6.1. Our main results on regular suborbits are presented

in Section 6.4 and we investigate applications involving the Saxl graphs of product type groups

in Section 6.5. Finally, in Section 6.6 we consider general product type groups with G ⩽ L ≀P,

focussing on the case where G contains P.

6.2 Preliminaries

In this section we record some preliminary results, which will be needed in the proofs of our main

theorems. Throughout this section, G ⩽Sym(Ω) denotes a finite transitive permutation group of

degree n with point stabiliser H.

6.2.1 Distinguishing number

Let Π= {π1, . . . ,πm} be a partition of Ω into m non-empty parts. Then Π is called a distinguishing

partition for G if its stabiliser
⋂m

i=1 G{πi} is trivial, where G{πi} is the setwise stabiliser of πi in G.

The distinguishing number of G, denoted D(G), is defined to be the smallest number m such that

there exists a distinguishing partition for G with m parts. For example, D(G)= 1 if and only if

G is trivial, whereas D(G)⩽ 2 if and only if G has a regular orbit on the power set of Ω. At the

other end of the spectrum, Sn and An have distinguishing numbers n and n−1, respectively.

We will need the following theorem due to Seress [110, Theorem 1.2], which gives a best

possible upper bound on D(G) when G is soluble.

Theorem 6.2.1. If G is soluble, then D(G)⩽ 5.

Remark 6.2.2. It is worth noting that for each d ∈ {2,3,4,5}, there are infinitely many soluble

transitive permutation groups G with D(G) = d. For example, if t ∈ {2,3,4} and m ⩾ 2, then

D(G)= t+1 for the natural action of G = St ≀Cm of degree tm (see [110, p.244]). And by Theorem

6.2.3 below, there are infinitely many soluble primitive groups G with D(G)= 2.
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The following result on the distinguishing number of primitive groups, which is also due to

Seress [109, Theorem 2], will be useful later.

Theorem 6.2.3. Let G be a primitive group of degree n. Then either D(G) = 2 or one of the

following holds:

(i) G = Sn or An.

(ii) G is one of 43 groups listed in [109, Theorem 2], each with n⩽ 32 and D(G) ∈ {3,4}.

The precise distinguishing numbers of the groups arising in case (ii) of Theorem 6.2.3 were

determined by Dolfi (see [47, Lemma 1]).

6.2.2 Product type groups

Let L ⩽ Sym(Γ) be a finite primitive group with socle T and point stabiliser J, which is either

almost simple or diagonal type (see Table 2.1). Let k ⩾ 2 be an integer and consider the product

action of L ≀Sk on the Cartesian product Ω=Γ1 ×·· ·×Γk =Γk:

(6.2.1) (γ1, . . . ,γk)(z1,...,zk)σ =
(
γ

z
1σ−1

1σ−1 , . . . ,γ
z

kσ−1

kσ−1

)
,

where γi ∈Γ, zi ∈ L and σ ∈ Sk. Since this action is faithful and primitive, we can view L ≀Sk as

a product type primitive group on Ω, with socle Tk and point stabiliser J ≀Sk. More generally,

a subgroup G ⩽ L ≀Sk is a primitive group of product type if G has socle Tk and the subgroup

P ⩽ Sk induced by the conjugation action of G on the set of factors of Tk is transitive. Therefore

(6.2.2) Tk P G ⩽ L ≀P.

Remark 6.2.4. Let G1 = {(z1, . . . , zk)σ ∈G : 1σ = 1} and let L1 ⩽ L ⩽Sym(Γ1) be the group induced

by G1 on Γ1. Then by a theorem of Kovács [81, (2.2)], we may replace G by a conjugate Gx for

some x ∈∏k
i=1 Sym(Γi)<Sym(Ω) so that G ⩽ L1 ≀P and G induces L1 on each factor Γi of Ω. Since

L1 ⩽Sym(Γ1) is primitive, we are free to assume that L1 = L, so (6.2.2) holds and the groups L

and P are uniquely determined by G. This observation will be relevant when we consider general

product type groups with G < L ≀P in Section 6.6.

Remark 6.2.5. Consider the special case where G ⩽ L ≀P is a product type primitive group with

soluble point stabiliser H =Gα, where α= (γ, . . . ,γ) ∈Ω for some γ ∈Γ. By the transitivity of the

socle Tk on Ω, we have G = TkH and thus H induces P on the set of factors of Tk. Therefore, P

is soluble. In addition, we have (Tγ)k = (Tk)α⩽ H, so Tγ is soluble and thus L is almost simple

(indeed, if L is a diagonal type group with socle T = Sm for some non-abelian simple group S, then

Tγ
∼= S is insoluble). In particular, L/T ⩽Out(T) is soluble (see Lemma 2.2.6). Now the primitivity

of L implies that L = TLγ, so Lγ/Tγ
∼= L/T is soluble and we conclude that Lγ is soluble.
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Given a positive integer m, let reg(L,m) be the number of regular L-orbits with respect to

the natural coordinatewise action of L on the Cartesian product Γm. Note that reg(L,2)= r(L) is

the number of regular suborbits of L on Γ. As before, when m = b(L) we simply write reg(L) =
reg(L,m).

In this chapter we are primarily interested in product type primitive groups of the form

G = L ≀P as above. In this setting, the following theorem of Bailey and Cameron (see [6, Theorem

2.13]) will be an essential tool (with D(P) defined with respect to the action of P on [k]).

Theorem 6.2.6. Let G = L ≀P be a product type primitive group. Then b(G) ⩽ m if and only if

reg(L,m)⩾ D(P). In particular, b(G)= b(L) if and only if reg(L)⩾ D(P).

6.3 Soluble stabilisers

In this section, we assume G = L ≀P is a product type primitive group on Ω= Γk, with socle Tk

and soluble point stabiliser J ≀P. In particular, P is soluble and L ⩽Sym(Γ) is almost simple with

socle T and soluble point stabiliser J. We will prove Theorem 6.1.

We begin with a useful observation in this setting.

Lemma 6.3.1. Let G = L ≀P be a product type primitive group with soluble point stabilisers. Then

either

(i) reg(L)⩾ D(P) and b(G)= b(L); or

(ii) reg(L)< D(P) and b(G)= b(L)+1.

Proof. Part (i) follows from Theorem 6.2.6. Now assume reg(L)< D(P), so b(G)⩾ b(L)+1. By [6,

Corollary 2.14], we have

b(G)⩽ b(L)+⌈logm D(P)⌉,
where m = |Γ| is the degree of L. Since P is soluble, we have D(P)⩽ 5 by Theorem 6.2.1, while

m⩾ 5 since L is almost simple. Therefore, ⌈logm D(P)⌉ = 1 and thus b(G)⩽ b(L)+1 as required.

■

Remark 6.3.2. In general, if G = L ≀P does not have soluble point stabilisers, then the difference

b(G)−b(L) can be arbitrarily large. For example, if m is a positive integer and k > reg(L,m), then

b(L ≀Sk)> m by Theorem 6.2.6.

Since D(P) ⩽ 5 for every transitive soluble group P (see Theorem 6.2.1), we are naturally

interested in determining the almost simple primitive groups L with reg(L)⩽ 4. The following

theorem can be deduced immediately from Propositions 4.5.14 and 4.5.19.

Theorem 6.3.3. Let L be a finite almost simple primitive group with soluble point stabiliser J.

Then reg(L)⩽ 4 if and only if (L, J) is one of the cases in Table 4.7, 4.8 or 4.9.
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The proof of Theorem 6.1 is now completed by combining Lemma 6.3.1 and Theorem 6.3.3.

6.4 Regular orbits

In this section, we describe the bases for a product type primitive group G = L ≀P as in (6.2.2),

where L ⩽ Sym(Γ) is a primitive group and P ⩽ Sk acts transitively on [k]. Recall from The-

orem 6.2.6 that b(G) is the smallest integer m such that reg(L,m) ⩾ D(P), where D(P) is the

distinguishing number of P.

Our first lemma describes the bases for G of size b := b(G), which extends [20, Lemma 2.8] for

base-two groups. Let A := {αi, j} be a k×b array, where αi, j ∈Γ. Define a partition Π of [k] such

that i and j are in the same part if and only if (αi,1, . . . ,αi,b) and (α j,1, . . . ,α j,b) are in the same

L-orbit. Note that a column (α1, j, . . . ,αk, j) of A lies in Ω=Γk. Let ∆ be the set of columns of A, so

that ∆⊆Ω.

Lemma 6.4.1. The set ∆ is a base for G if and only if each {αi,1, . . . ,αi,b} is a base for L and Π is a

distinguishing partition for P into D(P) parts.

Proof. First assume that each {αi,1, . . . ,αi,b} is a base for L and Π is a distinguishing partition

for P. Suppose that x ∈G(∆), so that x = zσ for some z = (z1, . . . , zk) ∈ Lk and σ ∈ P. If iσ = j, then

(αi,1, . . . ,αi,b)zi = (α j,1, . . . ,α j,b), which implies that σ fixes the partition Π. Thus, σ= 1 as Π is a

distinguishing partition. Now zi ∈⋂b
m=1 Gαi,m = 1 since {αi,1, . . . ,αi,b} is a base for L. Therefore,

z = 1, and so ∆ is a base for G.

To complete the proof, we assume that ∆ is a base for G. Suppose for a contradiction that

{αi,1, . . . ,αi,b} is not a base for L, for some i ∈ [k]. Then there exists a non-identity element x ∈ L

fixing {αi,1, . . . ,αi,b} pointwise. Now, let z := (z1, . . . , zk) ∈ L, where zi := x and z j := 1 for j ̸= i. It is

then easy to show that 1 ̸= z ∈G(∆), a contradiction. Thus {αi,1, . . . ,αi,b} is a base for L.

Finally, we prove that Π is a distinguishing partition for P. Recall that Π is defined in terms of

the L-orbits on Γb, so without loss of generality, we may assume that αi,m =α j,m for any m ∈ [k]

if i and j are in the same part of Π, noting that the columns of A still form a base for G with this

assumption. In particular, we have

(αi,1, . . . ,αi,b)= (α j,1, . . . ,α j,b) if and only if i and j are in the same part of Π.

Thus, if σ ∈ P fixes the partition Π, then it also fixes every column of A. Since the set ∆ of columns

of A is a base for G, we obtain σ= 1, as required. ■

By arguing as in the proof of Lemma 6.4.1, we are also able to derive a formula for the number

r(G)= reg(G,2) of regular suborbits of G. In order to do this, we will write tm for the number of

(unordered) distinguishing partitions for the action of P on [k] into m non-empty parts, where

1⩽ m⩽ k. Note that tm > 0 if and only if m⩾ D(P). In general, it is rather difficult to compute

tm precisely, but this is possible in some special cases. For example, if P = Sk then D(P) = k
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and tk = 1 since the partition of [k]= {1, . . . ,k} into singletons is clearly the only distinguishing

partition for P. Similarly, if P = Ak then D(P)= k−1 and we have tk−1 = k(k−1)/2. In general, if

m⩾ D(P) then |P|
m!

⩽ tm ⩽ S(k,m),

where S(k,m) denotes the number of partitions of [k] into m non-empty parts (a Stirling number

of the second kind). The following theorem is stated as Theorem 6.3.

Theorem 6.4.2. Let G = L ≀P be a product type primitive group acting on Ω=Γk. Then

r(G)= 1
|P|

k∑
m=D(P)

m!

(
r(L)
m

)
tm.

Proof. Set r = r(L) and D = D(P). If r < D then Theorem 6.2.6 gives b(G)⩾ 3, so r(G) = 0 and

the result follows (note that each summand in the given expression is 0 in this situation). Now

assume r ⩾ D. By arguing as in the proof of Lemma 6.4.1, we see that |G|r(G) is the number of

k×2 arrays satisfying the following conditions:

(A1) each row of the array is an ordered base for L; and

(A2) the partition of [k] with respect to L-orbits on rows is a distinguishing partition for P.

Let A be an arbitrary k×2 array satisfying (A1) and (A2), where Π is the partition of [k]

corresponding to (A2). Let m be the number of parts in Π, so D ⩽ m⩽ k and there are precisely

tm possibilities for Π in total. Each part comprising Π corresponds to a distinct regular L-orbit

on Γ2. Since there are r such orbits, it follows that there are m!
( r
m

)
different ways to label the

rows of A by regular L-orbits on Γ2. In addition, since each of these L-orbits has length |L|, there

are |L|k possibilities for A with respect to each choice of labelling of rows by regular L-orbits. To

summarise, we deduce that

|G|r(G)=
k∑

m=D
m!

(
r
m

)
tm|L|k,

and the result follows since |G| = |L|k|P|. ■

We now present several corollaries of Theorem 6.3. Further applications will be discussed in

the next section.

Corollary 6.4.3. Let G = L ≀P be a product type primitive group acting on Ω=Γk, where P = Sk.

Then r(G)= (r(L)
k

)
.

Proof. This is an immediate application of Theorem 6.3, noting that for P = Sk we have D(P)= k

and tk = 1. ■

The next corollary is [20, Proposition 3.5]; here we give a short proof, as an application of

Theorem 6.3.
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Corollary 6.4.4. Let G = L ≀P be a product type primitive group acting on Ω=Γk, where P = Ck

and k is a prime. Then r(G)= (r(L)k − r(L))/k.

Proof. Set r = r(L) and note that D(P)= 2, so Theorem 6.2.6 implies that r(G)⩾ 1 if and only if

r ⩾ 2. Now any partition of [k] into at least two parts is a distinguishing partition for P, so for

m ⩾ 2 we observe that tm coincides with the total number of partitions of [k] into m parts. In

other words, tm = S(k,m) is a Stirling number of the second kind. Therefore,

k∑
m=2

m!

(
r
m

)
tm =

k∑
m=2

m!

(
r
m

)
S(k,m)= rk − r,

where the final equality follows from a basic property of Stirling numbers of the second kind (see

[115, p.75], for example). By applying Theorem 6.3, we conclude that r(G)k = rk − r. ■

For the remainder of this section, we focus our attention on the groups with reg(G)= 1. Fix

an integer m ∈ [k] and let

Pm([k])= {
(π1, . . . ,πm) : πi ⊆ [k], πi ∩π j =; for i ̸= j,

⋃
iπi = [k]

}
be the set of ordered partitions of [k] into m parts, where some of the parts are allowed to be

empty. Note that we may identify P2([k]) with the power set of [k]. Then P acts naturally on

Pm([k]) via

(π1, . . . ,πm)σ = (πσ1 , . . . ,πσm)

and we see that (π1, . . . ,πm) is in a regular P-orbit if and only if {π1, . . . ,πm} is a distinguishing

partition for P.

Lemma 6.4.5. Let G = L ≀P be a product type primitive group. Then reg(G) = 1 if and only if

reg(L,b(G))= D(P) and P has a unique regular orbit on PD(P)([k]).

Proof. Let b = b(G) and let A1 and A2 be two k× b arrays of elements of Γ. For each i ∈ {1,2},

write Πi for the associated partition of [k] with respect to L-orbits of rows of A i, and write ∆i for

the set of columns of A i. By Lemma 6.4.1, ∆i is a base for G if and only if Πi is a distinguishing

partition and each row of A i is a base for L.

First assume that reg(G)= 1. Note that if Π1 and Π2 are in distinct P-orbits, then ∆1 and ∆2

are in distinct G-orbits. It follows by Lemma 6.4.1 that reg(L,b(G))= D(P) and P has a unique

regular orbit on PD(P)([k]).

The other direction is clear by applying Lemma 6.4.1. ■

Now we focus on the cases where P ⩽ Sk is a primitive group, and our aim is to establish

Theorem 6.2 stated in Section 6.1. In view of Lemma 6.4.5, we are interested in the primitive

groups P ⩽ Sk satisfying the following property:

(6.4.1) P has a unique regular orbit on PD(P)([k]),
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which we will classify in Proposition 6.4.15 below.

Suppose (6.4.1) holds and {π1, . . . ,πD(P)} is a distinguishing partition for P. Then the unique

regular P-orbit on PD(P)([k]) is represented by (π1, . . . ,πD(P)) and all D(P)! rearrangements of

this ordered partition are in the same P-orbit. Therefore, the πi all have the same size and thus

D(P) must divide k.

Since we are focussing on the case where P ⩽ Sk is primitive, we have a special interest in

the groups with D(P)= 2 (see Theorem 6.2.3). Here Lemma 6.4.5 implies that (6.4.1) holds if and

only if P has a unique regular orbit on the power set of [k] and we will classify the primitive

groups with this property (see Corollary 6.4.10 below). This can be viewed as a natural extension

of the main theorem of [109] (stated here as Theorem 6.2.3), which determines the primitive

groups P ⩽ Sk with a regular orbit on the power set of [k]. It also extends earlier work of Dolfi

[47], where the primitive groups with a unique regular orbit on P3([k]) or P4([k]) are classified.

For the remainder of this section, define

(6.4.2) X = {Λ⊆ [k] : |Λ| ̸= k/2}

and note that P has a natural action on X . Of course, if k is odd then X coincides with the power

set of [k].

Lemma 6.4.6. If P has a regular orbit on X, then P has at least two regular orbits on P2([k]).

Proof. If Λ is in a regular orbit of P on X , then its complement [k] \Λ is also contained in a

regular P-orbit. ■

Clearly, if D(P)= 2 and k is odd, then P has a regular orbit on X and thus P has at least two

regular orbits on P2([k]) by the lemma. Therefore, we are interested in the case where D(P)= 2

and k is even, so

|X | = 2k −
(

k
k/2

)
.

Lemma 6.4.7. We have |X |⩾ 2k−1.

Proof. We may assume k is even, so it suffices to show that(
k

k/2

)
⩽ 2k−1.

To do this, we will use the following bounds on m! (valid for all m⩾ 1), which are a consequence

of Stirling’s approximation (see [107]):

p
2πm

(m
e

)m
e1/(12m+1) < m!<

p
2πm

(m
e

)m
e1/12m.
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Therefore, for k ⩾ 4 we have

(
k

k/2

)
= k!

(k/2)!2
<

p
2πk

(
k
e

)k
e1/12k(p

πk
(

k
2e

)k/2
e1/(6k+1)

)2 =
(

2
p

2p
πk

e
1

12k− 2
6k+1

)
2k−1 < 2k−1

and the result follows, noting that the case k = 2 is clear. ■

Let µ(P) be the minimal degree of P, which is the minimal number of points in [k] moved by

a non-identity element of P.

Lemma 6.4.8. If k is even and |P| < 2µ(P)/2−1, then P has a regular orbit on X.

Proof. We follow the proof of the main theorem of [35]. Suppose P has no regular orbit on X ,

which means that each set in X is fixed (setwise) by some prime order element of P. Therefore,

|X | =
∣∣∣∣∣ ⋃
σ∈R

CX (σ)

∣∣∣∣∣⩽ ∑
σ∈R

|CX (σ)|,

where R is the set of prime order elements in P and CX (σ) is the set of fixed points of σ on X . If

σ ∈ P has prime order r, then σ has cycle-shape (rm,1k−mr) on [k] for some m⩾ 1 and it is easy

to see that

|CX (σ)|⩽ 2k−m(r−1) ⩽ 2k−(r−1)µ(P)/r ⩽ 2k−µ(P)/2

since µ(P)⩽ mr and r ⩾ 2. By applying Lemma 6.4.7 we deduce that

2k−1 ⩽ |X |⩽ 2k−µ(P)/2|P|

and thus |P|⩾ 2µ(P)/2−1. ■

We will use Lemma 6.4.8 and the O’Nan-Scott theorem to prove the following result.

Proposition 6.4.9. Let P ⩽ Sk be a primitive group with D(P)= 2. Then P has no regular orbit

on X if and only if (k,P)= (2,S2) or (16,24:O−
4 (2)).

We then obtain the following as an immediate corollary.

Corollary 6.4.10. Let P ⩽ Sk be a primitive group. Then P has a unique regular orbit on the

power set of [k] if and only if (k,P)= (2,S2).

Proof. Suppose P has a unique regular orbit on the power set of [k], so D(P) = 2 and P has

no regular orbit on X by Lemma 6.4.6. If (k,P)= (16,24:O−
4 (2)) then one checks that P has two

regular orbits on the power set of [k]. Now apply Proposition 6.4.9. ■

We now focus on the proof of Proposition 6.4.9, considering each family of primitive groups in

turn (see Table 2.1).
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Lemma 6.4.11. Let P ⩽ Sk be a primitive group of type III, IV or V. Then P has a regular orbit

on X.

Proof. First assume that P is of type III, so P ⩽ Sm.(Out(S)×Sm) is a diagonal type group, S

is a non-abelian simple group and k = sm−1, where s = |S| and m⩾ 2. Now |P| < sm+1m! and [22,

Theorem 4] gives µ(P)⩾ 2k/3, so in view of Lemma 6.4.8, it suffices to show that

f (s,m) := 2
1
3 sm−1−1

sm+1m!
> 1.

If we fix s, then it is easy to check that f (s,m) is an increasing function of m, whence

f (s,m)⩾ f (s,2)= 2
1
3 s−1

2s3 > 1

for all s⩾ 60 and the result follows.

Next assume P ⩽ Sm ≀St is a product type primitive group of degree k = mt, where m⩾ 5 and

t⩾ 2. As explained in the proof of [109, Lemma 4], there exists a subset Λ⊆ {1, . . . ,k} such that

P{Λ} = 1 and

|Λ| = ℓ+
t∑

i=1
(m−2)i−1mt−i,

where ℓ= 3m−5 if t⩾ 3, otherwise ℓ= 2m−3. If m is odd then k = mt is odd and thus Λ ∈ X . On

the other hand, if m is even, then k/2= mt/2 is even and |Λ| is odd, so Λ ∈ X once again.

Finally, suppose P is a primitive group of type V, so P = Sm.Q is a twisted wreath product,

where S is a non-abelian simple group and Q ⩽ Sm is transitive. Here we can embed P in a

product type primitive group R = S2 ≀Sm ⩽Sym([k]) and the result follows since we have already

shown that R has a regular orbit on X (see [88, Remark 2(ii)] for the containment of P in R). ■

Next, we turn to the primitive groups of affine type. The following result extends [109, Lemma

7].

Lemma 6.4.12. Consider the natural action of P = AGLd(p) on k = pd points, where d ⩾ 1, p

is a prime and (d, p) ̸= (1,2). Then either P has a regular orbit on X, or D(P)> 2 and one of the

following holds:

(i) p = 2 and d ∈ {2,3,4,5}.

(ii) d = 1 and p ∈ {3,5,7}.

(iii) d = 2 and p = 3.

Proof. First assume p is odd, so k = pd is also odd. Then as previously noted, P has a regular

orbit on X if and only if D(P)= 2, and the groups with D(P)> 2 can be read off from [109, Lemma

7]. For the remainder, we may assume p = 2.
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As noted in the proof of [109, Lemma 7], we have µ(P)= 2d−1 and thus

|P| < 2d2+d−1 < 2µ(P)/2−1

for d ⩾ 9. Therefore, Lemma 6.4.8 implies that P has a regular orbit on X if d ⩾ 9. For d = 6,7,8,

we can use MAGMA to construct P as a permutation group on [k] and by random search we can

find a subset Λ ∈ X with P{Λ} = 1 and |Λ| = 16,16,17, respectively. Finally, if d ∈ {3,4,5} then

D(P)> 2 by [109, Lemma 7], and similarly D(P)= 4 when d = 2. ■

We can now complete the analysis of primitive groups of affine type.

Lemma 6.4.13. Let P ⩽AGLd(p) be a primitive affine group of degree k = pd, where d ⩾ 1, p is a

prime and D(P)= 2. Then P has no regular orbit on X if and only if one of the following holds:

(i) k = 2 and P = S2.

(ii) k = 16 and P = 24:O−
4 (2).

Proof. We may assume p = 2 and d ⩾ 2. If d ⩾ 6 then Lemma 6.4.12 implies that AGLd(2), and

hence P, has a regular orbit on X . Therefore, we may assume d ∈ {2,3,4,5} and P <AGLd(2).

If d = 5 then P = 25:31 or 25:(31:5) and in both cases we can use MAGMA to find a subset of

[32] of size 5 with trivial setwise stabiliser in P. Next assume d = 4. We can use the MAGMA

database of primitive groups to construct each possibility for P; there are 19 such groups, up

to permutation isomorphism, and 15 with D(P) = 2. In all but one of these cases, we can use

random search to find a set in X with trivial setwise stabiliser in P. The exception is the group

P = 24:O−
4 (2) recorded in case (ii). Here k = 16, D(P) = 2 and every subset of [16] with trivial

setwise stabiliser has size 8, so this is a genuine exception. Finally, if d ∈ {2,3} then P = 23:7 is

the only group with D(P)= 2 and it is easy to check that there is a subset of size 3 with trivial

setwise stabiliser in P. ■

Finally, we deal with the case where P is an almost simple primitive group.

Lemma 6.4.14. Let P ⩽ Sk be an almost simple primitive group with D(P) = 2. Then P has a

regular orbit on X.

Proof. Let R be the socle of P and write Q for the stabiliser of a point in Ω = [k]. For the

convenience of the reader, we divide the proof into several cases.

Case 1. R is an alternating group.

First assume R = Am is an alternating group. The case m = 6 can be handled using MAGMA,

so we may assume m ̸= 6 and thus P = Sm or Am. There are now three cases to consider, according

to the action of Q on {1, . . . ,m}.
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First assume Q is intransitive, in which case we may identify Ω with the set of t-element

subsets of {1, . . . ,m} for some 2⩽ t < m/2 (note that t ̸= 1 since we are assuming D(P)= 2). Suppose

m⩾ t+5. If t⩾ 4 then the proof of [109, Lemma 9] shows that there exists a subset Λ of Ω such

that P{Λ} = 1 and |Λ| = 2(m− t+1)< k/2, so P has a regular orbit on X . Similarly, if t = 2,3 then

we can take |Λ| = m− t+1. On the other hand, if m < t+5 then (m, t)= (7,3) or (5,2), noting that

P = A5 in the latter case (since D(P)> 2 when P = S5). Here it is straightforward to check that Ω

has a subset of size 4 with trivial setwise stabiliser in P.

Next assume Q acts primitively on {1, . . . ,m}. By the main theorem of [105] we have |Q| < 4m

and [22, Theorem 4] implies that µ(P)⩾ 2k/3. By combining these bounds and applying Lemma

6.4.8, noting that k = |P : Q|, we deduce that P has a regular orbit on X if m⩾ 14. For 7⩽ m⩽ 13

we can use MAGMA to determine the possibilities for Q and it is routine to check that |P| < 2k/3−1

unless (k,P,Q)= (15, A8,AGL3(2)) or (15, A7,L3(2)). In the former case we have D(P)> 2, while

D(P) = 2 in the latter and the result follows since k = 15 is odd. Finally, if m = 5 then one can

check that D(P)> 2.

To complete the argument when R = Am, we may assume Q acts imprimitively on {1, . . . ,m}.

Here we may identify Ω with the set of partitions of {1, . . . ,m} into b sets of size a, where a,b ⩾ 2

and m = ab ⩾ 8 (we have already considered the case m = 6). Therefore, k = m!/(a!bb!) and the

main theorem of [64] gives µ(P)⩾ k/2, so it suffices to show that |P| < 2k/4−1 (see Lemma 6.4.8).

First assume m = 8. If (a,b)= (2,4) then it is easy to check that |P| < 2k/4−1. On the other hand, if

(a,b)= (4,2) then D(P)= 2 and the result follows since k = 35 is odd. Now assume m⩾ 9. Here

m! < 2m2/4−1 and so it suffices to show that k ⩾ m2. This is clear if a ⩾ 3 since k ⩾
(m

3
)> m2 for

m⩾ 9. Finally, for a = 2 it remains to show that

f (b) := (2b)!
b!2b4b2 > 1

for all b ⩾ 5. It is easy to verify that this is an increasing function, so f (b) ⩾ f (5) > 1 and the

result follows.

Case 2. R is a sporadic group.

Next assume R is a sporadic simple group. First observe that D(P)> 2 if R =M22 and k = 22,

so this case does not arise and thus µ(P)⩾ 2k/3 by [22, Theorem 4]. Therefore, it suffices to show

that |P| < 2k/3−1. Let ℓ be the minimal index of a core-free subgroup of P, which can be read off

from [120]. If P is not a Mathieu group, then it is straightforward to show that |P| < 2ℓ/3−1 and

the result follows. On the other hand, if P is a Mathieu group then the cases with D(P)> 2 are

determined in [109, Lemma 12]; by excluding these groups, it is easy to check that |P| < 2k/3−1 as

required.

Case 3. R is a group of Lie type.

For the remainder, we may assume R is a simple group of Lie type over Fq, where q = p f and

p is a prime. As before, let ℓ be the minimal index of a core-free subgroup of P and note that ℓ is
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recorded in [62, Table 4].

First assume R is an exceptional group of Lie type. By [90, Proposition 2] and [22, Theorem

4], we have |P| < k5 and µ(P)⩾ 2k/3, so it suffices to show that k5 < 2k/3−1. The latter bound holds

for k ⩾ 104 and by inspecting [62, Table 4] we reduce to the case where R = 2B2(8) and Q is a

Borel subgroup of P. Here k = 65 and |P|⩽ 3|R| < 2k/3−1, so once again Lemma 6.4.8 implies that

P has a regular orbit on X .

Finally, let us assume R is a classical group. As noted in Remark 2.2.2, we may assume R is

one of the following:

Ln(q), n⩾ 2; Un(q), n⩾ 3; PSpn(q), n⩾ 4; PΩε
n(q), n⩾ 7.

We may also assume that R is not isomorphic to an alternating group. By [64, Corollary 1] we

have µ(P)⩾ 3k/7.

First assume n ⩾ 4 and observe that |P| < qn2
. By carefully inspecting [62, Table 4] we see

that ℓ> qn−2 and thus µ(P)> 3
7 qn−2. Now, if n⩾ 12 or q ⩾ 19 then

qn2 < 2
3
14 qn−2−1

and we deduce that |P| < 2µ(P)/2−1, which implies that P has a regular orbit on X (in fact, if q ⩾ 3

then the same bound holds for all n⩾ 8). This leaves us with finitely many groups to consider. In

each of these remaining cases, it is routine to check that |P| < 23ℓ/14−1 with the exception of the

following possibilities for (R,k):

(L4(5),156), (L4(3),40), (U4(3),112), (U4(2),40), (U4(2),36),

(Sp6(2),36), (Ω+
8 (2),120), (Ω−

8 (2),136).

(Here we also exclude the relevant groups with D(P)> 2, as recorded in [109, Lemma 12], together

with the groups where D(P) = 2 and k is odd.) In each of these cases, we can use MAGMA to

construct P as a permutation group on [k] and then find a subset in X by random search with

trivial setwise stabiliser in P.

Finally, let us assume n ∈ {2,3}. If R =L3(q) then ℓ= q2 + q+1 and

|P|⩽ 2q3(q2 −1)(q3 −1)log q < 23ℓ/14−1

for q ⩾ 13. The remaining groups with q < 13 can be dealt with using MAGMA as above. Similarly,

if R =U3(q) then the problem is quickly reduced to the groups with q ⩽ 5, each of which can be

handled in the usual fashion with the aid of MAGMA. Finally, suppose R =L2(q). If q ⩾ 113 then

ℓ= q+1 and one can check that

|P|⩽ q(q2 −1)log q < 23ℓ/14−1,

which implies that P has a regular orbit on X . The remaining groups with q < 113 can be handled

using MAGMA; either the bound |P| < 23k/14−1 is satisfied and we conclude via Lemma 6.4.8, or
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we construct P as a permutation group on [k] and then use random search to find a set in X with

trivial setwise stabiliser in P. ■

This completes the proof of Proposition 6.4.9 and we are now in a position to classify the

primitive groups P such that (6.4.1) holds.

Proposition 6.4.15. Let P ⩽ Sk be a primitive group. Then (6.4.1) holds if and only if P = Sk, or

(k,P,D(P))= (6, A5,3), (9,PΓL2(8),3) or (8,AGL3(2),4).

Proof. Set D = D(P). Note that if P = Sk then D = k and (6.4.1) holds, whereas (6.4.1) fails to

hold if P = Ak (with D = k−1). Now assume P ̸= Ak,Sk and recall that D ⩽ 4 (see Theorem 6.2.3).

If D = 2 then Corollary 6.4.10 applies, so we may assume D ∈ {3,4}. These groups can be read off

by inspecting parts (a) and (c) in [47, Lemma 1]. ■

The proof of Theorem 6.2 is now completed by combining Lemma 6.4.5 with Proposition

6.4.15.

6.5 Saxl graphs

In this section, we use Lemma 6.4.1 and Theorem 6.3 to study the valency and connectedness

properties of the generalised Saxl graphs of product type primitive groups.

6.5.1 Valency

Let G ⩽Sym(Ω) be a primitive group with point stabiliser H, and let val(G) be the valency of the

generalised Saxl graph Σ(G). In view of Lemma 3.1.1(iv), we have val(G) = r(G)|H| if b(G) = 2.

However, as noted in Section 3.2, it is not straightforward to describe val(G) when b(G)⩾ 3. Thus,

we focus on base-two groups to begin with.

Recall that a graph is Eulerian if it contains an Eulerian cycle, which is a cycle that uses each

edge exactly once. A celebrated theorem of Euler asserts that a connected graph is Eulerian if

and only if the degree of every vertex is even. In particular, the Saxl graph of a base-two primitive

group G is Eulerian if and only if val(G) is even.

A complete classification of the finite base-two primitive groups with an Eulerian Saxl graph

remains out of reach and some genuine exceptions have been identified. For example, if G =M23

and H = 23:11, then the action of G on [G : H] is primitive with b(G)= 2 and the corresponding

Saxl graph is non-Eulerian (indeed, we compute r(G) = 159, so val(G) = r(G)|H| is odd). The

problem for almost simple primitive groups is studied in [20, Proposition 3.2] and subsequently

extended in [37, Theorem 4].

As an application of Theorem 6.3, the following result establishes part (i) of Corollary 6.4. It

can be viewed as an extension of [20, Proposition 3.4].
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Proposition 6.5.1. Let G = L ≀P be a base-two primitive wreath product acting on Ω=Γk. Then

Σ(G) is Eulerian.

Proof. By Theorem 6.3 we have

(6.5.1)
k∑

m=D(P)
m!

(
r(L)
m

)
tm = r(G)|P|

and each summand on the left hand side of this equality is even since D(P)⩾ 2. Therefore, at

least one of r(G) or |P| is even, so val(G)= r(G)|H| is even and the result follows. ■

The finite base-two transitive groups G such that Σ(G) has prime valency are determined

in [20, Proposition 3.1]. For almost simple primitive groups, this has been extended in my joint

paper [37] with Chen. More specifically, the following result is [37, Theorem 3], which classifies

all the groups of this form with the property that val(G) is a prime power (in each case, val(G) is

a 2-power).

Theorem 6.5.2. Let G be a base-two almost simple primitive group with point stabiliser H. Then

val(G) is a prime power if and only if one of the following holds:

(i) (G,H)= (M10,8:2) and val(G)= 32.

(ii) (G,H)= (PGL2(q),D2(q−1)), where q ⩾ 17 is a Fermat prime or q = 9, Σ(G) is isomorphic to

the Johnson graph J(q+1,2) and val(G)= 2(q−1).

In our next result, which gives part (ii) of Corollary 6.4, we extend the analysis to product

type primitive groups of the form G = L ≀P.

Proposition 6.5.3. Let G = L ≀P be a base-two product type primitive group acting on Ω = Γk

with point stabiliser J ≀P. Then val(G) is a prime power if and only if L =M10, J = SD16, P is a

2-group and t2 ⩾ 1 is a 2-power.

Proof. Suppose val(G)= pa with p a prime. Then J and P are p-groups, so J is soluble and thus

L is almost simple. By [37, Proposition 6.3], the possibilities for (L, J) are recorded in [37, Table

3], which we reproduce as Table 6.1, and we deduce that p = 2.

By Theorem 6.3, we see that (6.5.1) holds and thus

k∑
m=D(P)

m!

(
r(L)
m

)
tm

is a 2-power. This observation immediately implies that D(P) = 2, otherwise each summand

is divisible by 3. In addition, r(L) ≡ 2 (mod 3) because the binomial coefficient
(r(L)

2
)

must be

indivisible by 3. By inspecting Table 6.1, we now consider each possibility for (L, J) in turn.
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L J Conditions
L2(q) Dq−1 q ⩾ 17 is a Fermat prime

Dq+1 q ⩾ 31 is a Mersenne prime
PGL2(q) D2(q−1) q ⩾ 17 is a Fermat prime

D2(q+1) q ⩾ 7 is a Mersenne prime
PGL2(9) D16
M10 8:2
PΓL2(9) 8:22

Table 6.1: Almost simple groups L with a maximal subgroup J of prime-power order

First assume L = L2(q) and J = Dq−1, where q ⩾ 17 is a Fermat prime. Then q ≡ 1 (mod 4)

and so r(L)= (q+7)/4 as noted in Remark 4.5.15(ii). If we write q = 2m +1 then r(L)= 2m−2 +2

and thus r(L) ̸≡ 2 (mod 3), so this case does not arise. Now suppose L =L2(q) and J = Dq+1 with

q = 2m −1 ⩾ 31 a Mersenne prime. Here q ≡ 3 (mod 4) and r(L) = (q−3)/4 by the proof of [24,

Lemma 7.9]. Therefore r(L)= 2m−2 −1 and once again we deduce that r(L) ̸≡ 2 (mod 3).

Finally, let us turn to the remaining cases in Table 6.1. If L =PGL2(q) and J = D2(q−1) with

q ⩾ 17 a Fermat prime, then r(L) = 1 (see Example 3.1.4) and thus b(G) ⩾ 3. The case where

L = PGL2(q) and J = D2(q+1) with q ⩾ 7 a Mersenne prime can be immediately excluded since

b(L)= 3 by [14, Theorem 2]. The handful of remaining possibilities can be checked using MAGMA,

implementing the approach presented in Section 4.2.4 to compute r(L). In this way, we find that

r(L)≡ 2 (mod 3) if and only if L =M10 and J = SD16, where we observe that r(L)= 2.

We conclude that L = M10 with J = SD16 is the only possibility. Here Theorem 6.3 implies

that |P|r(G)= 2t2 and thus t2 is a 2-power (note that t2 = 1 if and only if P = S2). This completes

the proof of the proposition. ■

Remark 6.5.4. There are genuine examples in Proposition 6.5.3, where P ⩽ Sk is a transitive

2-group and t2 is a 2-power. For example, we can take (k,P)= (2,S2) or (4,C2 ×C2), where t2 = 1

or 4, respectively. By inspecting the MAGMA database of transitive groups, we find that there are

165 groups of degree k ⩽ 16 with the desired property. For example, t2 is a 2-power for 156 of the

1427 transitive 2-groups of degree 16.

6.5.2 Connectedness

Now we turn to an application of Lemma 6.4.1 to the study of Conjecture II for general primitive

groups. Recall that if b(G)= 2, then the neighbourhood of α ∈Ω in Σ(G) is the union of regular

Gα-orbits on Ω. We introduce the following terminology in order to generalise this observation to

the case b(G)⩾ 3.

Definition 6.5.5. Let α ∈Ω. An orbit O ̸= {α} of Gα on Ω is called almost-regular if O∩∆ ̸= ; for

some base ∆ for G of size b(G) with α ∈∆.
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In other words, β lies in an almost-regular Gα-orbit if {α,β} can be extended to a base for

G of size b(G), i.e. if {α,β} is an edge in Σ(G). Thus, the set of neighbours of α in Σ(G) is equal

to the union of almost-regular Gα-orbits. Note that any permutation group G with b(G) ⩾ 2

has an almost-regular suborbit, and if b(G) = 2, then a suborbit is regular if and only if it is

almost-regular. The set N(α) of neighbours of α in Σ(G) is exactly the union of the almost-regular

Gα-orbits.

For a permutation group G ⩽Sym(Ω) with b(G)⩾ 2, we define the following property:

(⋆⋆) N(α) meets every almost-regular Gβ-orbit for all α,β ∈Ω.

Note that (⋆⋆) implies (⋆) defined in Section 3.3.1, and recall that Conjecture II asserts that

(⋆) holds for every primitive group G ⩽ Sym(Ω) with b(G) ⩾ 2. We now propose the following

strengthening of Conjecture II, which is stated as Conjecture 3.3.3 in Section 3.3.1 and Conjecture

6.5 in Section 6.1.

Conjecture 6.5.6. Let G ⩽Sym(Ω) be a finite primitive permutation group with b(G)⩾ 2. Then

property (⋆⋆) holds.

Theorem 6.5.7. Conjecture 6.5.6 is equivalent to Conjecture II.

Proof. Clearly, Conjecture 6.5.6 implies Conjecture II. Let L ⩽ Sym(Γ) be a counter-example

for Conjecture 6.5.6. That is, there exist vertices α,β ∈ Σ(L) such that N(β)∩O = ; for some

almost-regular Lα-orbit O. Set r := reg(L), and let G = L ≀Sr act on Ω=Γr with its product action.

Then G is primitive, and by Theorem 6.2.6, we have b(G)= b(L). It suffices to show that the two

vertices (α, . . . ,α) and (β, . . . ,β) in Σ(G) have no common neighbour.

Let b := b(G), and suppose that the set

{(α, . . . ,α), (α1,2, . . . ,αr,2), (α1,3, . . . ,αr,3) . . . , (α1,b, . . . ,αr,b)}

is a base for G. Then by Lemma 6.4.1, each {α,αi,2,αi,3, . . . ,αi,b} is a base for L, and for any

i ̸= j, the b-tuples (α,αi,2,αi,3, . . . ,αi,b) and (α,α j,2,α j,3, . . . ,α j,b) are in distinct L-orbits. Since

r = reg(L), there are at most r almost-regular Lα-orbits, so each set {α1,i, . . . ,αr,i} meets every

almost-regular Lα-orbit. In particular, for each 2⩽ i ⩽ b, there exists j ∈ [r] such that α j,i ∈ O,

and so our assumption implies that α j,i ∉ N(β). By applying Lemma 6.4.1 once again, we see that,

for each i, the point (α1,i, . . . ,αr,i) ∈Ω is not in any almost-regular orbit of G(β,...,β). Therefore, the

two vertices (α, . . . ,α) and (β, . . . ,β) in Σ(G) have no common neighbour. This completes the proof.

■

We conclude with some evidence for Conjecture 6.5.6.

Proposition 6.5.8. Let G =L2(q), where q ⩾ 4, and consider the action of G on Ω= [G : H], where

H is a subgroup of type GL1(q) ≀S2. Then G satisfies (⋆⋆).
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Proof. First assume q is even. As noted in Example 3.1.4, b(G)= 2 and G satisfies (⋆), which

coincides with (⋆⋆) since r(G)= 1.

For the remainder, we may assume q is odd, so H = Dq−1 and [14, Lemma 4.7] implies that

b(G) = 2. As in Section 4.3.4, we may identify Ω with the set of unordered pairs of distinct

1-dimensional subspaces of V = F2
q.

Fix a basis {e1, e2} for V and set β= {〈e1〉,〈e2〉} ∈Ω. Note that if x ∈Gβ, then x is the image

(modulo scalars) of an element A ∈SL2(q) of the form

A =
(
λ

λ−1

)
or

(
λ

−λ−1

)

for some λ ∈ F×q , where the matrices are presented with respect to the basis {e1, e2}. We first

determine the regular Gβ-orbits (as recorded in Remark 4.5.15(ii), Gβ has (q+a)/4 regular orbits,

where a = 7 if q ≡ 1 (mod 4), otherwise a = 5). Fix an element γ ∈Ω.

Suppose γ= {〈e1〉,〈e1 + se2〉} for some s ∈ F×q . Then an easy calculation shows that {β,γ} is a

base for G and the regular Gβ-orbit containing γ is

R1 = {{〈e1〉,〈e1 + ce2〉} : c ∈ F×q }.

Similarly, if γ= {〈e2〉,〈e1 + se2〉} for some s ∈ F×q , then {β,γ} is also a base for G and

R2 = {{〈e2〉,〈e1 + ce2〉} : c ∈ F×q }

is the regular Gβ-orbit containing γ.

Now suppose γ= {〈e1 + se2〉,〈e1 + te2〉}, where s, t ∈ F×q are distinct. By arguing as in the proof

of Lemma 4.3.11 we calculate that {β,γ} is a base for G if and only if −st−1 is a non-square in Fq.

So let us assume −st−1 is non-square and suppose A ∈SL2(q) fixes β. If A = diag(λ,λ−1), then

γA = {〈e1 +λ−2se2〉,〈e1 +λ−2te2〉},

whereas

γA = {〈e1 −λ−2s−1e2〉,〈e1 −λ−2t−1e2〉}

if A =
(

λ

−λ−1

)
. It follows that the regular Gβ-orbit containing γ is

Rs,t = {{〈e1 +λ2se2〉,〈e1 +λ2te2〉} :λ ∈ F×q }∪ {{〈e1 −λ2s−1e2〉,〈e1 −λ2t−1e2〉} :λ ∈ F×q }.

We conclude that

{R1,R2,Rs,t : s, t ∈ F×q , s ̸= t and −st−1 is a non-square in Fq}

is the set of regular Gβ-orbits. Note that we are not claiming that the orbits denoted Rs,t are all

distinct.
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Fix an element α ∈Ω with α ̸=β and let N(α) be the set of neighbours of α in the Saxl graph

Σ(G). In order to verify (⋆⋆), we need to show that N(α) meets every regular Gβ-orbit. There are

several cases to consider.

First assume α = {〈e1〉,〈e1 + be2〉} for some b ∈ F×q . It is easy to see that each γ ∈ R1 \ {α} is

contained in N(α) and we also have {〈e2〉,〈e1+be2〉} ∈ R2∩N(α). Now consider Rs,t, where s, t ∈ F×q
are distinct and −st−1 is non-square. Note that either −bs or bt−1 is a square in Fq, so there are

two cases to consider. If −bs =µ2 is a square then b =−µ2s−1 and

{〈e1 −µ2s−1e2〉,〈e1 −µ2t−1e2〉} ∈ Rs,t ∩N(α).

On the other hand, if bt−1 =µ2 then b =µ2t and

{〈e1 +µ2se2〉,〈e1 +µ2te2〉} ∈ Rs,t ∩N(α).

Therefore, N(α) meets every regular Gβ-orbit as required.

A very similar argument applies when α= {〈e2〉,〈e1 +be2〉} for some b ∈ F×q and we omit the

details.

Finally, let us assume α = {〈e1 + s0e2〉,〈e1 + t0e2〉}, where s0, t0 ∈ F×q are distinct. Note that

{〈e i〉,〈e1 + s0e2〉} ∈ Ri ∩N(α) for i = 1,2, so it just remains to show that N(α) meets each Rs,t. As

before, either −s0s or s0t−1 is a square in F×q and we can repeat the above argument in order to

construct an element in Rs,t ∩N(α). ■

6.6 General product type groups

So far in this chapter, we have focussed on product type groups of the form G = L ≀P. As one might

expect, the study of bases in the general setting G ⩽ L ≀P is more difficult and this is essentially

unchartered territory. In this final section, we take the first steps in this direction by focussing on

the special case where P ⩽G, which already turns out to be rather challenging. Our main results

are Theorems 6.6.4 and 6.6.11, which describe the groups with b(G) = 2 in certain families of

product type groups with soluble point stabilisers. Note that Theorem 6.6.4 is stated as Theorem

6.6 in Section 6.1.

6.6.1 Preliminaries

Let us fix the set-up and notation we will work with throughout this section. As before, G ⩽ L≀P ⩽

Sym(Ω) is a product type primitive group on Ω= Γ1 ×·· ·×Γk = Γk, with socle T1 ×·· ·×Tk = Tk

and point stabiliser H. Here k ⩾ 2, P ⩽ Sk is transitive and L ⩽Sym(Γ) is a primitive group with

socle T and point stabiliser J, which is either almost simple or diagonal type. In addition, we

may assume P is the permutation group on [k]= {1, . . . ,k} induced by the conjugation action of G

on the set of k factors of the socle Tk. In view of Remark 6.2.4, we may (and will) also assume
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that L is the group induced by G on Γ1. In particular, this means that both L and P are uniquely

determined by G. As explained in Remark 6.2.5, if H is soluble then J and P are also soluble.

Since the case G = L ≀P has been studied in the previous sections, we will assume G < L ≀P.

More importantly, we will also assume that G contains P, which means that we adopt the

following hypothesis for the remainder of this section (in particular, note that L ̸= T).

Hypothesis 6.6.1. G ⩽Sym(Ω) is a product type primitive group with T ≀P <G < L ≀P.

In the setting of Hypothesis 6.6.1, we introduce some new notation. Given an element

g = (g1, . . . , gk) ∈ Lk∩G, let τ(g) be the number of coordinates of g that are contained in T and set

(6.6.1) τ(G)=max{τ(g) : g ∈ (Lk ∩G)\ Tk} ∈ {0,1, . . . ,k−1}.

For example, if L = 〈T, x〉 and G = 〈Tk, (x, . . . , x),P〉, then τ(G) = 0. Note that if τ(G) = k−1 and

G satisfies Hypothesis 6.6.1, then |L : T| is composite (indeed, if |L : T| is a prime then we get

G = L ≀P).

As before, let r(L) and r(T) denote the number of regular suborbits of L and T on Γ, respec-

tively (recall that T acts transitively on Γ since L is primitive).

We begin with the following result, which gives a sufficient condition for a group satisfying

Hypothesis 6.6.1 to admit a base of size 2.

Proposition 6.6.2. Assume Hypothesis 6.6.1 and let m ∈ {1, . . . ,D(P)} be minimal such that there

exists a distinguishing partition {π1, . . . ,πD(P)} for P with |⋃m
i=1πi| > τ(G). Then b(G)= 2 if

(i) r(L)⩾ m; and

(ii) r(T)⩾ m(|L : T|−1)+D(P).

Proof. Suppose the bounds in (i) and (ii) are satisfied. Set D = D(P) and fix an element α =
(α0, . . . ,α0) ∈ Ω for some α0 ∈ Γ. Since r(L) ⩾ m, we may choose elements γ1, . . . ,γm in Γ that

are contained in distinct regular Lα0-orbits. Now each of these Lα0-orbits is a union of |L : T|
regular Tα0-orbits, so the bound in (ii) implies that we can find additional points γm+1, . . . ,γD

in Γ such that each element in {γ1, . . . ,γD} is contained in a distinct regular Tα0-orbit. Define

β= (β1, . . . ,βk) ∈Ω, where β j = γi if j ∈πi. We claim that {α,β} is a base for G.

Let x ∈ Gα∩Gβ and write x = zσ, where z = (z1, . . . , zk) ∈ Lk ∩G and σ ∈ P. Recall that τ(z)

denotes the number of coordinates zi that are contained in T and observe that z ∈ Tk if τ(z)> τ(G)

(see (6.6.1)). By Lemma 6.4.1, we see that {α,β} is a base for T ≀P, so it suffices to show that

τ(z)> τ(G).

Fix j ∈π1 and notice that z j ∈ Lα0 since x fixes α. Next observe that the jσ-th coordinate of βx

is βz j
j = γz j

1 , which is equal to β jσ ∈ {γ1, . . . ,γD} since x fixes β. By construction, none of the elements

γ2, . . . ,γD are contained in the Lα0-orbit of γ1, whence β jσ = γ1 and thus z j ∈ Lα0 ∩Lγ1 = 1. In the

same way, we deduce that z j = 1 for all j ∈ ⋃m
i=1πi and thus τ(z) ⩾ |⋃m

i=1πi| > τ(G). The result

follows. ■
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Remark 6.6.3. Note that Proposition 6.6.2 can be applied when G = L ≀P and L ̸= T. Here τ(G)=
k−1, so m = D(P) and the proposition asserts that b(G)= 2 if r(L)⩾ D(P) and r(T)⩾ |L : T|. Here

the condition r(L)⩾ D(P) coincides with the one in Theorem 6.2.6, while the bound r(T)⩾ |L : T|
always holds when b(L)= 2. So in some sense, Proposition 6.6.2 can be viewed as a generalisation

of Theorem 6.2.6 for base-two groups. However, it is worth noting that there are groups with

b(G)= 2 that do not satisfy the bounds labelled (i) and (ii) in the proposition. For example, the

proof of Theorem 6.6.4 shows that there are groups G satisfying Hypothesis 6.6.1 with k = m = 2,

r(L)= 1 and b(G)= 2.

Let G be a group satisfying Hypothesis 6.6.1 and note that b(G)= 2 only if b(T ≀P)= 2, so we

are interested in the groups with b(T)= 2. Moreover, in view of Theorem 6.2.6, we may assume

r(T) ⩾ D(P). Recall that if H is soluble, then L is almost simple with soluble point stabilisers

and as a consequence of [14, Theorem 2] we observe that b(L) ∈ {2,3}. So in the case where G has

soluble point stabilisers, as in the two main results of this section, there are two cases to consider

according to the base size of L on Γ. To simplify the analysis, we will focus on the groups with

b(L) = 2, which allows us to bring Proposition 6.6.2 into play. However, it is worth noting that

there are groups of this form with b(L)= 3 and b(G)= 2. Indeed, we refer the reader to Example

6.6.12 at the end of the section for an infinite family of groups G with soluble point stabilisers

where we have b(L)= 3 and b(G)= 2.

6.6.2 Base-two groups with k = 2

Our first main result is Theorem 6.6.4 below. Here we assume k = b(L)= 2, so P = S2 and D(P)= 2.

If r(L)⩾ 2 then b(L ≀P)= 2 by Theorem 6.2.6, so we may as well assume r(L)= 1. Define τ(G) as

in (6.6.1) and note that τ(G) ∈ {0,1}. If τ(G) = 0, then m = 1 in Proposition 6.6.2 and we deduce

that b(G)= 2 if r(T)⩾ |L : T|+1 (recall that the slightly weaker bound r(T)⩾ |L : T| always holds

when b(L)= 2). On the other hand, if τ(G)= 1 then m = 2 and thus Proposition 6.6.2 is not useful

when r(L)= 1. Also recall that |L : T| is composite if τ(G)= 1 (otherwise G = L ≀P).

The following result is stated as Theorem 6.6 in Section 6.1.

Theorem 6.6.4. Assume Hypothesis 6.6.1, where k = b(L) = 2, H is soluble and J is a point

stabiliser in L. Then b(G)⩽ 3, with equality if and only if |L ≀P : G| = 2 and one of the following

holds:

(i) (L, J)= (M10,5:4) or (J2.2,52:(4×S3)).

(ii) L =PGU4(3) and J is of type GU1(3) ≀S4.

Proof. Here P = S2 and D(P)= 2. By Lemma 6.3.1 we have b(L ≀P)⩽ b(L)+1 and thus b(G)⩽ 3.

As explained in Remark 6.2.5, we note that J is soluble and thus L is almost simple. If r(L)⩾ 2

then b(L≀P)= 2 by Theorem 6.2.6, so we may assume r(L)= 1 and then inspect the possibilities for
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(L, J) recorded in Tables 4.7 and 4.8. As discussed above, Proposition 6.6.2 implies that b(G)= 3

only if r(T)= |L : T| or τ(G)= 1, so there are two cases to consider.

First assume r(T)= |L : T|. By inspecting Tables 4.7 and 4.8, we see that (L, J)= (M10,5:4) or

(L, J)= (J2.2,52:(4×S3)), so in both cases we have |L : T| = 2 and |L ≀P : G| = 2. More precisely, if

we write L = 〈T,a〉 then we may assume G = 〈T2, (a,a),P〉. Using MAGMA, we can construct G as

a permutation group on Ω= Γ2 with point stabiliser H and we can then find a complete set R

of (H,H) double coset representatives, implementing the computational approach described in

Section 4.2.4. In both cases, it is routine to check that |HxH| < |H|2 for all x ∈ R and we conclude

that b(G)= 3 as claimed.

For the remainder, let us assume τ(G) = 1 and recall that |L : T|⩾ 4 is composite since G

is a proper subgroup of L ≀P. By inspecting Tables 4.7 and 4.8 we deduce that there are four

possibilities for (L, J):

(a) L =U3(5):S3 and J is of type GU1(5) ≀S3.

(b) L =L3(4):D12 and J is of type GL1(43).

(c) L =PΩ+
8 (3):22 and J is of type O+

4 (3) ≀S2.

(d) L =U4(3):[4] and J is of type GU1(3) ≀S4.

In cases (a) and (b), we can use MAGMA to check that b(G)= 2 (here we construct G and H

as above, and then we use random search to find an element g ∈ G with H ∩Hg = 1). Now let

us turn to cases (c) and (d), so |L : T| = 4 and |L ≀P : G| ∈ {2,4,8}. In fact, one can check that the

condition τ(G)= 1 forces |L≀P : G| = 2. More precisely, if L = T:〈a,b〉 = T:22 then up to permutation

isomorphism, we may assume that

(6.6.2) G = 〈T2, (a,a), (b,1),P〉.

Similarly, if L =PGU4(3)= T:〈a〉, then we can take

(6.6.3) G = 〈T2, (a,a), (a2,1),P〉.

First assume L = T:〈a,b〉 = T:22, so (6.6.2) holds and T = PΩ+
8 (3) or U4(3). We claim that

b(G)= 2. To see this, fix α0 ∈Γ and let γ1, . . . ,γt be representatives of the regular Tα0-orbits on Γ,

where t = r(T) (as recorded in Table 4.7, we have t = 12 if T = PΩ+
8 (3) and t = 11 for T =U4(3)).

We may assume that Lα0 ∩Lγ1 = 1 and |Lα0 ∩Lγ2 | = 2 (the existence of γ2 can be checked using

MAGMA). Now Tα0∩Tγ2 = 1, so without loss of generality we may assume that {α0,γ2} is a base for

T:〈b〉. Suppose x = (z1, z2)σ ∈G fixes α= (α0,α0) and β= (γ1,γ2), where z1, z2 ∈ L and σ ∈ P. Then

zi ∈ Lα0 for i = 1,2 and we note that σ= 1 since γ1 and γ2 are contained in distinct Lα0-orbits.

Therefore, z1 ∈ Lα0 ∩Lγ1 = 1 and thus z1 = 1. From the description of G in (6.6.2), it follows that

z2 ∈ T:〈b〉 fixes α0 and γ2, whence z2 = 1 and thus x = 1. This justifies the claim.
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Finally, let us assume L =PGU4(3)= T:〈a〉, so the structure of G is given in (6.6.3). We claim

that b(G) = 3. As before, fix α0 ∈ Γ and set α = (α0,α0) and β = (γ1,γ2), where γ1 and γ2 are

contained in regular Tα0 -orbits. It suffices to show that the pointwise stabiliser of α and β in G is

non-trivial. It will be useful to observe that a given element (z1, z2) ∈ L2 is contained in G if and

only if z1z2 ∈ T:〈a2〉.
First assume {α0,γ1} is not a base for L. Then using MAGMA we see that |Lα0 ∩Lγ1 | ∈ {2,4}, so

there is an involution y ∈ L fixing α0 and γ1. Since every involution in L is contained in T:〈a2〉, it

follows that (y,1) ∈G fixes α and β. An entirely similar argument applies if {α0,γ2} is not a base

for L.

Finally, suppose {α0,γ1} and {α0,γ2} are both bases for L, which means that γ1 and γ2 are

contained in the unique regular Lα0 -orbit on Γ. Therefore, there exists z1 ∈ Lα0 such that γz1
1 = γ2

and thus (z1, z−1
1 )σ ∈G is a non-trivial element fixing α and β, where σ= (1,2) ∈ P. This completes

the proof of the theorem. ■

6.6.3 Base-two groups with τ(G)= 0

For the remainder of Section 6.6, we will continue to assume that Hypothesis 6.6.1 holds and

b(L) = 2, but we will not impose any conditions on k. In exchange, we will focus on the groups

with τ(G)= 0 (see (6.6.1)), which is a natural restriction on the structure of G. In particular, this

means that if x = zσ ∈G, where z = (z1, . . . , zk) ∈ Lk ∩G and σ ∈ P, then either z ∈ Tk or z j ∈ L \ T

for all j.

Our main result in this setting is Theorem 6.6.11 and the proof will require several prelimi-

nary results. We begin with an easy corollary of Proposition 6.6.2.

Corollary 6.6.5. Assume Hypothesis 6.6.1, where b(L)= 2 and τ(G)= 0. If b(G)⩾ 3, then

|L : T|⩽ r(T)⩽ |L : T|+D(P)−2.

Proof. This follows immediately from Proposition 6.6.2, noting that m = 1 in the statement of

the proposition. ■

Remark 6.6.6. Let us apply Corollary 6.6.5 in the case where H is soluble. Suppose b(G)⩾ 3,

so r(T)⩽ |L : T|+D(P)−2 by the corollary. Now r(T)⩾ r(L)|L : T| and the solubility of P implies

that D(P)⩽ 5 (see Theorem 6.2.1), whence

(r(L)−1)|L : T|⩽ D(P)−2⩽ 3

and either r(L)= 1, or r(L)= 2 and |L : T| ∈ {2,3}. In particular, the possibilities for (L, J) can be

read off from Tables 4.7 and 4.8, and we find that r(L)= 2, |L : T| ∈ {2,3} and r(T)⩽ |L : T|+3 if

and only if one of the following holds:

(a) L =L3(3).2 and J is of type O3(3).
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(b) L =L2(27).3 and J is of type GL1(272).

(c) (L, J)= (M10,SD16).

Note that if P is primitive (as in Theorem 6.6.11), then D(P)⩽ 4 by Theorem 6.2.3, so the corollary

implies that r(T)⩽ |L : T|+2 and this eliminates cases (a) and (b).

In order to state our next result, we define the following condition on the group P ⩽ Sk, with

respect to a fixed integer m in the range D(P)⩽ m⩽ k:

(†)
If {π1, . . . ,πm} is a distinguishing partition for P,

then for all i, there exists ρ ∈ P such that πi ∩πρi is empty.

Note that if there exists a distinguishing partition {π1, . . . ,πm} for P with |πi| > k/2 for some i,

then πi ∩πρi is non-empty for all ρ ∈ P and thus (P,m) does not satisfy (†).

Remark 6.6.7. Recall that Pm([k]) is the set of ordered partitions of [k] into m parts, where

some of the parts are allowed to be empty. It is not difficult to see that if P has a unique regular

orbit on Pm([k]) then (P,m) satisfies the condition in (†).

Proposition 6.6.8. Assume Hypothesis 6.6.1, where b(L)= 2 and τ(G)= 0. If b(G)⩾ 3, then (†)

holds for all D(P)⩽ m⩽min{k, r(T)}.

Proof. This is similar to the proof of Proposition 6.6.2. Suppose there exists a distinguishing

partition {π1, . . . ,πm} for P such that D(P)⩽ m⩽ r(T) and π1 ∩πρ1 is non-empty for all ρ ∈ P. Fix

α0 ∈Γ. Since r(T)⩾ m, we can choose elements γ1, . . . ,γm that are contained in distinct regular

Tα0-orbits on Γ, so each pair {α0,γi} is a base for T. In addition, we may assume that {α0,γ1} is a

base for L. Define α= (α0, . . . ,α0) and β= (β1, . . . ,βk) as elements of Ω, where β j = γi if j ∈πi. In

order to prove the proposition, it suffices to show that {α,β} is a base for G.

Let x ∈Gα∩Gβ and write x = zσ, where z = (z1, . . . , zk) ∈ Lk ∩G and σ ∈ P. Note that each z j

is contained in Lα0 . If z ∈ Tk then x ∈ T ≀P and thus x = 1 since we know that {α,β} is a base for

T ≀P by Lemma 6.4.1. Therefore, since τ(G)= 0, we may assume z j ∈ L \ T for all j.

Since π1 ∩πσ1 is non-empty, there exists j ∈π1 such that jσ ∈π1. Then β j = γ1 and by consid-

ering the jσ-th coordinate of βx we deduce that γ1 =β jσ =βz j
j = γz j

1 . Therefore, z j ∈ Lα0 ∩Lγ1 = 1

and thus z j = 1, which contradicts the fact that z j ∈ L \ T. The result follows. ■

Notice that P is primitive in the statement of Theorem 6.6.11. Therefore, in view of Theorem

6.2.3, we have a special interest in the case D(P)= 2, which means that P has a regular orbit on

the power set of [k]= {1, . . . ,k}. This leads us naturally to consider the following condition, which

coincides with (†) when m = 2:

(‡)
If the setwise stabiliser of Λ⊆ [k] in P is trivial,

then Λσ = [k]\Λ for some σ ∈ P.
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Clearly, if D(P)= 2 then (‡) holds only if k is even and every subset of [k] with trivial setwise

stabiliser in P has size k/2. In other words, (‡) holds only if P has no regular orbit on the set X

defined in (6.4.2). Therefore, if P is primitive and D(P)= 2, then Proposition 6.4.9 implies that (‡)

holds if and only if (k,P)= (2,S2) or (16,24:O−
4 (2)). We will return to this observation in the proof

of Theorem 6.6.11 below.

The following result is an immediate corollary of Proposition 6.6.8.

Corollary 6.6.9. Assume Hypothesis 6.6.1, where b(L)= D(P)= 2 and τ(G)= 0. If b(G)⩾ 3, then

(‡) holds.

The final ingredient for the proof of Theorem 6.6.11 is provided by the following lemma.

Lemma 6.6.10. Assume Hypothesis 6.6.1, where b(L)= |L : T| = 2, τ(G)= 0 and P = Sr(T). Then

b(G)⩾ 3.

Proof. Set k = r(T) and fix α0 ∈ Γ. Recall that an element z = (z1, . . . , zk) ∈ Lk is contained in

G if and only if z ∈ Tk or zi ∈ L \ T for all i. In view of Lemma 6.4.1, it suffices to show that

α= (α0, . . . ,α0) and β= (γ1, . . . ,γk) do not form a base for G, where the γi are contained in distinct

regular Tα0-orbits.

Since |L : T| = 2, each regular Lα0-orbit is a union of two regular Tα0-orbits. This allows us to

define r = r(L) distinct pairs {s, t}⊆ {1, . . . ,k}, where {s, t} is a pair if and only if γs and γt are in the

same regular Lα0 -orbit. Let {s1, t1}, . . . , {sr, tr} be the pairs arising in this way. For each i ∈ {1, . . . , r},

there exist zsi , zti ∈ Lα0 such that γ
zsi
si = γti and γ

zti
ti

= γsi . In addition, if ℓ ∉ {s1, t1, . . . , sr, tr} then

there exists 1 ̸= zℓ ∈ Lα0 such that γzℓ
ℓ
= γℓ. By construction, all of the elements zsi , zti and zℓ are

contained in L \ T. Therefore, if we define z = (z1, . . . , zk) ∈ Lk, then z ∈G. Finally, we note that

1 ̸= zσ ∈Gα∩Gβ, where σ= (s1, t1) · · · (sr, tr) ∈ P, and we conclude that {α,β} is not a base for G.

■

Theorem 6.6.11. Assume Hypothesis 6.6.1, where b(L) = 2, P is primitive, τ(G) = 0 and H is

soluble. Then b(G)⩽ 3, with equality if and only if (L, J) is one of the cases in Table 6.2 and either

r(T)< D(P), or P = Sk, k ∈ {2,3,4} and r(T)= D(P)= k.

Proof. First note that L is almost simple with soluble point stabiliser J, and P is also soluble

(see Remark 6.2.5). By Lemma 6.3.1 we have b(L ≀P) ⩽ b(L)+1 and thus b(G) ⩽ 3. Since P is

primitive, Theorem 6.2.3 implies that either D(P)= 2, or one of the following holds:

(a) D(P) = 3 and (k,P) = (4, A4), (3,S3) or one of 8 cases listed in [109, Theorem 2] with P

soluble.

(b) D(P)= 4 and (k,P)= (4,S4).
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r(T) L Type of J Conditions
2 M10 5:4

J2.2 52:(4×S3)
3 L3(4).2 GU3(2) L ̸=PΣL3(4)

PGL2(11) 21+2− .O−
2 (2)

PGL2(7) D12
4 PGL2(q) D2(q−1) q ∈ {9,11}

G2(3).2 SL2(3)2

S7 AGL1(7)
M10 SD16

Table 6.2: The groups (L, J) in Theorem 6.6.11

First assume r(T)< D(P). Here Theorem 6.2.6 gives b(T ≀P)⩾ 3, so b(G)= 3 and the possibili-

ties for (L, J) can be read off from Tables 4.7 and 4.8, noting that L ̸= T since we are assuming G

satisfies Hypothesis 6.6.1. In this way, we obtain the cases recorded in Table 6.2 with r(T) ∈ {2,3}.

For the remainder, we will assume r(T) ⩾ D(P). We now divide the proof into three cases,

according to D(P).

Case 1. D(P)= 2.

First assume D(P) = 2. By combining Theorem 6.2.6 and Corollary 6.6.5, we deduce that

b(G) = 3 only if r(L) = 1 and r(T) = |L : T|. Therefore, by inspecting Table 4.7 we see that

(L, J)= (M10,5:4) or (J2.2,52:(4×S3)) are the only possibilities, and in both cases we have |L : T| = 2.

If b(G)= 3 then Corollary 6.6.9 implies that the condition (‡) holds, which means that P has no

regular orbit on the set X defined in (6.4.2). In addition, since P is soluble, Proposition 6.4.9

implies that (k,P)= (2,S2) and we conclude that b(G)= 3 via Lemma 6.6.10.

Case 2. D(P)= 3.

Next assume D(P)= 3, so the possibilities for (k,P) are described in case (a) above. Suppose

b(G)= 3 and first observe that Proposition 6.6.8 implies that (†) holds with m = 3. By considering

the cases in (a), with the aid of MAGMA it is straightforward to check that (†) holds with m = 3 if

and only if (k,P)= (3,S3), (4, A4) or (9,AGL2(3)).

Next observe that r(T) = |L : T| or |L : T|+1 by Corollary 6.6.5. Therefore, r(L) = 1 and by

inspecting Table 4.7 we deduce that (L, J) is one of the three cases recorded in Table 6.2 with

r(T)= |L : T|+1= 3. In particular, if (k,P)= (3,S3) then b(G)= 3 in both cases by Lemma 6.6.10.

We now consider the two remaining possibilities for (k,P) in turn.

Suppose (k,P)= (9,AGL2(3)). Using MAGMA, we can find a distinguishing partition {π1,π2,π3}

for P such that |πi| = i+1 for all i. Let (L, J) be one of the relevant cases in Table 6.2 and fix

α0 ∈Γ= [L : J]. Since r(T)= 3, there exist points γ1,γ2,γ3 that are contained in distinct regular

Tα0-orbits on Γ. In addition, we may assume that {α0,γ1} is not a base for L, whereas γ2 and γ3

are in the unique regular Lα0-orbit on Γ. Set α= (α0, . . . ,α0) and β= (β1, . . . ,βk) in Ω=Γk, where
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β j = γi if j ∈πi. We claim that {α,β} is a base for G, which is incompatible with our assumption

that b(G) = 3. To see this, suppose x ∈ Gα∩Gβ and write x = zσ, where z = (z1, . . . , zk) ∈ Lk ∩G

and σ ∈ P. Suppose j ∈ π1, so β j = γ1. Since γ2 and γ3 are not in the Lα0-orbit of γ1, it follows

that βz j
j = γ1. Therefore, σ fixes π1 and π2 ∪π3 (setwise). As a consequence, since |π2| = 3 and

|π3| = 4, we deduce that there exists j ∈π3 such that jσ ∈π3. Therefore, z j ∈ Lα0 ∩Lγ3 and thus

z j = 1. At this point, the condition τ(G)= 0 forces z ∈ Tk and thus Lemma 6.4.1 implies that x = 1.

Therefore, {α,β} is indeed a base for G and so the case (k,P)= (9,AGL2(3)) is eliminated.

An almost identical argument also eliminates the case (k,P)= (4, A4), working with a distin-

guishing partition {π1,π2,π3} for P with |π1| = |π2| = 1 and |π3| = 2. We omit the details.

Case 3. D(P)= 4.

Finally, let us assume D(P)= 4 and b(G)= 3, in which case (k,P)= (4,S4) (see case (b) above)

and Corollary 6.6.5 implies that |L : T|⩽ r(T) ⩽ |L : T| +2. Therefore r(T) ⩽ 2|L : T| and thus

r(L) ∈ {1,2}. By inspecting Tables 4.7 and 4.8, we deduce that either (L, J) is one of the cases in

Table 6.2 with r(T)= |L : T|+2= 4, or L =Ω+
8 (2):3 and J is of type O−

2 (2)×GU3(2). In the former

case, Lemma 6.6.10 shows that b(G)= 3, so it just remains to eliminate the latter possibility.

Suppose L = T:〈a〉 =Ω+
8 (2):3 and J is of type O−

2 (2)×GU3(2), so r(L)= 1 and r(T)= 5. Since

|L : T| = 3 is a prime and we are assuming that τ(G)= 0 and P = S4, it follows that

G = 〈T4, (a,a,a,a),P〉,

so an element (z1, z2, z3, z4) ∈ L4 is contained in G if and only if each zi is in the same coset of T

in L. Fix α0,γ1, . . . ,γ4 ∈Γ, where the γi are contained in distinct regular Tα0-orbits and {α0,γi} is

a base for L if and only if i ∈ {1,2}. Notice that if i ∈ {3,4} then |Lα0 ∩Lγi | = 3, which implies that

the Lα0 -orbit and Tα0 -orbit of γi are equal (in particular, γ3 and γ4 are in distinct Lα0 -orbits). Set

α= (α0,α0,α0,α0) and β= (γ1,γ2,γ3,γ4) in Ω=Γ4. We claim that {α,β} is a base for G.

Assume x ∈Gα∩Gβ and write x = zσ, where z = (z1, z2, z3, z4) ∈ L4 ∩G and σ ∈ P. Since none

of the points γ1, γ2 and γ4 are in the same Lα0-orbit as γ3, we deduce that 3σ = 3. Similarly,

4σ = 4. Suppose σ= (1,2). Then γ
z1
1 = γ2 and γ

z2
2 = γ1, which implies that z1, z2 ∈ L \ T. Moreover,

z1z2 ∈ Lα0 ∩Lγ1 = 1, so z1 = z−1
2 and we deduce that z1 and z2 are contained in different cosets of

T in L. But this means that z ∉G and we have reached a contradiction. This forces σ= 1. Finally,

since {α0,γ1} is a base for L we deduce that z1 = 1 and thus z ∈ T4. Since each {α0,γi} is a base

for T, we conclude that z = 1 and the proof of both the claim and the theorem is complete. ■

6.6.4 Final remarks

We conclude by briefly discussing the general problem of determining the base-two product type

groups with soluble point stabilisers. Let G ⩽ L ≀P be such a group with socle Tk, and adopt all

the usual notation as before. The case where G = L ≀P is handled in Theorem 6.1, so we may

assume G < L ≀P and b(L ≀P) ⩾ 3. Continuing with the main theme of Section 6.6, let us also
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assume that Hypothesis 6.6.1 holds. Here L ̸= T and b(G)= 2 only if b(T ≀P)= 2, so r(T)⩾ D(P)

and we deduce that b(L) ∈ {2,3} as a consequence of [14, Theorem 2]. In this setting, we have

handled the cases

(a) b(L)= k = 2 (see Theorem 6.6.4); and

(b) b(L)= 2, P is primitive and τ(G)= 0 (see Theorem 6.6.11).

So even under the assumption b(L)= 2, there is more work to be done here and it would be

interesting to see if it is possible to relax the conditions on P and τ(G) in case (b). For example, it

might be fruitful to consider the groups with τ(G)= k−1 as a starting point.

As the following example demonstrates, we can also find base-two groups under Hypothesis

6.6.1 when b(L)= 3.

Example 6.6.12. Take L = PΓL2(q) = T:〈a,b〉 = T:22 and let J be a maximal subgroup of type

GL1(q) ≀S2, where q = p2, p ⩾ 3 is a prime and PGL2(q) = T:〈a〉 and PΣL2(q) = T:〈b〉. By [14,

Lemma 4.7] we have b(L)= 3 and b(PGL2(q))= b(PΣL2(q))= 2. Set (k,P)= (2,S2) and consider

G = 〈T2, (a,a), (b,b),P〉

as a primitive product type group on Ω=Γ2, where Γ= [L : J].

As before, we may identify Γ with the set of distinct pairs of 1-dimensional subspaces of the

natural module for T. Given this identification, a precise description of the 2-element bases for

PGL2(q) and PΣL2(q) is presented in Section 4.3.4 and this allows us to choose bases {α0,γ1}

and {α0,γ2} for PGL2(q) and PΣL2(q), respectively, where γ1 and γ2 are contained in distinct

Lα0 -orbits. In addition, notice that {α0,γ2} is a base for T:〈ab〉 by Corollary 4.3.13. Set α= (α0,α0)

and β = (γ1,γ2). We claim that {α,β} is a base for G and thus b(G) = 2. To see this, suppose

x = (z1, z2)σ ∈G fixes α and β. Then each zi is contained in Lα0 and thus σ= 1 since γ1 and γ2

are in distinct Lα0-orbits. Since x ∈ G, we may write zi = ti c with ti ∈ T and c ∈ {1,a,b,ab}. If

c = 1 then zi ∈ Tα0 ∩Tγi = 1 and thus x = 1. If c = a then z1 ∈PGL2(q)α0 ∩PGL2(q)γ1 = 1, which is

a contradiction since z1 ∈ L \ T. An entirely similar argument applies if c ∈ {b,ab} and the proof

of the claim is complete.

Notice that |L : T| = 4 in Example 6.6.12. By the following result, there are no examples

with b(L)= 3, |L : T| = 2 and b(G)= 2. Here there is no need to assume that G has soluble point

stabilisers and it is worth noting that the same proof goes through under the weaker hypothesis

Tk < Lk ∩G.

Proposition 6.6.13. Assume Hypothesis 6.6.1, with b(L)⩾ 3 and |L : T| = 2. Then b(G)⩾ 3.

Proof. We may as well assume b(T) = 2. Fix α0 ∈ Γ and set α = (α0, . . . ,α0) ∈Ω. It suffices to

show that {α,β} is not a base for G, where β= (γ1, . . . ,γk) and each γi is contained in a regular

Tα0-orbit. Since b(L)⩾ 3, for each i there exists xi ∈ L \ T fixing both α0 and γi.
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T Type of J r(T) Conditions
L2(q) GL1(q) ≀S2 (q+a)/4 q odd, PGL2(q)< L

GL1(q2) (q−b)/4 q odd, PGL2(q)⩽ L
L3(4) GU3(2) 3
L4(3) O+

4 (3) 6 L = T.22

U4(3) GU1(3) ≀S4 11 L = T.D8
Ω+

8 (2) O−
2 (2)×GU3(2) 5 L = T.S3

PΩ+
8 (3) O+

4 (3) ≀S2 12 |L : T|⩾ 6

Table 6.3: The groups (L, J) in Proposition 6.6.14(ii)

Fix z = (z1, . . . , zk) ∈ (Lk ∩G) \ Tk and define a subset A of [k] such that i ∈ A if and only if

zi ∉ T. Note that A is non-empty since z ∉ Tk. Set y = (y1, . . . , yk) ∈ Lk, where yi = xi if x ∈ A,

otherwise yi = 1, and observe that y is non-trivial and it fixes α and β. Finally, since |L : T| = 2 we

deduce that yz ∈ Tk ⩽G, so y ∈Gα∩Gβ and the result follows. ■

By the proposition, if G has soluble point stabilisers and b(L) = 3, then b(G) = 2 only if

b(T)= 2, r(T)⩾ D(P) and |L : T|⩾ 3. Since L is almost simple, the possibilities for (L, J) can be

read off from [14, Tables 4–7], noting that b(T)= 2 only if logm |T| < 2, where m = |Γ|. In [14, Table

4], we deduce that the only possibility is L = A6.22 with J = [32] or D20.2 (here L is isomorphic to

PΓL2(9) and J is of type GL1(9) ≀S2 or GL1(92), respectively). One can check that no examples

arise in [14, Tables 5 and 6], while the relevant possibilities for (L, J) in [14, Table 7] are recorded

in Table 6.3 (here we implicitly assume the additional condition |L : T|⩾ 3). For the values of r(T)

in the first two rows, we have (a,b)= (7,1) if q ≡ 1 (mod 4), otherwise (a,b)= (5,3) (see Remark

4.5.15(ii) and the proof of [24, Lemma 7.9]).

It is straightforward to check that none of these possibilities correspond to cases in Table 4.9,

which implies that reg(L)⩾ 5 and we obtain the following result via Theorem 6.2.6.

Proposition 6.6.14. Assume Hypothesis 6.6.1 and H is soluble. Then b(G)= 2 only if one of the

following holds:

(i) b(L)= 2 and either b(L ≀P)= 2, or b(L ≀P)= 3, r(L)< D(P) and (L, J) is one of the cases in

Table 4.7 or 4.8.

(ii) b(L)= b(L≀P)= 3 and (L, J) is one of the cases in Table 6.3, where r(T)⩾ D(P) and |L : T|⩾ 3.

The study of bases for product type groups becomes rather more complicated if we drop

Hypothesis 6.6.1. As an illustration, we close with the following example.

Example 6.6.15. Let G ⩽ L ≀P be a product type primitive group on Ω=Γ3, where P = S3 and

L ⩽Sym(Γ) is a primitive group with point stabiliser J. As before, we may assume G induces L

on each factor of Ω, and P on the set of factors of the socle T3. Take L =PGL2(11)= T:〈a〉 = T.2

and J = S4, so b(L)= 2, r(L)= 1 and r(T)= 3 (see Table 4.7, noting that J is of type 21+2− .O−
2 (2)).
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First assume G contains P and note that there are precisely three possibilities, namely L ≀P,

〈T3, (a,a,a),P〉 and 〈T3, (a,a,1),P〉. For the full wreath product G = L ≀P, Theorem 6.1 implies

that b(G) = 3 since r(L) < D(P). Similarly, if G = 〈T3, (a,a,a),P〉 then τ(G) = 0 (see (6.6.1)) and

thus b(G)= 3 by Theorem 6.6.11, while a MAGMA calculation gives b(G)= 3 if G = 〈T3, (a,a,1),P〉.
Now assume G does not contain P, so |P ∩G| ∈ {1,2,3}. With the aid of MAGMA, we find that

there are 8 product type primitive groups of this form, up to permutation isomorphism. More

precisely, there are 3 groups with P ∩G = 1 and in each case b(G)= 2. There are also 3 groups

with |P ∩G| = 2 and here we find that b(G) = 3. Finally, let G1 and G2 be the two remaining

groups with |P ∩G i| = 3. For one of them, say G1, we have 〈G1,P〉 = L ≀P and b(G1)= 3. On the

other hand, 〈G2,P〉 has index 4 in L ≀P and one can check that b(G2)= 2.
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APPENDIX: MAGMA AND GAP CODE

In this appendix, we present code for implementing our computational methods. Here we mainly

use MAGMA V2.26-11 [10], and we will use the GAP Character Table Library [12] as an important

tool to do some computations on sporadic groups.

All the calculation times, if not specified otherwise, are based on my own computer (with 8

GB RAM). The author thanks Saul Freedman for the code in A.1.1, A.1.2.1, A.1.2.2, A.1.2.5.

A.1 MAGMA code

A.1.1 Calculation of base sizes

Our first MAGMA function BaseSizeTest determines whether or not the base size of a transitive

permutation group G is at most a given integer k. Here the “iter” variable corresponds to the

iteration depth. As discussed in Section 4.2.2, we first get a set of G-orbit representatives of

(k−1)-tuples and then inspect the pointwise stabiliser of every representative to check if there

is a regular orbit. The function takes as input a permutation group G and an integer k, which

returns true if and only if b(G)⩾ k (equivalently, G has a base of size k).

function BaseSizeTest(G,k:iter:=1);

if iter eq 1 then

if IsRegular(G) then

return true;

end if;

orbs:=[1];

else

orbs:=[i[2]:i in OrbitRepresentatives(G)|i[1] ne 1];
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end if;

for i in orbs do

S:=Stabiliser(G,i);

if iter le k-1 and #S le Max({j[1]:j in OrbitRepresentatives(S)}) then

return true;

end if;

if iter lt k-1 then

if BaseSizeTest(S,k:iter:=iter+1) then

return true;

end if;

end if;

end for;

return false;

end function;

Now we use BaseSizeTest to compute b(G). Note that b(G)⩾ log|Ω| |G| for any permutation

group G ⩽Sym(Ω). Starting from the integer ⌈log|Ω| |G|⌉, we use BaseSizeTest to check if G has

a base of size a given integer.

The command BaseSizeCalc(G) returns the precise base size of a transitive permutation

group G in MAGMA.

function BaseSizeCalc(G);

bslower:=Ceiling(Log(Degree(G),#G))-1;

// Ceiling(Log(Degree(G),#G)) is the lower bound for the base size

repeat

bslower:=bslower+1;

until BaseSizeTest(G,bslower) eq true;

return bslower;

end function;

For example, if G = S7 ≀S3 is a product type primitive group of degree 73, then the function

BaseSizeCalc computes b(G)= 7 in around 22 seconds.

A.1.2 Calculations on generalised Saxl graphs

In this section, we present the MAGMA functions we use to study the generalised Saxl graph Σ(G)

of a transitive group G ⩽Sym(Ω) with b(G)⩾ 2.
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A.1.2.1 The common neighbour property

We first present the MAGMA code to check whether or not G satisfies the property

(⋆) Any two vertices in Σ(G) have a common neighbour.

As explained in Section 4.2.5, we first obtain the pairs of points in Ω lying in bases of size

b(G) (recall the function BaseSizeCalc above to compute b(G)). The pairs are stored in MAGMA

as a set of representatives of orbitals by the function PairsInMinSizeBase below. To do this, we

first need the following procedure, which computes a set of G-orbit representatives of bases for G

of size b(G), stored as the sequence E. As before, this can be done iteratively. Here the sequence

tup is a (possibly empty) sequence of points in Ω, the group S is the pointwise stabiliser of tup in

G, and the integer b is the base size b(G).

procedure OrbitIter(S,b,tup,~E)

orbs:=[i[2]:i in OrbitRepresentatives(S)|i[1] ne 1];

for r in orbs do

Snew:=Stabiliser(S,r);

tupnew:=Append(tup,r);

if #tupnew eq b-1 then

E:=E cat [Seqset(Append(tupnew,j[2])):j in

OrbitRepresentatives(Snew)|j[1] eq #Snew];

elif #tupnew lt b-1 then

OrbitIter(Snew,b,tupnew,~E);

else

break r;

end if;

end for;

end procedure;

We now use OrbitIter to obtain a set of representatives for pairs of points lying in bases of

size b(G), up to equivalence under the action of G. Here the input is G and the integer b(G) (the

latter can be computed from the function BaseSizeCalc above).

function PairsInMinSizeBase(G,b)

tup:=[];

if IsRegular(G) then

E:=[[1]];

else

E:=[];

OrbitIter(G,b,tup,~E);
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end if;

E:=Seqset(E);

minbasereps:=[];

while not IsEmpty(E) do

r:=Rep(E);

Append(~minbasereps,r);

E:=E diff {i:i in E|IsConjugate(G,i,r)};

end while;

minpairs:={i:i in Subsets(j,2),j in minbasereps};

minpairreps:=[];

while not IsEmpty(minpairs) do

r:=Rep(minpairs);

Append(~minpairreps,r);

minpairs:=minpairs diff {i:i in minpairs|IsConjugate(G,i,r)};

end while;

return minpairreps;

end function;

For independent interest, one can easily construct the generalised Saxl graph Σ(G) via the

function PairsInMinSizeBase. We omit the details since we do not need to construct Σ(G) in this

thesis.

Now we record the MAGMA function to check whether or not G satisfies property (⋆). This

requires a set of representatives for pairs of points lying in bases of size b(G), as can be obtained

via the function PairsInMinSizeBase. Here the input is G, and the function returns true if and

only if (⋆) holds.

function FastMinSizeComNeighbTest(G)

b:=BaseSizeCalc(G);

minpairreps:=PairsInMinSizeBase(G,b);

comb:={};

for m in minpairreps do

comb:=comb join m^G;

end for;

G1:=Stabiliser(G,1);

orbreps:=[i[2]:i in OrbitRepresentatives(G1)|i[2] ne 1];

for o in orbreps do

found:=false;

if exists{s:s in comb|1 in s and {o,Rep(s diff {1})} in comb} then

found:=true;
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end if;

if not found then

return false;

end if;

end for;

return true;

end function;

For example, if the input G = S7 ≀S3 is a product type primitive group of degree 73, then

FastMinSizeComNeighbTest returns true in 91 seconds.

A.1.2.2 Check if G is semi-Frobenius

Now we present a function to determine whether or not G is semi-Frobenius. Recall that G is

called semi-Frobenius if Σ(G) is complete, or equivalently, if any 2-subset of Ω can be extended to

a base of size b(G).

To do this, we first introduce the following procedure. Again, the sequence tup is a (possibly

empty) sequence of points in Ω, the group S is the pointwise stabiliser of tup in G, which is the

input of the function FastMinSizeIsComplete below, and the integer b is the base size b(G).

Moreover, the sequence orbreps is initially a set of representatives for the orbits of G1 other

than {1}, and done is initially set to be false.

We iteratively check orbits of non-trivial point stabilisers up to equivalence, using the vari-

ables tup and tupnew to keep track of this, until tupnew has size b(G)−1. During this process,

an element α in orbreps is deleted if we find α3, . . . ,αb(G)−1 such that G(1,α,α3,...,αb(G)−1) has a

regular orbit (this means that {1,α} is an edge in Σ(G)). If orbreps ever becomes empty, then G

is semi-Frobenius and done is set to be true.

procedure OrbitIter2(S,b,tup,~orbreps,~done:init:=0)

if Type(init) eq GrpPerm then

orbs:=[1];

else

orbs:=Reverse([i[2]:i in OrbitRepresentatives(S)|i[1] ne 1]);

end if;

for r in orbs do

if Type(init) eq GrpPerm then

Snew:=init;

else

Snew:=Stabiliser(S,r);

end if;

tupnew:=Append(tup,r);
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if #tupnew eq b-1 then

orbdiff:={j[2]:j in OrbitRepresentatives(Snew)|j[1] eq #Snew};

if not IsEmpty(orbdiff) then

orbreps:=(orbreps diff Seqset(tupnew)) diff orbdiff;

end if;

if IsEmpty(orbreps) then

done:=true;

break r;

end if;

elif #tupnew lt b-1 then

OrbitIter2(Snew,b,tupnew,~orbreps,~done);

if done then

break r;

end if;

else

break r;

end if;

end for;

end procedure;

Using the procedure OrbitIter2, the function FastMinSizeIsComplete has input a transi-

tive permutation group G with b(G)⩾ 2, which returns true if and only if G is semi-Frobenius.

function FastMinSizeIsComplete(G)

b:=BaseSizeCalc(G);

G1:=Stabiliser(G,1);

orbreps:={i[2]:i in OrbitRepresentatives(G1)|i[2] ne 1};

tup:=[];

done:=false;

OrbitIter2(G,b,tup,~orbreps,~done);

return done;

end function;

For example, if the input is the primitive group G = S7 ≀S3 as before, then the function

FastMinSizeIsComplete returns false in 90 seconds.
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A.1.2.3 Probability

Recall that for a primitive group G with point stabiliser H, the common neighbour property (⋆)

holds if Q(G,b(G))< 1/2 (see Lemma 3.2.6(i)), and recall that Q(G, c)⩽ Q̂(G, c), where

Q̂(G, c)=
k∑

i=1

|xG
i ∩H|c
|xG

i |c−1

and
⋃

i xG
i is the set of elements of prime order in G.

Here we present a MAGMA function for computing Q̂(G, c), as explained in Section 4.2.3. The

command Q(G,H,c) returns the precise value of Q̂(G, c) for the transitive permutation group G

with point stabiliser H. Note that obtaining the conjugacy classes of G is expensive since |G| is

large. Instead, we compute the conjugacy classes of H and then use the function IsConjugate to

determine the fusion of these classes in G.

Q:=function(G,H,c);

C:=ConjugacyClasses(H);

q:=PrimeDivisors(#H);

z:=0;

for r in q do

a:={@ i : i in [1..#C] | C[i][1] eq r @};

A:={#G div #Centralizer(G,C[i][3]) : i in a};

A:=[x : x in A];

for i in [1..#A] do

m:=A[i];

B:=[j : j in a | (#G div #Centralizer(G,C[j][3])) eq m];

E:=B;

while #E ge 1 do

j:=E[1];

x:=C[j][3];

d:=0;

F:=[];

for k in E do

y:=C[k][3];

if IsConjugate(G,x,y) eq true then

d:=d+C[k][2];

Append(~F,k);

end if;

end for;

z:=z+d^c/m^(c-1);

E:=[x : x in E | x in F eq false];
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end while;

end for;

end for;

return z, RealField(4)!z;

end function;

For example, in the proof of Lemma 4.5.6 we need to show that Q̂(G,2) < 1/2 when G =
Aut(2G2(27)) and H = NG(K), where K is a Sylow 37-subgroup of G. The command Q(G,H,2)

computes Q̂(G,2)= 85/27702 in 6 seconds.

In the proofs of Lemma 4.5.6 and Proposition 4.5.12, we need to compute Q̃(G,2) (see (4.2.1)),

noting that Q̂(G,2) < Q̃(G,2). The following function Q2c returns the precise value of Q̃(G,2),

with input the permutation group G. Compare to the function Q above, the only difference is that

there are no IsConjugate commands needed for the function Q2c, which is a significant saving.

Q2c:=function(G,H);

C:=ConjugacyClasses(H);

Q:=PrimeDivisors(#H);

z:=0;

for r in Q do

a:={@ i : i in [1..#C] | C[i][1] eq r @};

A:={#G div #Centralizer(G,C[i][3]) : i in a};

A:=[x : x in A];

for i in [1..#A] do

c:=A[i];

B:=[j : j in a | (#G div #Centralizer(G,C[j][3])) eq c];

E:=B;

while #E ge 1 do

j:=E[1];

x:=C[j][3];

d:=0;

F:=[];

for k in E do

Cx:=#Centraliser(G,x);

y:=C[k][3];

if #Centraliser(G,y) eq Cx then

d:=d+C[k][2];

Append(~F,k);

end if;

end for;
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z:=z+d^2/c;

E:=[x : x in E | x in F eq false];

end while;

end for;

end for;

return z, RealField(4)!z;

end function;

For example, if G = Aut(PΩ+
8 (9)) and H is of type O−

2 (92)×O−
2 (92), then we construct H in

MAGMA as the normaliser of a Sylow 41-subgroup of G, and the function Q2c computes

Q̃(G,2)= 1090030513829/3335430063721392000≈ 3×10−7

in 5 hours. This case arises in the proof of Proposition 4.5.12.

A.1.2.4 Double cosets

Let G ⩽Sym(Ω) be a primitive group with point stabiliser H. As explained in Section 4.2.4, we

can work with (H,H) double cosets in order to bound or to compute r(G) (see (4.2.2)). If |Ω| =
|G : H| < 107 we can directly compute r(G) using the function DoubleCosetRepresentatives in

MAGMA. However, in some cases, |G : H| > 107 and so this method does not work well in MAGMA.

Instead, we can sometimes use the function DoubleCosetCanonical to establish the existence of

sufficiently many regular H-orbits to force Q(G,2)< 1/4, with the aim of proving Theorem 4.5.1.

This approach is implemented in the proofs of Propositions 4.5.11 and 4.5.12. More specifically,

the method is used to treat the cases where soc(G) = PSp8(3) with H of type Sp2(3) ≀S4, and

G =PΩ+
8 (3).A4 with H of type O−

2 (3) ≀S4.

Example A.1.1. Suppose G =Aut(PSp8(3)) and H is of type Sp2(3) ≀S4. Here

|G : H| = 16523386425> 1010

and we use the function DoubleCosetCanonical to show that Q(G,2)⩽ 1/4 proceeding as follows,

noting that G has a unique conjugacy class of soluble maximal subgroups.

G:=AutomorphismGroupSimpleGroup("S",8,3);

M:=MaximalSubgroups(G:IsSolvable:=true);

H:=M[1]‘subgroup;

m:=Ceiling(0.75*Index(G,H)/#H); // m = 1557

repeat

g := Random (G);

a := DoubleCoset(G, H, g, H);

until #a eq #H^2;
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Im, base := DoubleCosetCanonical (G, H, g, H);

L := [];

DC := [];

for i in [1..1000000] do

if i mod 100 eq 0 then "test i = ", i; end if;

g := Random (G);

a := DoubleCoset(G, H, g, H);

if #a eq #H^2 then

Append (~L, g);

im := DoubleCosetCanonical (G, H, g, H: B := base);

Append (~DC, im);

r := #Set (DC);

i, #L, r;

if r ge m then break; end if;

end if;

end for;

The “for” loop takes 108.23 seconds. The final line of the output is

8218 6278 1557

which means that 8218 random elements g of G are chosen, 6278 of which are such that

|H gH| = |H|2, and they give 1557 distinct (H,H) double cosets with size |H|2. Therefore, there

are at least 1557 regular H-orbits, whence Q(G,2)⩽ 1/4.

A.1.2.5 Sporadic groups

Now we present the code involved in the calculations for sporadic groups in Section 4.4.

First, we detail how we construct the primitive permutation groups G ⩽ Sym(Ω) with G ∈
{Ly,Th} and b(G)⩾ 3, which arises in the proof of Proposition 4.4.1. In view of [30, Theorem 1],

the latter condition implies that b(G)= 3 and

(G,H)= (Ly,G2(5)), (Ly,3.McL:2), (Th,3D4(2):3) or (Th,25.L5(2)),

where H is a point stabiliser in G. Here we construct a matrix group Ĝ <GLd(q) isomorphic to G

with

(d, q)=


(248,2) G =Th

(111,5) (G,H)= (Ly,G2(5))

(517,5) (G,H)= (Ly,3.McL:2).

This can be done in MAGMA using the function MatrixGroup. For example, MatrixGroup("Th",1)

returns a group Ĝ <GL248(2). We then construct a subgroup Ĥ of Ĝ isomorphic to H using the
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generators from the Web ATLAS [123], and obtain a low-dimensional Ĥ-submodule of Fd
q . This

allows us construct the permutation group G ⩽Sym(Ω) using the function OrbitImage.

As an example, we present the code we use for the case (G,H)= (Th,25.L5(2)) below, recalling

that our aim is to show that G is semi-Frobenius. Here the function OrbitImage, which returns

the permutation group G ⩽Sym(Ω), requires a significant amount of RAM (around 171 GB). The

author thanks Saul Freedman for his assistance with this computation (which took 122 hours, as

he noted).

G:=MatrixGroup("Th",1);

SS:=function(S)

w1 := S.1;

w2 := S.2;

w3 := w1 * w2;

w4 := w3 * w2;

w5 := w4 * w3;

w6 := w5 * w5;

w5 := w3^15;

w7 := w4^9;

w8 := w5 * w7;

w5 := w3^12;

w7 := w8 * w5;

w5 := w4^16;

w8 := w7 * w5;

w5 := w3^17;

w7 := w8 * w5;

w8 := w7^-1;

w3 := w8 * w6;

w2 := w3 * w7;

return [w1,w2];

end function;

H:=sub<Generic(G)|SS(G)>;

MH:=GModule(H);

C:=Submodules(MH);

V:=C[2]; // dimension 5

f:=Morphism(V,MH);

U:=VectorSpace(MH);

W:=sub<U|U!f(V.1),U!f(V.2)>; // setting up V as a subspace of U

I:=OrbitImage(G,W);

FastMinSizeIsComplete(I); // true
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Next, we treat the special case (G,H) = (Fi23,31+8.21+6.31+2.2S4) arising in the proof of

Proposition 4.4.1, and we show that G is semi-Frobenius with its action on [G : H]. Here b(G)= 3

and |G : H| = 1252451200 > 109, so the degree is too large for MAGMA to construct G using

CosetAction. Instead, we use the function DoubleCosetCanonical to verify that for each (H,H)

double coset representative x ∉ H, there exists an element y ∈G such that H∩Hx ∩H y = 1. The

code is shown as below.

G:=Socle(AutomorphismGroupSimpleGroup("Fi23"));

M:=MaximalSubgroups(G:OrderEqual:=3265173504);

H:=M[1]‘subgroup;

Gsize:=#G;

im,base:=DoubleCosetCanonical(G,H,H.1,H);

breps:=[im];

dcsize:=#H;

for g in G do

x:=DoubleCosetCanonical(G,H,g,H:B:=base);

if not x in breps then

Append(~breps,x);

dcsize:=dcsize+#DoubleCoset(G,H,g,H);

C:=H meet H^g;

found:=false;

repeat

y:=Random(G);

if #(C meet H^y) eq 1 then

found:=true;

end if;

until found;

if dcsize eq Gsize then

print "Done.";

break g;

end if;

end if;

end for;

In the proof of Theorem 4.4.4, we need to show that the common neighbour property (⋆) holds

for the permutation group G ⩽Sym(Ω) with G =Fi24 and point stabiliser H = (2×2.Fi22):2. Here

b(G)= 3 by [30, Theorem 1]. Once again, the degree of G is too large for MAGMA to construct G as

a permutation group on Ω, and so the function FastMinSizeComNeighbTest cannot be applied.
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Instead, we will show that there exists r, s ∈G \ H such that H∩Hr ∩Hs = 1 and 2|HrH| > |G|,
noting that this implies that val(G)/|Ω| > 1/2 and thus (⋆) holds.

To do this, we first construct H using the generators given in the Web ATLAS [123] (Version

2.0). Then we can find the elements r, s described above via random search as shown in the

following code.

G:=AutomorphismGroupSimpleGroup("Fi24");

w1:=G.1;

w2:=G.2;

w3:=w1*w2;

w4:=w3*w2;

w5:=w4*w3;

w6:=w2^3;

w7:=w4*w6;

w8:=w3*w6;

w9:=w7*w7;

w10:=w9*w8;

w11:=w10^-1;

w12:=w11*w5;

w2:=w12*w10;

H:=sub<G|w1,w2>;

repeat

r:=Random(G);

until 2*#DoubleCoset(G,H,r,H) gt #G and exists(s){s : s in G |

#((H meet Conjugate(H,r)) meet Conjugate(H,s)) eq 1};

#DoubleCoset(G,H,r,H); // 1429430650440473640960000

A.1.3 Random search for subsets with Hol(T,S)= 1

Let G = Tk.(Out(T)×Sk) be a diagonal type primitive group (see Section 5.2.1). Recall Lemma

5.3.2 that G has at least 2 regular suborbits if and only if the holomorph Hol(T) has at least 2

regular orbits on the set of k-subsets of T. We implement this approach in MAGMA by random

search, finding two random k-subsets of T lying in distinct regular Hol(T)-orbits. The function

RanHol below is used in the proofs of Proposition 5.4.7 and Lemma 5.5.12. Here the input is a

simple group T and an integer k, and the function returns two k-subsets of T (stored as {1, . . . , |T|}
in MAGMA) lying in distinct regular Hol(T)-orbits.

RanHol:=function(T,k);

G:=Holomorph(T);

d:=#T;
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repeat

A:=[];

B:=[];

repeat // we keep adding elements to A until it is a k-set

Append(~A,Random([1..d]));

until #{x : x in A} eq k;

repeat

Append(~B,Random([1..d]));

until #{x : x in B} eq k;

A:={x : x in A};

B:={x : x in B};

S1:=Stabiliser(G,A);

S2:=Stabiliser(G,B);

until #S1 eq 1 and #S2 eq 1 and not exists(g){g : g in G | B eq

{Image(g,x) : x in A}};

return A,B;

end function;

We only use the function RanHol when |T|⩽ 1092. For example, for the group T =L2(13) with

|T| = 1092, the command RanHol(T,25) returns the following two random subsets in 40 seconds

{ 21, 32, 36, 111, 186, 187, 274, 312, 343, 364, 470, 489, 497, 501, 525, 679,

684, 686, 699, 723, 945, 982, 1007, 1038, 1091 }

{ 5, 13, 38, 101, 116, 125, 140, 156, 324, 341, 350, 395, 459, 473, 482, 547,

644, 788, 831, 857, 936, 944, 981, 986, 1077 }

To determine whether or not the two random subsets A and B obtained in the function RanHol

are indeed in distinct Hol(T)-orbits, we inspect every element g ∈Hol(T) and check whether or

not Ag = B. This process, as well as the calculation of setwise stabilisers, becomes very expensive

when |T| (and hence |Hol(T)|) is large. Thus, for the groups with |T| > 1092, we implement the

approach described in Remark 5.3.7.

More precisely, we find two k-subsets of T with suitable element orders by random search,

using the function RanHolOrder below. Once again, the input is a simple group T and an integer

k. With the notation in Remark 5.3.7(i), the function RanHolOrder finds two k-subsets X1 and

X2 containing 1 and satisfying the properties that 〈X j〉 = T, |O j| = k, O j ̸= {|x−1t| : t ∈ X j} for any

x ∈ X j \{1}, and O2 ̸= {|x−1t| : t ∈ X1}, where

O j = {|t| : t ∈ X j}

is the set of element orders in X j. The function returns O1 \{1} and O2 \{1}. As noted in Remark

5.3.7(i), the two k-subsets X1 and X2 are in distinct regular Hol(T)-orbits, and we only need to

use this method for k ⩽ 11.

202



A.1. MAGMA CODE

RanHolOrder:=function(T,k);

repeat

A:=[];

B:=[];

for i in [1..k-1] do

Append(~A,Random(T));

Append(~B,Random(T));

end for;

A:={x : x in A};

B:={x : x in B};

O1:={Order(x) : x in A};

O2:={Order(x) : x in B};

until ((#O1 eq k-1 and #sub<T|A> eq #T and not exists(y){y : y in A |

{Order(y^(-1)*x) : x in A} eq O1 or {Order(y^(-1)*x) : x in A} eq

O2}) and (#O2 eq k-1 and #sub<T|B> eq #T and not exists(y){y : y in B |

{Order(y^(-1)*x) : x in B} eq O2}));

return O1,O2;

end function;

For example, if T =Fi′24 and k = 8, the command RanHolOrder(T,k) returns the following in

40 seconds

{ 8, 17, 21, 26, 27, 29, 39 }

{ 14, 21, 24, 26, 33, 35, 36 }

This means that there exist subsets X1 and X2 of T lying in distinct regular Hol(T)-orbits such

that 1 ∈ X1 ∩ X2, |X1| = |X2| = 8,

{|t| : t ∈ X1}= {1,8,17,21,26,27,29,39} and {|t| : t ∈ X2}= {1,14,21,24,26,33,35,36}.

A.1.4 Proof of Proposition 5.6.10

In this section, we present the MAGMA code involved in the proof of Proposition 5.6.10. Here we

assume

T ∈A := {M12,HS,Suz,He,J1,J2,J3,Fi22,O′N, HN}.

We will handle the sporadic groups with T ∉A ∪ {B,M} using GAP (see Appendix A.2.2).

First assume T ∈A and T ̸=HN. Here we first inspect the conjugacy classes of Aut(T) and

obtain an element y of order m, where m is as described in Table 5.4. Then we compute the group

I(y), where

I(y)= {α ∈Aut(T) : yα ∈ {y, y−1}}
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is the group of automorphisms of T centralising or inverting y. Note that if y is not Aut(T)-

conjugate to y−1, then I(y)= CAut(T)(y), otherwise I(y)= 〈CAut(T)(y), g〉, where g ∈Aut(T) is such

that yg = y−1.

Recall that our aim is to show that for any z ∈ T \ yT , there exists x ∈ zT such that 〈x, y〉 = T

and there is no α ∈ Aut(T) with (x, y)α = (x−1, y−1), noting that the latter condition holds if

I(x)∩ I(y)= 1 and one of x and y has order at least 3. For each T-class representative z ∈ T \ yT

of prime order, one can obtain a random element x ∈ zT satisfying 〈x, y〉 = T and I(x)∩ I(y) = 1.

This can be done with the aid of MAGMA via the following code. Here we present the calculation

for the group T =Fi22, noting that other groups in A \{HN} can be handled similarly.

G:=AutomorphismGroupSimpleGroup("Fi22");

T:=Socle(G);

t:=#T;

C:=Classes(T);

y:=C[61][3]; // an element in Table 5.4

P:=[i : i in [2..#C] | IsPrime(C[i][1]) and not i eq 61];

// a set of represetatives of prime order elements in T not conjugating to y

P; // output: [ 2, 3, 4, 5, 6, 7, 8, 14, 26, 36, 37, 49, 50 ]

Cy:=Centraliser(G,y);

Y,g:=IsConjugate(G,y,y^(-1));

// y^g = y^(-1), or g = Id(G) if y^g and y^(-1) are not G-conjugate

Iy:=sub<G|Cy,g>; // the group I(y)

for i in P do

z:=C[i][3];

Cz:=Centraliser(G,z);

Z,gz:=IsConjugate(G,z,z^(-1));

Iz:=sub<G|Cz,gz>; // the group I(z)

repeat

h:=Random(G);

x:=z^h; // a random element in z^T

Ix:=(Iz)^h; // the group I(x)

until #sub<T|x,y> eq t and #(Ix meet Iy) eq 1;

[Order(z),Order(h),i];

end for;

The output is a sequence consisting of |z|, |h| with x := zh satisfying the prescribed properties,

and the class number of z in Classes(T).

We treat the group T = HN separately in the proof of Proposition 5.6.10. This is because

computing the conjugacy classes in this setting is expensive for MAGMA. We now present a method
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of constructing conjugacy classes of prime order elements without using the function Classes.

As before, we construct Aut(T) using AutomorphismGroupSimpleGroup, and T is constructed as

the socle of Aut(T).

First, let us construct an element y of order 19, which is an element of order as described in

Table 5.4. We work with a maximal subgroup H =U3(8).6 of Aut(T), which can be constructed

using the generators given in the Web ATLAS [123]. Note that a Sylow 19-subgroup S of H is of

order 19, and y can be obtained as a generator of S.

It is worth noting that S = CAut(T)(y). Thus, for an element g ∈ Aut(T) such that yg = y−1,

which can be obtained as discussed in the above example, the set of elements in Aut(T) inverting

y is the coset gS. Thus, for an element x ∈ T, if there is no element in gS inverting x, then there

is no element α ∈Aut(T) such that (x, y)α = (x−1, y−1). Given this observation, we do not need to

compute CAut(T)(x), which is a significant saving.

Next, we construct representatives z of elements in T of prime order r < 19 (note that 19 is

the largest prime divisor of |T|), so r ⩽ 11. Assume z is not of class 5B, 5C or 5D. Then zT ∩K is

non-empty, where K ∼= A12 is a maximal subgroup of T. Here K can be constructed as a point

stabiliser of T. Once again, since the degree of K is large, it is expensive for MAGMA to obtain

the set of conjugacy classes in K directly. To overcome this difficulty, we work with the group A12

with its natural permutation representation on 12 points, in which the conjugacy classes of prime

order can be obtained easily. We are then able to obtain a set of K-class representatives of prime

order elements via an isomorphism of K and A12.

Finally, assume z is of class 5B, 5C or 5D. Here zT ∩K is empty, so instead we work with a

maximal subgroup L = 21+8.(A5 × A5).2.2 of Aut(T), noting that zT ∩L is non-empty. We then

work with a Sylow 5-subgroup of L, which is isomorphic to C2
5.

The method explained above can be implemented in MAGMA via the following code.

G:=AutomorphismGroupSimpleGroup("HN");

T:=Socle(G);

t:=#T;

// construction of a maximal subgroup U(3,8).6 of Aut(T)

w1:=G.1;

w2:=G.2;

w3 := w1 * w2;

w4 := w3 * w2;

w5 := w3^14;

w6 := w4 * w4;

w4 := w3 * w3;

w3 := w2 * w2;

w2 := w6 * w3;
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w3 := w2 * w4;

w2 := w3^-1;

w4 := w2 * w5;

w2 := w4 * w3;

H:=sub<G|w1,w2>; // H is isomorphic to U(3,8).6

S:=SylowSubgroup(H,19);

y:=S.1;

// an element in Table 5.4, noting that its centraliser in G is equal to S

Y,g:=IsConjugate(H,y,y^(-1));

Inv:={g*a : a in S}; // the set of elements in G inverting y

z:=y^(-1); // check the proposition for z = y^(-1)

repeat

h:=Random(G);

x:=z^h; // a random element in z^T

until #sub<T|x,y> eq t and not exists(a){a : a in Inv | x^a eq x^(-1)};

K:=Stabiliser(T,1); // a maximal subgroup of T isomorphic to Alt(12)

tr,f:=IsIsomorphic(Alt(12),K); // f is an isomorphism from Alt(12) to K

C:=Classes(Alt(12));

P:=[i : i in [2..#C] | IsPrime(C[i][1])];

Ele:=[f(C[i][3]) : i in P];

// the sequence of prime order elements which cover prime order classes

// other than 5B, 5C, 5D, 19A, 19B

for z in Ele do

// check the proposition for |z| < 19 and z is not of class 5B, 5C or 5D

repeat

h:=Random(G);

x:=z^h; // a random element in z^T

until #sub<T|x,y> eq t and not exists(a){a : a in Inv | x^a eq x^(-1)};

end for;

// construction of a maximal subgroup 2^(1+8).(A5xA5).2.2 of G

w1:=G.1;

w2:=G.2;

w3 := w1 * w2;

w4 := w3 * w2;
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w5 := w4 * w2;

w6 := w2 * w2;

w7 := w5 * w3;

w8 := w7^5;

w9 := w6 * w4;

w10 := w9^-1;

w11 := w10 * w8;

w12 := w11 * w9;

w10 := w8 * w12;

w11 := w10^5;

w1 := w9 * w11;

w9 := w4 * w3;

w10 := w9 * w4;

w9 := w10^-1;

w11 := w9 * w8;

w9 := w11 * w10;

w10 := w8 * w9;

w9 := w10^15;

w2 := w7 * w9;

L:=sub<G|w1,w2>; // L is isomorphic to 2^(1+8).(A5xA5).2.2

S2:=SylowSubgroup(L,5);

// a Sylow 5-subgroup of L, which is isomorphic to 5^2 and contains

// elements of class 5B, 5C and 5D

for z in S2 do // check the proposition for z of class 5B, 5C and 5D

if Order(z) eq 5 then

repeat

h:=Random(G);

x:=z^h; // a random element in z^T

until #sub<T|x,y> eq t and not exists(a){a:a in Inv | x^a eq x^(-1)};

end if;

end for;

A.2 GAP code

Throughout this section, let G ⩽ Sym(Ω) be an almost simple primitive sporadic group with

socle T and point stabiliser H. The character table of G can be accessed via the Character Table

Library of GAP [12], and one can use the function Maxes to access the character table of H unless
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G =M is the Monster group. Moreover, if G ̸=M and (G,H) ̸= (B, (22 ×F4(2)):2), the fusion map

from H-classes to G-classes is also available in [12].

A.2.1 Probability

First, we present the function to compute Q̂(G, c), recalling that

Q̂(G, c)=
k∑

i=1

|xG
i ∩H|c
|xG

i |c−1
,

where
⋃

i xG
i is the set of elements of prime order in G. The input of the following function is the

character table of G, the character table of H and an integer c. It returns the precise value of

Q̂(G, c).

Q:=function(T,t,c);

F:=FusionConjugacyClasses(t,T);;

O:=OrdersClassRepresentatives(t);;

P:=[];;

for i in [1..Size(O)] do

if IsPrime(O[i]) then

Add(P,i);;

fi;

od;

PO:=[];;

for i in P do

Add(PO,F[i]);;

od;

fO:=Set(PO);;

nO:=[];;

for n in fO do

N:=[];;

for i in [1..Size(P)] do

if PO[i] = n then Add(N,P[i]);; fi;

od;

Add(nO,N);;

od;

S:=SizesConjugacyClasses(T);;

s:=SizesConjugacyClasses(t);;

q:=0;;

for i in [1..Size(nO)] do

n:=nO[i];;
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a:=0;;

for j in [1..Size(n)] do

a:=a+s[n[j]];;

od;

b:=S[fO[i]];;

q:=q+a^c/(b^(c-1));;

od;

return q;;

end;

For example, in the proof of Theorem 4.4.4 we need to show that Q̂(G,b(G))< 1/2 for the case

(G,H)= (Co1,3.Suz:2), noting that b(G)= 4 by [30, Theorem 1]. The code

T:=CharacterTable("Co1");;

M:=Maxes(T);;

t:=CharacterTable(M[2]);;

Q(T,t,4);

returns

12413565400307859/68375035904000000

which is the precise Q̂(G,b(G)). It is then routine to check that Q̂(G,b(G))< 1/2.

Note that the function Q requires the information of the fusion map from H-classes to G-

classes. For the group with G =B and H = (22 ×F4(2)):2, this information is not stored in GAP,

and so the function Q does not work. In this setting, we use the function PossibleClassFusions

instead of FusionConjugacyClasses, which returns the possible fusion maps. All possibilities

for this fusion yield the same value for Q̂(G,b(G)), which is

281269824015848730254/18329682579606295200703125≈ 1.534×10−5.

A.2.2 Proof of Proposition 5.6.10

Finally, let us present the GAP code for the computations in the proof of Proposition 5.6.10 for

the groups with

T ∈B := {M11, M22, M23, M24, McL, J4, Co1, Co2, Co3, Ru, Fi23, Fi′24, Th, Ly}.

Recall that a T-conjugacy class yT is called a witness if for any z ∈ T#, there exists x ∈ zT such

that 〈x, y〉 = T. In other words, yT is a witness if, for any z ∈ T# or prime order, the probability

Pz(y) that z and a uniformly random element in yT generate T is positive. As noted in [63, Section

2.2], we have

1−Pz(y)⩽
∑

K∈M (y)

|zT ∩K |
|zT | =: Q̂z(y),
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where M (y) is the set of maximal subgroups of T containing y.

Our aim here is to determine whether or not there exists an element y ∈ T (with T ∈B) such

that y−1 ∉ yAut(T) and Q̂z(y)< 1 for all z ∈ T#. Note that the former condition can be checked easily

via the function InverseClasses on the character table of Aut(T), while the latter condition

implies that yT is a witness. The elements y satisfying the required properties can be obtained

via the following code (here we take T =Fi′24 as an example, and the other cases with T ∈B can

be handled similarly).

T:=CharacterTable("Fi24");;

G:="Fi24’";;

t:=CharacterTable(G);;

Fu:=FusionConjugacyClasses(t,T);;

Inv:=InverseClasses(T);;

o:=OrdersClassRepresentatives(t);;

m:=Maxes(t);;

D:=[];;

for k in [1..Size(m)] do

t1:=CharacterTable(m[k]);;

chi:=TrivialCharacter(t1)^t;;

Add(D,[t1,chi]);;

od;

P:=PrimeDivisors(Size(t));;

Q:=[];;

for j in [2..Size(o)] do

if o[j] in P then Add(Q,j);; fi;

od;

for j in [2..Size(o)] do

B:=[];;

F:=[];;

C:=[];;

for k in [1..Size(m)] do

t1:=D[k][1];;

chi:=D[k][2];;

if chi[j] > 0 then

Add(F,m[k]);;

Add(C,chi[j]);;

fi;

od;

for q in Q do
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z:=0;;

for k in [1..Size(m)] do

t1:=D[k][1];;

chi:=D[k][2];;

z:=z+chi[j]*chi[q]*Size(t1)/Size(t);;

od;

Add(B,z);;

od;

a:=Fu[j];;

if Maximum(B) < 1 and not Inv[a] = a then

Print(AtlasClassNames(t)[j],"\n",F,"\n",C,"\n","\n");

fi;

od;

The output is as follows:

23A

[ "Fi23", "F3+M7" ]

[ 1, 1 ]

23B

[ "Fi23", "F3+M7" ]

[ 1, 1 ]

which means that there are precisely two witnesses yT such that y−1 ∉ yAut(T), namely the classes

23A and 23B. In either case, y has precisely 2 maximal overgroups in T, which are isomorphic to

Fi23 and 211.M24, respectively.
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