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ABSTRACT

Let G < Sym(Q) be a permutation group on a finite set Q2. A base for G is a subset of Q with
trivial pointwise stabiliser, and the minimal size of a base is called the base size of G, denoted
b(G). This classical invariant has found a wide range of applications and connections, attracting
significant attention since the early years of group theory in the 19th century. Historically, there
has been a particular focus on studying base sizes for primitive groups, which can be viewed as
the basic building blocks of all finite permutation groups, and this still remains a very active area
of research.

In the 1990s, Jan Saxl initiated a project with the ultimate goal of classifying the primitive
groups G with 5(G) = 2. In order to study the bases for these groups, Burness and Giudici defined
the Saxl graph of G, where the vertex set is (2, and two vertices are adjacent if they form a base.
This opened up a new direction of studying the graph-theoretical properties of the Saxl graphs of
primitive groups.

In this thesis, we focus on the study of base sizes and Saxl graphs of primitive groups. We
determine the exact base size of every primitive group of diagonal type, and this is the first
family of primitive groups arising in the O’Nan-Scott theorem for which the precise base size is
known. We also initiate the study of base sizes for product type primitive groups, focussing on the
groups with soluble point stabilisers. In addition, we extend the definition of the Saxl graph to
groups G with b(G) > 3 and we study various connectivity properties of this graph for primitive
groups, including its diameter, arc-transitivity and completeness. We adopt probabilistic and
computational methods in order to establish the main theorems, which rely on a detailed analysis
of the conjugacy classes and subgroup structure of the finite almost simple groups.
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CHAPTER

INTRODUCTION

1.1 Background

In this thesis, we study bases for finite permutation groups and related problems. Let G < Sym(Q)
be a permutation group on a finite set Q) of size n. Then a base for G is a subset of Q with trivial
pointwise stabiliser, and the base size of G, denoted b(G), is the minimal size of a base for G.
For example, if 2 =V is a vector space and G = GL(V) is the general linear group, then we have
b(G)=dimV.

This classical invariant has been studied intensively for many decades, stretching all the
way back to the early years of permutation group theory in the nineteenth century. The study of
bases has found a diverse range of applications and connections to other areas of mathematics,
including the study of relational complexity in model theory [58], and the metric dimension of
graphs [6]. Following the pioneering work of Sims [111], bases have also been used extensively
in the computational study of finite groups. For example, if A is a base for GG, then there is a
one-to-one correspondence between the elements of G and the pointwise images of A under G (this
observation implies that 6(G) > log,, |G|), and hence elements of G can be stored as |A|-tuples,
rather than |Q|-tuples.

Historically, there has been an intense focus on studying the base sizes of finite primitive
groups (recall that a transitive permutation group is primitive if its point stabiliser is a maximal
subgroup), which can be viewed as the basic building blocks of all finite permutation groups. For
example, a classical result of Bochert from 1889 [8] shows that 6(G) < n/2 if G is a primitive
group not containing A,,.

Two truly remarkable theorems proved in the 1980s have revolutionised the study of primitive
groups, namely the O’Nan-Scott theorem and the Classification of Finite Simple Groups (CFSG).

The former, recorded as Theorem 2.1.1 in Section 2.2.1, describes the finite primitive groups in
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CHAPTER 1. INTRODUCTION

terms of the structure and action of the socle of the group, while the latter theorem (see Theorem
2.2.1) is widely regarded as one of the greatest mathematical achievements of the 20th century.

With these powerful tools in hand, Bochert’s bound has been significantly strengthened,
and it turns out that all primitive groups admit small bases in the sense that there is an
absolute constant ¢ such that 6(G) < clog,, |G| for every primitive group G. This was originally
conjectured by Pyber [106] in the 1990s and the proof was completed by Duyan et al. in [48]. It
was subsequently extended by Halasi et al. [67], who show that

b(G) < 2log, |G| +24

and the multiplicative constant 2 is best possible. In fact, one can prove stronger bounds in
special cases. For example, Seress [110] proves that 56(G) < 4 if G is soluble, and this result was
recently extended by Burness [14], who shows that 6(G) <5 if G has a soluble point stabiliser
(both bounds in [14] and [110] are best possible).

1.2 Main problems

In general, determining 5(G) is a difficult problem and there are no efficient algorithms for
computing b(G), or for constructing a base of minimal size. Blaha [7] proves that determining
whether or not G has a base of size at most a given constant is an NP-complete (nondeterministic
polynomial-time complete) problem. However, determining the precise base size of a primitive

group is an interesting (and ambitious) problem, which has seen a wide range of applications.
Problem 1. Determine the base size of every finite primitive group.

For example, a project initiated by Saxl in the 1990s has the ultimate goal of determining
all the primitive groups with a base of size 2 (these are the so-called base-two groups). Base-two
groups arise naturally in many other problems, including the proof of the £2(GV)-conjecture [59],
the study of strong 2-generation properties of simple groups [24], the classification of extremely
primitive groups [31], and bounding the diameter of the soluble graph of an almost simple group
[29]. We will discuss this general problem in more detail in Section 2.3.

In [20], Burness and Giudici introduced the Sax/ graph (named after Jan Saxl) of a base-two
permutation group G < Sym({2), as a tool for studying these groups. Here the vertex set is Q
and two vertices are adjacent if and only if they form a base for G. Many new problems were
opened up to investigate the Saxl graphs of finite transitive permutation groups G with b6(G) =2,
including the connectivity, automorphisms and various invariants of the graph. We refer the
reader to [27, Section 7] for more details.

In Chapter 3, we will extend this concept by defining the following graph.

Definition. Let G < Sym({2) be a permutation group with 5(G) > 2. Then the generalised Saxl
graph of G, denoted Z(G), is the graph with vertex set Q, with two vertices @ and § adjacent if
and only if {a, B} is a subset of a base for G of size b(G).

2



1.3. MAIN RESULTS

For the remainder of this chapter, let Z(G) be the generalised Saxl graph of a permutation
group G < Sym(QQ) with b(G) > 2. Clearly, Z(G) is vertex-transitive if G is transitive on 2, and
it is connected if G is primitive. An intriguing conjecture [20, Conjecture 4.5] of Burness and
Giudici asserts that if G is a primitive base-two group then any two vertices in Z(G) have a

common neighbour. We extend this conjecture to general primitive groups as follows.

Conjecture I1. Let G < Sym(Q) be a primitive group with b(G) > 2. Then any two vertices in

2(@) have a common neighbour.

We will also consider the following two problems concerning the generalised Saxl graphs.
Problem II1. Classify the primitive groups G such that Z(G) is G-arc-transitive.
Problem 1IV. Classify the primitive groups G such that X(G) is a complete graph.

We refer the reader to Section 3.3 for more detailed discussion on these problems.

1.3 Main results
The main results in this thesis are selected from the following papers

T.C. Burness and H.Y. Huang, On base sizes for primitive groups of product type, d.
Pure Appl. Algebra 227 (2023), Paper No. 107228, 43 pp.

T.C. Burness and H.Y. Huang, On the Saxl graphs of primitive groups with soluble
stabilisers, Algebr. Comb. 5 (2022), 1053—1087.

S.D. Freedman, H.Y. Huang, M. Lee and K. Rekvényi, On the generalised Saxl graphs
of permutation groups, submitted (2024), arXiv:2410.22613.

H.Y. Huang, Base sizes of primitive groups of diagonal type, Forum Math. Sigma 12
(2024), Paper No. e2, 43 pp.

which are [26], [27], [62] and [71] respectively.

We first focus on Problem I, and we will give a complete answer for the family of diagonal

type primitive groups (this will be presented in Chapter 5). Here
(1.3.1) T* 4G < T* .(Out(T) x S3) < Sym(Q)

for some non-abelian simple group 7" and integer & > 2, where Q can be identified with the cosets
[T* : D] of the diagonal subgroup D of T*, and the subgroup P < S;, induced by the action of G
on the % factors of T* is either primitive, or (k,P) = (2,1). An earlier paper of Fawcett [51] from
2013 determines the base size of G up to one of two possible values (see Theorem 5.2.3). However,

determining the precise base size is challenging, and a new approach is required. This will be
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CHAPTER 1. INTRODUCTION

discussed in Chapter 5 in further detail, where we resolve Problem I for diagonal type primitive
groups in full generality (a precise statement will be given in Theorem 5.1).
In terms of the O’Nan-Scott theorem, this is the first family of primitive groups for which the

exact base sizes have been computed in all cases.
Theorem A. Let G < Sym(Q) be a finite primitive group of diagonal type. Then b(G) is known.

Next let us turn to the primitive groups of product type. Here
(1.3.2) T" QG <LP

for some primitive group L < Sym(I') with socle T' and some transitive group P < Sj, and Q can
be identified with the Cartesian product I'*. We refer the reader to Section 6.2.2 for the formal
definition of a product type primitive group. In particular, we may assume L is either almost
simple or of diagonal type.

Base sizes for product type groups of the form G = L P have been considered by Bailey and
Cameron [6]. Indeed, they describe (L P) in terms of the number of regular L-orbits on I'™
for some integer m, and the so-called distinguishing number of P in its action on {1,...,k} (see
Section 6.2.1). We refer the reader to Theorem 6.2.6 for this result.

As one might expect, there is a natural distinction to make in the study of Problem I between
the full wreath product L P and its proper (primitive) subgroups. The analysis of bases in the
latter setting is significantly more difficult and there are very few (if any) existing results in the
literature that are tailored to this particular situation. In Chapter 6 we will take the first step
towards developing a general theory in this direction, and we will establish the following result

(see Theorem 6.6 for a more detailed statement).

Theorem B. Let G < L P be a product type primitive group as in (1.3.2), where k = b(L) =2,
P <G and G has soluble point stabilisers. Then b(G) is known.

Next, we discuss our main results concerning the generalised Saxl graphs of primitive groups.

The first theorem studies Conjecture II for almost simple primitive groups.

Theorem C. Let G < Sym(L2) be an almost simple primitive group with socle T. Then any two

vertices in Z(G) have a common neighbour if one of the following holds:

(i) T is a sporadic simple group and b(G) > 3.

(ii) G has soluble point stabilisers.

We are also able to establish Conjecture II for the almost simple groups G with socle La(q),
except for one difficult case where the point stabilisers have a particular structure (see Theorem
4.2(i)), which we leave as an open problem. In particular, since the latter case only occurs when

G > La(q), we deduce that Conjecture II holds for all primitive actions of La(q).

4



1.3. MAIN RESULTS

We will also establish Conjecture II for some base-two primitive groups of diagonal and
twisted wreath types. See Theorems 5.6 and 5.9.1, respectively.

Now we turn to Problem III, which involves determining the groups G such that 2(G) is a
G-arc-transitive graph. We will resolve this problem for the diagonal type primitive groups in
Chapter 5 (see Theorem 5.3).

Theorem D. The diagonal type primitive groups G as in (1.3.1) such that 2(G) is G-arc-transitive

are classified.

We are also able to resolve this problem for the groups with socle La(q) apart from the
aforementioned special case (see Theorem 4.3 for more details). We refer the reader to Theorem
5.9.2 for a partial result on Problem III for primitive twisted wreath products.

Let reg(G) be the number of regular G-orbits on Q@ with the componentwise action of
G. Then reg(G) > 1, and the equality implies that X(G) is G-arc-transitive (see Lemma 3.2.5).
With this observation in mind, we are also interested in classifying the primitive groups G with

reg(G) = 1. The following result is a simplified version of Theorem 4.5.

Theorem E. The almost simple primitive groups G with soluble point stabilisers and reg(G) =1

are classified.

Finally, we present our main result on Problem IV, which concerns classifying the groups G

such that Z(G) is a complete graph (see Theorem 4.6).

Theorem F. The primitive groups G with socle Lo(q) such that 2(G) is a complete graph are

classified.

We will also give partial solutions to Problem IV for almost simple groups with sporadic socle

and diagonal type groups. See Proposition 4.4.1 and Theorem 5.4, respectively.

Remark. In this thesis, we mainly focus on the problems discussed in Section 1.2, and we have

a particular interest in the following families of primitive groups:

(a) groups with socle La(q);

(b) almost simple groups with sporadic socle;

(c) almost simple groups with soluble point stabilisers;
(d) diagonal type groups as in (1.3.1);

(e) product type groups as in (1.3.2) with soluble point stabilisers.

5



CHAPTER 1. INTRODUCTION

Groups Problem I Conjecture 11 Problem III Problem IV
(a) 410 4.2(1) 4.3 460
(b) [30, 104] ®  [20, Section 6], 4.2(ii) 44.1
(c) [14] © 4.2(iii) © 4.5
(d) 51® 5.6 53© 5.4
(e) 6.1,6.6,6.6.11 6.2

Table 1.1: Road map of the results

For these groups, Table 1.1 gives a brief road map of the results concerning Problems I, III, IV
and Conjecture II. In the table, a happy face © is given if the problem is completely resolved
for the relevant groups (see the corresponding reference). The cases that remain open (that is,
without © or even blank (which means partial results are given, or no progress so far) in Table
1.1) will be the subject of future work.

1.4 Methods

Let us briefly discuss the methods we will use to establish our main theorems.

In general, it is difficult to construct a base of “small” size. To overcome this difficulty, we
will adopt a widely used probabilistic method for studying bases, which was first introduced by
Liebeck and Shalev in 1999 [96]. Suppose G < Sym(Q2) is a transitive permutation group with

point stabiliser H. For a positive integer ¢, define

H(a1,...,ac) €Q° : N;Gq, # 1}

R(G,c)= Qe

which is the probability that a uniformly random c-tuple of points in Q is not a base for G. Note
that Q(G,c) <1 if and only if 5(G) < c.

An upper bound on @Q(G,c) can be obtained by estimating the fixed point ratios of prime
order elements in G with respect to their action on Q2. More precisely, let fpr(x) be the probability
that x € G fixes a randomly chosen element of Q0. In view of [91, Lemma 2.5], we have fpr(x) =
Ix% N H|/|x%|, and it is straightforward to show that

k k |xGnH|
QG,0) < ) Ixf|-fpr(x) = ) —

Grlo—
i=1 iz lagett

::Q(G,c),

where {x1,...,x3} is a complete set of representatives of the conjugacy classes of prime order
elements in G. In particular, 5(G) < ¢ if Q(G,c) < 1. One can observe from the definition of
Q(G,c) that the study of prime order elements and their conjugacy classes plays a central role in
applying this method. Indeed, this approach turns out to be effective when G is an almost simple
primitive group thanks to a series of works on estimating the fixed point ratios (for example,
[15-18, 22, 82, 91, 96]).



1.4. METHODS

The same approach can also be applied to study the generalised Saxl graph Z(G). Intuitively,
if the probability Q(G, b(Q)) is “small”, then there are “many” bases of size b(G), and so 2(G) has
“many” edges. For example, if Q(G,b(G)) < 1/2 (and so Q(G,b(G)) < 1/2), then any two vertices
in Z(G) have a common neighbour (see Lemma 3.2.6(i)). This was first observed in [20] for the
original Saxl graphs, and it will be one of our key tools in the study of Conjecture II.

We also introduce and apply probabilistic methods in the proof of Theorem A for diagonal
type groups in Chapter 5. Here G is as in (1.3.1), and we will show that

b(G) =2 if there exists a subset S of T of size k such that Hol(T,S) =1,

where Hol(T',S) is the setwise stabiliser of S in the holomorph Hol(T") = T:Aut(T") of T' (the precise
action of Hol(T') on T will be discussed in Section 5.3). Given this observation, we will bound the
probability that a uniformly random k-subset of T" has trivial setwise stabiliser in Hol(T"). This
will be introduced and discussed in Section 5.4.1.

Computational methods also play an important part in our study of bases and generalised

Saxl graphs. We refer the reader to Section 4.2 for more details.






CHAPTER

PRELIMINARIES

In this chapter we will introduce the relevant background for our work in Chapters 3-6. In
Sections 2.1 and 2.2 we will present some preliminary material on permutation groups and
simple groups, highlighting the O’Nan-Scott theorem on the structure of primitive permutation
groups and the Classifications of Finite Simple Groups. Some of the earlier work on bases for
primitive groups will be presented in Section 2.3. Finally, we present a powerful probabilistic
method for studying bases in Section 2.4.

Let us first set up the notation we will use in this thesis, which is all fairly standard. More

specifically, let n, m be positive integers and let G, H be groups. Then

[n]is the set {1,...,n} or an unspecified group of order n (this should not cause any confusion)
(n,m) is the greatest common divisor of n and m

logn =logyn

C,, or sometimes n, is the cyclic group of order n

G" is the direct product of n copies of G

G* is the set of non-identity elements of G

G x H is the direct product of G and H

G.H is an unspecified extension of G by H

G:H is an unspecified semidirect product of G by H

G H is the wreath product G":H, where H < S,, permutes the components of G"
[G : H] is the set of right cosets of a subgroup H of G

x% is the conjugate g lxg for x,g € G, and x¥ is the G-conjugacy class of x

im(@) is the number of elements of order m in G

9



CHAPTER 2. PRELIMINARIES

Moreover, if G < Sym(2) is a permutation group and A € Q, then

a?® is the image of a € Q under ge G

a% is the orbit of G containing a

G is the point stabiliser of @ in G

G(p) is the pointwise stabiliser of A in G

Ga} is the setwise stabiliser of A in G

We adopt the standard notation for simple groups of Lie type from [80].

2.1 Permutation groups

Let G < Sym(Q) be a permutation group on a finite set Q. An orbit a® of G is the set of images of
a under G. That is,
a®={af:g€@}.

On the other hand, the point stabiliser of a, denoted G, is the subgroup of elements in G fixing
a, so
Go={geG:a®=a}.

By the orbit-stabiliser theorem, we have
IG1=1Gql - 1a“.

In particular, the orbit a0 is called regular if G4 = 1 (or equivalently, 1aC| = |G)).
The group G is called transitive if there is a unique G-orbit on Q. In this setting, the point
stabilisers are G-conjugate subgroups, and the action of G on Q is equivalent to its action on the

set of right cosets [G : G,] given by right multiplication
(Gax)® =Gaxg

for any x,g € G. Thus, we can identify the set QO with the right cosets [G : H] for some point
stabiliser H.

From now on, we assume G is transitive on Q and H = G, is a point stabiliser. An orbit of H
on () is called a suborbit of G. Clearly, {a} is a suborbit of G. If Q\ {a} is a suborbit of G, then G
is said to be 2-transitive. The classification of finite 2-transitive groups has been completed in
[69, 73], and this relies on the Classification of Finite Simple Groups (see Theorem 2.2.1 below).

In this thesis, we are mainly interested in primitive permutation groups, which can be
viewed as the basic building blocks of all finite permutation groups. Precisely, a transitive group
G < Sym(Q) is called primitive if its point stabiliser H is a maximal subgroup of G. In particular,

any 2-transitive group is primitive.

10
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Type Description

I Affine: G = V:H < AGL(V), H < GL(V) irreducible

II Almost simple: T'< G < Aut(T)

III  Diagonal type: T* <G < T*.(Out(T) x P), P < S}, primitive, or k=2, P =1
v Product type: G < L P, L primitive of type II or III, P < S}, transitive

A\ Twisted wreath product: G = Tk:.P, P < S}, transitive

Table 2.1: The five families of finite primitive groups in the O’Nan-Scott theorem

There is another way to define the primitive groups. A subset B of Q is called a block if
B8nB =B or ¢ for any g € G. If B is a block, then the set BEG of images of B under G is a
G-invariant partition of 2, which is said to be a block system of G. Note that B is a block if B =Q
or |B| =1, and the associated block systems are the so-called ¢rivial block systems. The group
G is primitive if and only if the only block systems are the trivial ones. This is due to the fact
that G, <G <G if a € B and B is a non-trivial block system, where G g denotes the setwise
stabiliser of B.

One of the key tools for studying the finite primitive groups is the O’Nan-Scott theorem from
the 1980s. Following [88], this theorem divides the primitive groups into five families, as briefly

described in Table 2.1 (in the table, T' denotes a non-abelian finite simple group).

Theorem 2.1.1 (O’'Nan-Scott). Suppose G is a finite primitive permutation group. Then G is of
one of the types described in Table 2.1.

We will discuss the structures of the groups of types III and IV in more detail in Chapters 5

and 6, respectively. For more information on twisted wreath products, we refer the reader to [5].

2.2 Simple groups

The study of finite simple groups has a wide range of applications in many areas of mathematics.
The O’Nan-Scott theorem makes it clear that understanding the finite simple groups plays a
central role in the study of primitive groups, especially the almost simple primitive groups. In fact,
many problems concerning the primitive groups of other types can often be reduced to questions
concerning simple groups (for example, see Lemma 5.3.1 in Chapter 5). In this section, we briefly
introduce the finite simple groups, highlighting the Classification Theorem, their automorphisms,

subgroup structure and conjugacy classes. Throughout, let 7" be a non-abelian finite simple group.

2.2.1 The finite simple groups

The Classification of Finite Simple Groups (CFSG) is widely regarded as one of the greatest math-
ematical achievements of the 20th century, which has revolutionised the study of permutation

groups in recent years. The classification is stated as below.
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Theorem 2.2.1 (CFSG). Let T be a non-abelian finite simple group. Then T is isomorphic to one
of the following groups:

(i) an alternating group A, with n >5;

(ii) a classical group defined over a finite field F:
(a) linear: L,(q) with n > 2, except Lo(2) and Lga(3);
(b) unitary: U,(q) with n > 3, except Uz(2),
(¢) symplectic: PSp,,(q) with n > 4 even, except PSp4(2);

(d) orthogonal: Q,(q) with n > 7 odd and q odd, or PQ (q) with € € {+,-} and n > 8 even;

(iit) an exceptional group of Lie type defined over a finite field Fy: G2(q) (q = 3), F4(q), E¢(q),
E1(q), Eg(q), 3D4(q), 2Es(q), 2B2(22"*Y) (n > 1), 2G2(3%"*) (n > 1), 2F4(22"*1) (n > 1),
2 /
F4(2);

(iv) a sporadic group: M11, M1, Moo, Mas, Moy, J1, Jg, J3, J4, Co1, Cog, Cog, McL, HS, He, HN,
Suz, Figy, Figg, Fij,, Ru, Ly, O'N, Th, B, M.
Moreover, all the groups listed above are simple.

Remark 2.2.2. Throughout this thesis, we will assume n > 3 if T'=U,(q), n > 4 is even if
T =PSp,(q), and n > 7 if T = PQ: (q). We will sometimes write L, (¢) = L (q), U,(q) = L, (g),
Eg(q) = Eg(q) and 2E6(q) =E4(q). For the remainder of this section, if not specified otherwise,

we will also exclude the groups
(2.2.1) La(4), La(5), La(9), Ls(2), La(2), Ua(2), Sps(2), G2(2), 2G2(3)

as each of them is isomorphic to one of the following groups (see [80, Proposition 2.9.1 and
Theorem 5.1.1]):

As, Ag, Ag, La(7), La(8), Us(3), PSp,(3).
2.2.2 Automorphisms

A finite group is called almost simple if its socle (the product of its minimal normal subgroups) is

non-abelian simple. Equivalently, a finite group G is almost simple if and only if
T4G <Aut(T)

for some non-abelian simple group T (so 7' is one of the groups described in Theorem 2.2.1).
To understand the almost simple groups, we first need to determine the automorphism groups

of the non-abelian simple groups. If T'= A, then Aut(T') = S,, apart from the case where n =6,
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T Out(7T) Conditions
Ln(q) Cin,g-1(CrxC3) n>2
Cq-1xCy n=2
U,(q) C(n,q+1)-C2f
PSp,(q) C2.Cy p#2
Cr.Co p=2,n=4
Cr p=2,n>4
Qn(@)  C2.Ct nq odd
PQ;} (q) C(zz’q_l).cf.s3 n=8
Ctq-1CrC2  n>8,n=0(mod4)

Ci4q2-1)-Cr.C2 n=2(mod 4)
PQ,(q) C,gr+1)-Cor

2Bolq)  Cf

2Go(q)  Cf

2Fu(q)  Cf q>2

2Fy2)  Cq

3Da(q) Csf

Ga(q) Cr p#3
Cr.Co p=3

F4(q) Cr p#2
Cr.Co p=2

Es(q) C3,9-1-Cr.Co
ZEG((I) C(3,q+1).sz
Eq(q) Ce,q-1-Cr
Es(q) Cr

Table 2.2: Automorphism groups of the simple groups of Lie type

and we have Aut(Ag) = Ag.22 = PI'Ly(9) (see [121, Section 2.4]). For sporadic groups, we have
|Out(T)| < 2, with equality if and only if T is one of the following groups:

M12, Mzz, HS, Jz, MCL, Suz, He, HN, Fi22, Fi/24, O’N and J3.

If T is a finite simple group described in parts (ii) and (iii) of Theorem 2.2.1, we say T is of Lie
type. A classical theorem of Steinberg [116, Theorem 30] asserts that the automorphism group
Aut(T) of a finite simple group of Lie type T is generated by Inn(7") = T" and its diagonal, field and
graph automorphisms (see the terminology from [60, Theorem 2.5.1]). We record the structure of
Out(T") = Aut(T")/T in Table 2.2 from the relevant information in [121] (in the table, T is a finite
simple group of Lie type defined over F, of characteristic p, and f =log, g, noting that we exclude
the groups listed in (2.2.1)).

Example 2.2.3. Let T' = L,(q) be a simple linear group as in Theorem 2.2.1(ii)(a), where q = pf
for some prime p, and let V = [FZ be the natural module for T. Fix a basis {e1,...,e,} for V.
Define 6 € PGL,(q) to be the image of the diagonal matrix diag(1,...,1,1) € GL,(q), where 1 is a
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T Inndiag(T)
L,(q) PGL,(q)
U,(q) PGU,(q)
PSp,(q) PGSp,(q)
Q,(q), n odd PSO,(q) =PGO,(q)
PQ%(q), n even T if q is even
PS0%(q).2 if q is odd (see [21, p. 57])
2F4(2) 2F4(2)
E¢(q) T.3,9-¢)
E1(q) T.2,q-1)

Other exceptional groups T

Table 2.3: Inner-diagonal automorphism groups of the simple groups of Lie type

T | 2Bs(q) 2Galq) ?Fa(q) 3Du(q) Go(q) Falq) Ei(q) Eq(q) Es(q)
d 5 7 26 28 14 52 78 133 248

T | Ly(q) PSp,(q) PQ(qg)
d | n?-1 (n2+n)2 n%-n)2

Table 2.4: The integer d for Lie type groups in Lemma 2.2.4

generator of F, noting that |6] = (n,q — 1) and (T',6) = PGLy(q). We also define ¢ to be the field
automorphism of order f such that (a1e1+---+ane,)? = all’el +--+abe, foralla; € Fq, and we
write PXL,(q) =(T,¢) and PI'L,,(q) = (T, 6, ). In fact, the latter group is equal to Aut(T") if n = 2.
For the groups with n > 2, the inverse-transpose map on SL,(q) induces an automorphism 7y of
T of order 2, which is called a graph automorphism. Then Aut(T) =(T',6,¢,y) and PI'L,,,(q) is a
subgroup of Aut(T) of index 2.

For a simple group T of Lie type, the group of inner-diagonal automorphisms, denoted
Inndiag(T), is the subgroup of Aut(7') generated by T and the diagonal automorphisms (see [60,
Theorem 2.5.1(b) and Definition 2.5.10(d)]). Following [60, Theorem 2.5.12(c)], we record the
precise structure of Inndiag(T") in Table 2.3 (once again, we exclude the groups in (2.2.1)). Here
we note that if ' = PQ¢,(q) with n even and q odd, then |[PSO%(q): T'| < 2, and we refer the reader
to [21, p. 57] for the precise condition on when the equality holds.

Next we present [71, Lemma 2.10].

Lemma 2.2.4. Suppose T is a finite simple group of Lie type and let d be the integer defined in
Table 2.4. Then 3q? < |Inndiag(T)| < ¢°.

Proof. This is [16, Proposition 3.9(i1)] when T is a classical group, and the bounds for exceptional

groups are clear (see [121, Chapter 4] for |T). [ |
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From Lemma 2.2.4 and Tables 2.2, 2.3, we immediately deduce the following lemma, which is

[61, Lemma 4.8] (note that the statement for alternating and sporadic groups is straightforward).
Lemma 2.2.5. If T is a non-abelian finite simple group, then |0ut(T)| < |T|Y3.

The following result was originally Schreier’s conjecture, which can be deduced from CFSG

immediately.

Lemma 2.2.6. If T is a non-abelian finite simple group, then Out(T) is soluble.

2.2.3 Subgroup structure

The problem of determining the (core-free) maximal subgroups of almost simple groups has
a long history, finding many applications. For example, recall that if G < Sym(Q) is primitive,
then H = G, is a (core-free) maximal subgroup. The ultimate goal here is to classify all the
maximal subgroups of a given almost simple group up to conjugacy (equivalently, to classify all
the primitive permutation representations of a given almost simple group, up to permutation
isomorphism).

Let G be an almost simple group with socle 7', so T' is isomorphic to one of the groups recorded
in Theorem 2.2.1.

2.2.3.1 Sporadic groups

If T is a sporadic group, then the complete list of maximal subgroups of G, up to conjugacy, is
given in the survey article [120] if T # M, and an almost complete list of maximal subgroups of
the Monster group M is given in the same article. This information can also be found in the Web

ATLAS [123]. Recently, the result was extended to a complete list of maximal subgroups of M [45].

2.2.3.2 Alternating and symmetric groups

Next, let us turn to the case where T'= A, is an alternating group, so G =A,, or S, unless n =6.
In this setting, a variation of the O’Nan-Scott theorem determines all the maximal subgroups of
G, apart from an unspecified collection of almost simple subgroups (see part (iii)(d) of the theorem
below). To be precise, we record the theorem for G = S,, (typically, the maximal subgroups of A,
arise as HN A, with H < S, maximal), which can be found in [3, p. 79]. Recall that [n] ={1,...,n}.

Theorem 2.2.7. Suppose G =S, with n > 5, and let H be a core-free maximal subgroup of G.
Then one of the following holds:

(i) H=S8} x8S,,_; is intransitive on [n], where 1 <k <n/2;
(it) H =84S}y is imprimitive on [n], where ab = n with a,b > 2;
(iii) H is one of the following primitive groups on [nl:
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(@) H=AGLy(p), where p is a prime, d >1 and n = p%;
(b) H=S8,1Sy, wheren =ab witha>5and b >2;

(¢) H = R* (Out(R) x S}) for some non-abelian simple group R, where n = |R|*"1 and
k>2;

(d) H is an almost simple group.

Conversely, the maximality of subgroups lying in classes (i), (ii) and (iii)(a)—(c) are determined

in [89]. Now let us briefly comment on the unspecified collection (iii)(d). As discussed in [89],

The general problem of listing all the maximal subgroups of A,, and S,, for all degrees
n remains intractable, since it involves essentially finding all primitive permutation

representations of all almost simple groups.

Indeed, if X is an almost simple group and Y is a core-free maximal subgroup of X with | X :Y|=n,
then the action of X on [X : Y] embeds X in S,,. Thus, to study the groups in (iii)(d) (before even
trying to determine the maximality in S;), we would essentially need to know all of the maximal
subgroups of all almost simple groups, up to conjugacy, which seems to be a non-achievable goal.

In some special cases, the maximal subgroups of A, and S,, are completely determined, up to

conjugacy (for example, when n is odd [76, 92]).

2.2.3.3 Classical groups

Now let G be a classical group defined over a finite field [, of characteristic p, and let V be the
natural module of G with n = dim V. The main theorem here on the subgroup structure of these
groups is Aschbacher’s theorem [2]. Indeed, Aschbacher defined 9 collections of subgroups of G,
namely €61,...,%6s and ., as roughly described in Table 2.5, and he proved that any core-free
maximal subgroup of G is contained in a member of one of the collections (apart from the groups
with T = PQg(q)). We refer to [80, Section 1.2] for a more detailed description of these classes.
Here an unspecified collection is the class . of absolutely irreducible almost simple subgroups.
As discussed above, listing all maximal subgroups lying in . for all classical groups is not
achievable, since it involves determining the degrees of all absolutely irreducible representations
of all almost simple groups.

Later on, Kleidman and Liebeck [80] dealt with the maximality and conjugacy of the sub-
groups in ¥; for n > 13, and Bray, Holt and Roney-Dougal [11] completely determined the
maximal subgroups, up to conjugacy, of every classical group with n < 12 (this extends several
earlier works; for example, work of Dickson [44] for Lo(q) from 1901). To summarise, let us record

these results on the maximal subgroups of classical groups.

Theorem 2.2.8. Suppose G is an almost simple classical group with socle T. Let H be a core-free

maximal subgroup of G. Then the following hold:
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Class Rough description

61 Stabilisers of proper nonzero subspaces

D) Stabilisers of direct sum decompositions V = @;”:1 Vi, where dimV; = n/m

63 Stabilisers of extension fields of [, of prime degree

6y Stabilisers of tensor product decompositions V =V; @ Vo

65 Stabilisers of subfields of [, of prime index

66 Normalisers of symplectic-type r-groups, where r # p is a prime

€y Stabilisers of tensor product decompositions V = ®'" , V;, where n = (dim V;)™
65 Classical subgroups (stabilisers of non-degenerate classical forms on V')

& Absolutely irreducible almost simple subgroups

Table 2.5: The Aschbacher subgroup collections

(i) H € 6; for some i, or He &.
(it) The group-theoretic structure of each H € 6; is known.
(iii) The conjugacy amongst the members of 6; is known.

(iv) For n <12, the group-theoretic structure and conjugacy of each H € ¥ is known.

In this thesis, we will refer to the type of a maximal subgroup of a classical group, which is
consistent with its usage in [80, Section 3.5]. This provides an approximate description of the
structure of the maximal subgroup and can be viewed as a refinement of the classes recorded in
Table 2.5. For example, if T'= L, (g) then a maximal subgroup of type P,, is a maximal parabolic
subgroup that stabilises an m-dimensional subspace of the natural module V. For n > 3, we also
use Py, ,_m to denote the stabiliser of a flag of subspaces 0 <V, <V,,_,, <V, where m <n/2 and
dimV; = i, which is a maximal subgroup of G only if G is not a subgroup of PI'L,(g). Both groups
fall into the class %7. For details, see the tables in [80, Section 3.5].

2.2.3.4 Exceptional groups

Finally, assume T is an exceptional group defined over [, of characteristic p.

IfTe {sz(q),2G2(q),3D4(q),2F4(q)’} then the maximal subgroups of G are known, up to
conjugacy. See [117] for T = 2Bs(q), [78] for 2Go(q), [79] for 3D 4(q), [99] for 2F4(q) with g > 2, and
[118, 122] for 2F4(2)'.

Now assume T € {G2(q),F4(q),Eg(q),E7(q),Es(q)}. Let X be the ambient simple algebraic
group over the algebraic closure of [, and o be an appropriate Steinberg endomorphism. Note
that X, = Inndiag(T"). As summarised in [95, Theorem 2] (see also [31, Theorem 5.1]), if H is a

core-free maximal subgroup of G then one of the following holds:

(i) H=Ng(M,), where M is a maximal closed o-stable positive dimensional subgroup X;
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(i1) H is a subfield subgroup (possibly twisted);
(iii) H is an exotic local subgroup (the normaliser of an r-subgroup with r # p);
(iv) H is a Borovik subgroup [9] (T = Eg(q), p >5 and HNT = (A5 x Ag).22);

(v) H is an almost simple group which is not of type (i) or (ii).

In fact, the maximal subgroups in the collections (i)—(iv) have been determined up to conjugacy
(see [9, 39, 93, 95]). It is worth noting that, apart from the groups with T = E7(q) or Eg(q), the
maximal subgroups of G lying in (v) have been completely determined up to conjugacy through
the work of numerous authors. In particular, we refer the reader to [38, 78] for the groups with
T = G2(q), and the recent paper of Craven [41] for the groups with T = F4(q) or Eg(q). For the
groups with T' = E7(q) or Eg(q), there is a short list of candidates of maximal subgroups in (v)

(for example, see [42] for E7(q)).

2.2.4 Conjugacy classes

The conjugacy classes in S, and A, are well-understood. Indeed, it is easy to show that the
conjugacy classes of S,, are determined by the cycle type of elements. Moreover, the conjugacy
class of an even permutation of S;, splits into two equal size conjugacy classes of A, if and only if
its cycle type consists of distinct odd integers (see [121, Section 2.3.2]).

If G is an almost simple sporadic group, then the conjugacy classes of G can be read off from
its character table, which can be found in the Web ATLAS [123] and accessed computationally via
the GAP Character Table Library [12].

Now assume T is a finite simple group of Lie type defined over [, of characteristic p, recalling
that Inndiag(T') is the group generated by T' and its diagonal automorphisms. Let x € Inndiag(T)
be of order m. The element x is called semisimple if (m,p) =1, and it is called unipotent if m is a
p-power. Roughly speaking, for a classical group with natural module V, the conjugacy classes of
semisimple elements are distinguished by the multiset of eigenvalues of an appropriate lift of x
in GL(V) over a suitable field extension of 4, and the conjugacy classes of unipotent elements
are identified by the corresponding Jordan canonical form on V (so they are closely related to the
partitions of n =dimV).

In order to apply the probabilistic methods briefly discussed in Chapter 1, we need detailed
information on the conjugacy classes of prime order elements in Aut(7"). Assume x € Aut(7) is
of prime order r. If x € Inndiag(T"), then x is semisimple if p # r, otherwise x is unipotent. And
if x ¢ Inndiag(T"), then «x is a field, graph or graph-field automorphism (and if x is a graph or
graph-field automorphism, then r € {2,3}). See [21, Chapter 3] and [60, Section 2.5] for more
details.

Estimating |Cinndiag(r)(®)| for an element x € Aut(T) of prime order plays a central role in
efficiently applying the probabilistic methods, noting that [x%| = |G : Cg(x)| for G < Aut(T). We
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refer the reader to [94] and [97] for |Cnndiag(T)(*)| when x is a unipotent or semisimple element
of an exceptional group, respectively. For classical groups, this information is given precisely in
[21, Chapter 3].

2.3 Bases and regular orbits

In this section, we introduce the study of base sizes for finite permutation groups.

Let G < Sym(Q) be a permutation group on a finite set Q of size n. Recall that a base for G is
a subset of Q with trivial pointwise stabiliser. Note that any subset of 2 containing a base is also
a base, so it is natural to consider the minimal size of a base for G, which is called the base size
of G and denoted b(G). Equivalently, if G is transitive with point stabiliser H, then b(G) is the
smallest number b such that the intersection of some b conjugates of H in G is trivial.

Let us introduce another equivalent definition of 6(G). Note that if {a1,...,a.} is a base for G,
then the tuple

(a1,...,a.)€Q°

is in a G-regular orbit on Q¢ with respect to the componentwise action of G. Thus, we have
b(G@) = min{c € N: G has a regular orbit on Q°¢}.

Let reg(G) be the number of regular G-orbits on Q%@ noting that reg(G) > 1. Determining
reg(@G) is interesting in its own right, and it also arises naturally in the study of base sizes of
groups with product action structures (for example, see Theorem 6.2.6). In this thesis, we will
also be interested in determining the groups attaining the extremal case where reg(G) =1 (see
Section 3.3.2 for details).

Example 2.3.1. Suppose G = Sym(Q) with Q =[n], n > 2. Let A be a subset of Q. Clearly, if
Al = n—1 then A is a base for G. Moreover, if |[A| < n —2 then there is a transposition in G
interchanging a pair of points in Q \ A, which fixes A pointwise and so A is not a base. This gives
b(G)=n -1, and since G is (n — 1)-transitive (that is, G is transitive on the set of (n — 1)-tuples of

distinct elements in ), we have reg(G) = 1.

Example 2.3.2. Let V be a finite vector space, Q2 =V \ {0} and G = GL(V) is the general linear
group. Then a subset A of Q) is a base for GG if and only if A spans the vector space V. In particular,
we have b(G) = dim V, and one can see that reg(G) = 1 (since G act transitively on the set of bases
for V).

Example 2.3.3. Let G = Dy, be a dihedral group with n > 3, and consider its natural action on
the set Q of n points, which we identify with the set of vertices of a regular n-gon. Here a point
stabiliser is of order 2, which is generated by a reflection of the n-gon. With this observation, we

see that any pair of adjacent vertices of the n-gon form a base for G of size 2, and so b(G) = 2 (note
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that b(G) =1 if and only if G has a regular orbit, which is not the case here). One can compute
that reg(G) = [51-1.

Note that for a base A for G, there is a one-to-one correspondence between the elements of
G and the pointwise images of A under G. This observation yields an upper bound |G| < n®@,
which in turn gives b(G) > log,, |G|. At the other end of this spectrum, it is not difficult to see that
b(@) <log|G| as
G >Gq, > Gay,a) > > Gay,ana) = L

where {a1,...,ap@} is a base for G. In general, however, determining b(G) is a difficult problem
and there are no efficient algorithms for computing 5(G), or for constructing a base of minimal
size. Indeed, Blaha [7] proves that determining whether G has a base of size at most a given
constant is an NP-complete problem.

The study of base sizes for primitive groups has a long history, stretching all the way back to
the nineteenth century, and this remains a very active area of research. The earliest result in this
direction might be work of Bochert in 1889 [8], which shows that 5(G) < n/2 if G is a primitive
group not containing A,. Improvements to this bound have been made since then, especially
after CFSG and in terms of the O’Nan-Scott theorem. For example, Halasi et al. [67] show that

b(G) < 2log, |G| +24

for every primitive group G of degree n, and the multiplicative constant 2 is best possible.

Recall that the O’Nan-Scott theorem divides the finite primitive groups into five families as
described in Table 2.1. Let us briefly discuss the work on base sizes for each family in turn.

First assume G = VH = AGL(V) is affine. In this setting, Halasi and Podoski [68] show that
b(G) < 3 in the so-called coprime setting with (|V|,|H|) = 1, and Seress [110] shows that 5(G) < 4
if H is soluble (both bounds are best possible). The case where H is quasisimple (that is, H/Z(H)
is non-abelian simple and H is a perfect group) has been studied extensively, and the problem of
determining the exact base size has been reduced to the case where H/Z(H) is a simple group
of Lie type defined over a field of characteristic p, where p divides |V|. We refer the reader to
[83, 84] and the references therein for further details.

Now we turn to the almost simple primitive groups G with socle T'. Roughly speaking, such
a group is said to be standard if T = A,, and Q is a set of subsets or partitions of {1,...,m},
or T is a classical group and (Q is a set of subspaces of the natural module for T, otherwise G
is non-standard (see [19, Definition 1] for the formal definition). The base size of a standard
group can be arbitrarily large. For example, if G = PGL,(q) and Q is the set of 1-dimensional
subspaces of Fj, then 6(G) =n + 1. For a non-standard group G, a conjecture of Cameron [33, p.
122] asserts that b(G) < 7, with equality if and only if G = Mgy in its natural action of degree 24.
This conjecture was proved in a sequence of papers by Burness et al. [19, 23, 28, 30]. In addition,
the precise base sizes of all primitive groups with sporadic socle are computed in [30, 104].

Recently, the base sizes of alternating and symmetric groups acting on subsets are determined in
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[43] and [101], independently. By combining with earlier results [23, 103], this means that the
exact base sizes of all primitive actions of alternating and symmetric groups are known.

Partial results on the base sizes of twisted wreath products are given in [50]. For example, it
is shown that if G = T*:P is a primitive twisted wreath product as in type V of Table 2.1, then
b(G) =2 if P is primitive on [k]. More generally, the main results in [50] determine b(G) for
primitive twisted wreath products up to three possibilities.

The only family of primitive groups in the O’'Nan-Scott theorem for which the precise base
size has been calculated in every case is the family of diagonal type groups (type III of Table 2.1).
The result is stated as Theorem A in Chapter 1, which is Theorem 3 of my paper [71], and a proof
will be given in Chapter 5. This extends an earlier work of Fawcett [51] (see Theorem 5.2.3 in
Chapter 5).

Finally, as mentioned in Chapter 1, there are very few results in the literature on calculating
b(G) when G is a product type primitive group (type IV in Table 2.1). We will discuss these groups
in Chapter 6.

2.4 Probabilistic method

Let G < Sym(Q) be a transitive permutation group on a finite set Q with point stabiliser H. Here
we recall a powerful probabilistic approach for bounding the base size of G, which was originally
introduced by Liebeck and Shalev [96] in their proof of a conjecture of Cameron and Kantor on
bases for almost simple primitive groups.

Fix a positive integer ¢ and let @ (G, ¢) be the probability that a randomly chosen c-tuple of

points in Q does not form a base for G. That is,

{(a1,...,ac) €Q° : N;Gg, # 1}
1€2f¢

(2.4.1) Q(G,c)=

and we note that 5(G) < ¢ if and only if Q(G,c) < 1. Clearly, a c-tuple (a1,...,a.) of points in Q is
not a base for G if and only if there exists an element x € G of prime order fixing each «;. Now

the probability that x fixes a randomly chosen element of Q is given by the fixed point ratio

_1Ca@)| _ 1x9nH|

fpr(x) = s
P Ql 0]

where Cq(x) is the set of fixed points of x on Q2 and the second equality is [91, Lemma 2.5], whence

k ~
(2.4.2) Q(G,0)< Y fpr(x)° = Y 1x¥| - fpr(x;)* =: Q(G, ),
x€P i=1

where & =; le is the set of elements of prime order in G.
To implement this approach, one needs detailed information on the conjugacy classes of
elements of prime order in both G and H, as well as an understanding of the fusion (or contain-

ment) of H-classes in G. Moreover, the fixed point ratios of elements of prime order for almost
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simple groups have been extensively studied for many years, and this is the main ingredient for
effectively applying the probabilistic method. For example, for an almost simple group G of Lie
type defined over [y, a result of Liebeck and Saxl [91] asserts that fpr(x) < % for all non-trivial
elements x € G, with a small list of known exceptions. We refer the reader to [15-18, 22, 82, 96]
for more work on estimating the fixed point ratios for prime order elements of almost simple
groups.

Additionally, we will apply this method to study the base sizes of some diagonal type primitive
groups in Section 5.4.2.

In fact, by bounding Q(G, ¢) for ¢ = b(G), one can also obtain a lower bound on reg(G), noting

that
reg(@)|G|

QG,b@)=1-—

In particular, reg(G) > 2 if
10791 -Q(G,b(G)) > 1GI.

We conclude by presenting the following elementary result ([19, Lemma 2.1]), which is a

useful tool for estimating Q(G, ).
Lemma 2.4.1. Suppose x1,...,x,, represent distinct G-classes such that ) ; Ix? NH| <A and
leGI >Bforalli. Then

m
> I« fpr(x;)* < B(A/B)
i=1

for every positive integer c.
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In this chapter, we discuss the Saxl graphs of permutation groups. This concept was first in-
troduced by Burness and Giudici in [20]. Here and throughout the thesis, a permutation group
G < Sym(Q) is called base-two if b(G) = 2.

Definition. Let G < Sym(Q) be a base-two permutation group. Then the Saxl graph Z(G) is

defined to be the graph with vertex set (2, and two vertices are adjacent if they form a base for G.

We will start by recalling some of the basic properties of Saxl graphs in Section 3.1, and
we will then generalise this concept in Section 3.2. In this thesis, we will focus on three main
problems concerning the generalised Saxl graphs of primitive groups, which will be presented

and discussed in Section 3.3.

3.1 Preliminaries

Throughout this section, let G < Sym(Q2) be a base-two transitive group with point stabiliser H
and let (@) be the Saxl graph of G.

Let us start with some basic properties of Saxl graphs recorded in [20, Lemma 2.1]. Recall
that a permutation group is Frobenius if it is not regular and no non-trivial element fixes more

than one point.
Lemma 3.1.1. The following properties hold.

(i) G <Aut(Z(Q)) acts transitively on the set of vertices of Z(GQ). In particular, 2(G) is G-vertex-

transitive.

(it) Z(Q) is connected if G is primitive.
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(iit) 2(G) is complete if and only if G is Frobenius.

(iv) Z(G) has valency r(G)|H|, where r(G) is the number of regular suborbits of G.

Recall that an orbital of G is a G-orbit on Q2, and it is called regular if it has size |G|. An
orbital graph of G is a graph with vertices Q2 and (a, ) is a directed edge if it is contained in a
fixed orbital of G. Note that an orbital graph of G is G-arc-transitive, and G has r(G) distinct
regular orbital graphs. The following is deduced from the observation in [20, Remark 2.2].

Lemma 3.1.2. The Saxl graph Z(G) is the union of all the regular orbital graphs of G. In
particular, 2(G) is G-arc-transitive if and only if r(G) =1.

Recall from (2.4.1) that Q(G,2) is the probability that a random pair of points in Q is not a
base for G. Observe that

val@ _ . r(G)H|

3.1.1 G,2)=1- - ,
( ) Q(G,2) Ql Ql

where val(G) is the valency of Z(G).
Next, we record [20, Lemma 3.6]. Recall that the clique number of a graph is the maximal
size of a complete subgraph, and a graph is Hamiltonian if it contains a cycle that visits every

vertex exactly once.

Lemma 3.1.3. Let G and H be as above, and let
t:=max{m e N:Q(G,2) < 1/m}.
If t > 2, then 2(G) has the following properties:
(i) any t vertices in 2(G) have a common neighbour;
(ii) every edge in Z(G) is contained in a complete subgraph of size t +1;
(iii) the clique number of Z(Q) is at least t +1;
(iv) Z(Q) is connected with diameter at most 2;

(v) 2(G) is Hamiltonian.

We refer the reader to [20] for a number of examples of Saxl graphs. Here we record one of

them to conclude this section.

Example 3.1.4. Let G = PGLo(q) with ¢ > 4, and consider the action of G on the set Q of distinct
pairs of 1-dimensional subspaces of [Fg. Fix a point a € Q, so G4 = Dy4-1) is a ¢2-subgroup of
G (see Table 2.5), which is maximal unless ¢ = 5. As noted in [20, Example 2.5], we see that
a point § € Q is in a regular Gy-orbit if and only if |a n G| = 1. It follows that the Saxl graph
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AN

HINN

Figure 3.1: The Saxl graph X(G) with G =PGL2(4) = A5 and G, = Dg

2(@) is isomorphic to the Johnson graph J(q + 1,2); the vertices of this graph correspond to the
2-element subsets of a set of size g + 1, with two vertices joined by an edge if they have non-empty
intersection. For example, if ¢ = 4 then Z(G) is isomorphic to the complement of the Petersen
graph as shown in Figure 3.1. In particular, we have r(G) = 1 and this graph is G-arc-transitive.

Even though

_, valG@) - 4(g-1)
QRG,2)=1 Ql =1 PEST 1as g— oo,

2(@) still has the property that any two vertices have a common neighbour, which can be seen

immediately from the isomorphism Z(G) = J(q + 1,2).

3.2 Generalised Saxl graphs

The work in this section is selected from the preprint [62], which is

S.D. Freedman, H.Y. Huang, M. Lee and K. Rekvényi, On the generalised Saxl graphs
of permutation groups, submitted (2024), arXiv:2410.22613.

Note that the definition of the Saxl graph is restricted to the base-two groups. It is natural
to seek a more general definition of the Saxl graph, which can be defined for an arbitrary

permutation group with base size at least 2.

Definition 3.2.1. Let G < Sym(Q) be a permutation group with 6(G) > 2. Then the generalised
Saxl graph of G, denoted Z(G), is the graph with vertex set 2, and two vertices a and f are
adjacent if and only if {a, B} is a subset of a base for G of size b(G).

Note that this definition coincides with that of the Saxl graph when b(G) = 2. For the
remainder of this thesis, we will use X(G) to denote the generalised Saxl graph of G.
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Figure 3.2: The graph Z(G) when G = GL9(3) and Q = [Fg \ {0}

Example 3.2.2. Let G < Sym(Q) with G = GL(V) and Q = V' \ {0}, where V is a finite vector space.
As noted in Example 2.3.2, we have b(G) =dimV and a subset A of Q is a base of size b(G) if and
only if A is a basis for the vector space V. With this observation, we see that X(G) is a complete
multipartite graph, with each part corresponding to a 1-dimensional subspace of V (excluding

the zero vector). For example, if V = [F% then 2(G) is shown as Figure 3.2.

The following lemma is the analogue of parts (i) and (ii) of Lemma 3.1.1 for the generalised

Saxl graphs we are considering here.

Lemma 3.2.3. Let G < Sym(Q) be a transitive permutation group with b(G) > 2. Then the
following properties hold.

(1) G <Aut(Z(Q)) acts transitively on the set of vertices of Z(G). In particular, 2(G) is G-vertex-

transitive.
(ii) 2(QG) is connected if G is primitive.

Proof. Part (i) is given by the fact that A is a base if and only if A? is a base for g € G. Assume
G is primitive and let C be a connected component of =(G). Note that C% is a block system of
Q, and hence |C| =1 or C = Q by the primitivity of G. The former implies that 2(G) is an empty
graph, which is clearly impossible by the definition of Z(G). |

However, the statement of part (iii) of Lemma 3.1.1 does not hold for the generalised Saxl

graph X(G) when b(G) > 2. In fact, it turns out that the problem of classifying the groups G such
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that 2(G) is a complete graph (when b(G) > 2) is challenging. We will return to this in Section
3.3.3.

Now assume G is transitive, so 2(G) is G-vertex-transitive by Lemma 3.2.3(31). Let val(G) be
the valency of Z(G). Recall from Lemma 3.1.1(iv) that val(G) = r(G)|G,| when b(G) = 2. When
b(@) > 2, it is not easy to describe val(G), although we have the following bound. Recall that
®(G, c) is the probability that a random c-tuple of Q is not a base for G (see (2.4.1)).

Lemma 3.2.4. We have

Val(G))b(G)—l

1-Q(G,b(G) <
Q(G,b(®)) ( Ql

Proof. Let 2 = b(G). Since G acts transitively on Q, every element of € is contained in the same

number of bases of size k. Hence,

{(a1,...,ar) € Q* : NGy, = 1}

|Q2|*
~ (ag,...,ar) € QF 1N Go, = 1)
- Q-1 ’

1-Q(G,k) =

with a; € Q fixed in this final expression. Now, the set of elements of ) that appear in a tuple in

i=1

k
{(az,.-.,ak)EQk_lzﬂGai :1}

has size val(G), which gives the required inequality. |

Recall that reg(G) is the number of regular G-orbits on Q%@ with respect to the component-
wise action of G. In particular, reg(G) > 1, and reg(G) = r(G) is the number of regular suborbits
of G if b(G) = 2. Recall from Lemma 3.1.2 that if 5(G) = 2, then Z(G) is G-arc-transitive if and

only if reg(G) = 1. In general, however, only one direction of this statement holds.

Lemma 3.2.5. If b(G) > 2 and reg(G) = 1, then 2(G) is G-arc-transitive.

Proof. If b(G) = 2 then this is given by Lemma 3.1.2, so we may assume b(G) > 3. Suppose
(a1,a9) and (B1, B2) are arcs in Z(G). Then there exist points as,...,apq) and Bs,...,Byg) in Q
such that {a1,...,ap@} and {B1,..., By} are bases for G. In other words, the tuples

(a1,...,a6@),(B1,-.-,Bb@) € Qb@

are in regular G-orbits. Now the condition reg(G) = 1 implies that
(@i,...,ap@)% =(B1,--., Bo@)
for some g € G, and hence (a1, @2)% = (B1, B2), which completes the proof. |
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It is worth noting that the converse of Lemma 3.2.5 does not hold in general if b(G) > 2.
Indeed, if G is 2-transitive, then X(G) is G-arc-transitive, while reg(G) = 1 if and only if G is
sharply b(G)-transitive. As another example, if G is the primitive group L3(4) of degree 56, then
b(@) =3 and X2(G) is G-arc-transitive, whereas reg(G) = 4.

Now we turn to an extension of Lemma 3.1.3.
Lemma 3.2.6. Let G be a transitive group with b := b(G) > 2, and set
t:=max{m eN:Q(G,db) < 1/m}.
Additionally, let r .= max{t,(b —1)(t — 1)}. If r > 2, then the following properties hold:

(i) Any r vertices in Z(G) have a common neighbour.

(it) Every edge in Z(Q) is contained in a complete subgraph of size r + 1.
(iit) The clique number of 2(G) is at least r + 1.
(iv) 2(G) is connected with diameter at most 2.

(v) 2(G) is Hamiltonian.

Proof. We proceed as in the proof of [20, Lemma 3.6]. If Q(G,b) < 1/t, then
1Q1(1 - /66D < val(G)
by Lemma 3.2.4. Now (1 — 1/t)Y/-D >1- m since, for ¢ > 2,

1 1 i <e D 1 + 1 <1 1
TV \e ~ - T L L X - .
Bb-1(t-1) t—1 2(t-1)2 ¢

Hence val(G) > |Q[(1- %). This implies that for any r vertices in X(G), the neighbourhoods of those
vertices have a non-empty common intersection. That is, those vertices have a common neighbour.
This gives (i), and since r > 2, parts (ii)—(iv) follow directly. Finally, since val(G) > |Q2|/2, Dirac’s
theorem (see [46, Theorem 3]) yields (v). |

We conclude this section by recording the following trivial observation.

Lemma 3.2.7. If K < G and b(K) = b(G), then 2(G) is a subgraph of Z(K).

Proof. If A is a base for G, then A is also a base for K. |
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3.3 Problems

In this section, we discuss the three main problems concerning the generalised Saxl graphs
that will be considered in this thesis, namely Conjecture IT and Problems III and IV, as briefly
described in Chapter 1. Throughout, let G < Sym(Q) be a transitive permutation group with
b(G) > 2 and point stabiliser H, and let 2(G) be the generalised Saxl graph of G.

3.3.1 Common Neighbour Conjecture

We define the following property of 2(G):
(%) Any two vertices in 2(G) have a common neighbour.

Remark 3.3.1. Property (%) implies that 2(G) has diameter at most 2. In addition, if 5(G) > 3,
then the definition of Z(G) implies that any two adjacent vertices have a common neighbour.
Thus, for the groups with 5(G) > 3, property (x) holds if and only if 2(G) has diameter at most 2.

It was conjectured by Burness and Giudici that any base-two primitive group G satisfies
property (x) (see [20, Conjecture 4.5]). This has been verified in some special cases. For example,
if G is a non-standard group (recall this definition from Section 2.3) with socle A, then [20,
Theorem 5.1] shows that G satisfies the property (x). It has been verified in my joint paper [27]
with Burness that the conjecture holds if G is a base-two almost simple primitive group with
soluble point stabilisers, or with socle La(q) (the latter extends an earlier result of Chen and Du
[36]). These results will be discussed in Chapter 4 (with regard to the more general Conjecture
3.3.2, stated below). More recently, partial evidence of this conjecture has been given for affine
groups in [85].

In my joint paper [52], we conjecture that property (x) also holds for any primitive group G
with b(G) > 3. This is stated as Conjecture II in Chapter 1.

Conjecture 3.3.2. Let G < Sym(Q) be a finite primitive permutation group with b(G) > 2. Then
G satisfies property (%).

In this thesis, we will show that Conjecture 3.3.2 holds in several cases. More specifically,
we will establish Theorem C stated in Chapter 1, which verifies this conjecture for some almost
simple groups. Partial results for diagonal type groups and twisted wreath products will be given
in Chapter 5 (see Theorems 5.6 and 5.9.1).

Moreover, by considering the bases for primitive wreath products, we will show in Chapter 6
that Conjecture 3.3.2 is equivalent to the following (a priori, stronger) statement. Here, as will be
defined in Definition 6.5.5 in Section 6.5.2, an orbit O of G is called almost-regular if ONA # @
for some base A for G of size b(G) that contains @, and N(a) is the set of neighbours of a in Z(G)

(which is exactly the union of the almost-regular G 4-orbits).
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Conjecture 3.3.3. Let G < Sym(Q) be a finite primitive permutation group with b(G) > 2. Then
for any a, B € Q, the X(G)-neighbourhood N(f) meets every almost-regular G 4-orbit.

In particular, when b(G) = 2, Conjecture 3.3.3 asserts that the union of regular G g-orbits

meets every regular G ,-orbit.

3.3.2 Arc-transitivity

Now we discuss the following problem, which is stated as Problem III in Chapter 1.
Problem 3.3.4. Classify the primitive groups G such that 2(G) is G-arc-transitive.

Recall that reg(G) is the number of regular G-orbits on Q%@ and we have reg(G) > 1 by
definition. By Lemma 3.2.5, if reg(G) = 1 then X(G) is G-arc-transitive, and the converse holds
true if 5(G) = 2 (see Lemma 3.1.2). With this observation, we are also interested in the following

special case of Problem 3.3.4.
Problem 3.3.5. Classify the primitive groups G with reg(G) = 1.
A basic observation yields the following lemma.

Lemma 3.3.6. If reg(G) =1, then

(&

This naturally brings into play the probabilistic method introduced in Section 2.4, noting that
reg(G) > 2 if Q(G, b(Q)) is “small”.
In this direction, we will establish Theorems D and E in Chapters 5 and 4, respectively. We

will also prove Theorem 5.9.2 in Chapter 5 for primitive twisted wreath products.

3.3.3 Completeness

Our third and final main problem on the generalised Saxl graphs of primitive groups concerns

their completeness, stated as Problem IV in Chapter 1.
Problem 3.3.7. Classify the primitive groups G such that 2(G) is a complete graph.

We say a group G is semi-Frobenius if 2(G) is a complete graph (that is, any two elements of
Q lie in a common base for G of size b(G)). In particular, G is Frobenius if and only if 6(G) =2
and G is semi-Frobenius. It is not difficult to see that any 2-transitive group is semi-Frobenius.

Moreover, we have the following observation.

Lemma 3.3.8. The group G is 2-transitive if and only if G is semi-Frobenius and Z(G) is G-arc-

transitive.
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Now let us discuss more examples of semi-Frobenius groups.
Example 3.3.9. A tuple (a1,...,az) of Q is said to be an irredundant base for G if
G, >Garan) > > Glay,ain) > Gagyan) = 1.

In particular, if (a1,...,ap) is an irredundant base then & > b(G). Conversely, (a1,...,a) is an
irredundant base if 2 = b(G) and {a1,...,a3} is a base. The group G is called IBIS (Irredundant
Bases of Invariant Size) if every irredundant base has size 5(G). This concept was first introduced
by Cameron and Fon-Der-Flaass [34]. Note that if G is a primitive group with 5(G) > 2, then
for any two distinct elements ai,as € Q we have G, # Gg,, and so there exist an integer &
and elements as,...,a; € Q such that (a1,...,a;) is an irredundant base. Therefore, G is semi-
Frobenius if G is a primitive IBIS group (for example, the actions of Sg of degrees 10 and
15).

Example 3.3.10. Let T be a non-abelian finite simple group and let G = Hol(T') = T:Aut(T') be
the holomorph of T', which acts faithfully and primitively on T (see Section 5.3 for more details).
Then as noted in the proof of Proposition 3.10 in [51], we see that 6(G) = 3 and {1,x, y} is a base
for G if (x,y) = T. Thus, G is semi-Frobenius since any non-identity element of T' is contained in

a generating pair by a theorem of Guralnick and Kantor [63].

Example 3.3.11. Let G =S, with m > 5, and let Q2 be the set of 2-subsets of {1,...,m}. Note that
G is primitive. If m € {5,6} then it is easy to see that G is semi-Frobenius, and we will show that
G is also semi-Frobenius if m > 7. Let a ={1,2}, $=1{1,3} and y = {3,4}. By the 2-transitivity of G
on {1,...,m}, it suffices to show that {a, f} and {a,y} are edges in Z(G).

To see this, suppose A is a base of minimal size that contains a. Then there exists ' € A such
that an g’ # @, otherwise (1,2) fixes A pointwise, which is incompatible with our assumption that
A is a base. Thus, {a, '} is an edge in 2(G), and the 2-transitivity of G on {1,...,m} implies that
{a, B} is also an edge.

To prove that {a,y} is an edge in Z(G), we only need to show that there exists y’' € A such
that a Ny’ = @. We argue by contradiction and assume every element in A meets a. Then it is

straightforward to see that |A| > m — 2. As can be seen easily,
{{172}’ {1’ 3}5 {47 5}’ {57 6}, ceey {m - 2, m — 1}}

is a base for G of size m — 3 (since we assume m > 7). This is a contradiction since A is assumed
to be a base of minimal size.

We remark that 6(G) = [%(m —1)] in this setting (see [66, Theorem 3.2]). However, as can be
seen above, we are able to show that G is a semi-Frobenius group even without computing the

precise base size.
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As mentioned in Chapter 1, we will establish Theorem F in Chapter 4, which classifies the
primitive semi-Frobenius groups with socle Ly(g). In addition, partial results on Problem IV
for almost simple sporadic groups will be given in Chapter 4, stated as Proposition 4.4.1 (in
particular, we will prove that G is semi-Frobenius if 56(G) > 5 in this setting). We will also consider

Problem IV for diagonal type primitive groups and obtain partial results (see Theorem 5.4).
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The work in this chapter is heavily drawn from the papers

T.C. Burness and H.Y. Huang, On base sizes for primitive groups of product type, d.
Pure Appl. Algebra 227 (2023), Paper No. 107228, 43 pp.

T.C. Burness and H.Y. Huang, On the Saxl graphs of primitive groups with soluble
stabilisers, Algebr. Comb. 5 (2022), 1053—1087.

S.D. Freedman, H.Y. Huang, M. Lee and K. Rekvényi, On the generalised Saxl graphs
of permutation groups, submitted (2024), arXiv:2410.22613.

which are [26], [27] and [52], respectively.

Throughout this chapter, let G < Sym(Q) be an almost simple primitive group with socle T'

and point stabiliser H. Here we will focus on the following three cases in turn:
(a) T =La(g);
(b) T is a sporadic simple group;
(c) H is soluble.

The relevant groups will be discussed in Sections 4.3, 4.4 and 4.5, respectively. The results in
Section 4.3 are selected from my joint papers [27] with Burness and [52] with Freedman, Lee and
Rekvényi, and Section 4.4 comes from the latter paper. Section 4.5 is a combination of relevant
results from my joint papers [26, 27] with Burness.

One of our goals in this section is to establish Theorem C concerning Conjecture II (see

Theorem 4.2 below). We will also attack Problem III for these groups by establishing Theorems
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4.3 and 4.5, the latter is briefly asserted as Theorem E in Chapter 1. In addition, we will consider
Problem IV and classify the semi-Frobenius primitive groups with T = Lg(g) in Theorem 4.6. This

is also Theorem F'.

4.1 Introduction

Before stating our main results in this chapter, we first discuss the study of base sizes for almost
simple primitive groups in cases (a), (b) and (c) above. First, as noted in Section 2.3, the base
size of every almost simple primitive group with sporadic socle has been computed in [30] and
[104]. Recently, the precise base size of every almost simple primitive group with soluble point
stabilisers has been computed by Burness [14]. Hence, we know the exact value of b(G) for every
group G in case (b) or (c). Although there are many references giving the exact base size b(G) for
many primitive actions of groups G with socle La(q) (for example, [14] when H is soluble), we
have not been able to find one for the case where H is of type GLa(q¢) with qg =q. Here we will
show that 5(G) = 3 unless G = PZLy(9) (see Proposition 4.3.2), completing the calculation of 5(G)
for all almost simple primitive groups with socle La(q) by extending earlier results in [14, 19].

Note that in the following theorem, we exclude the groups with socle Lg(4) as Lo(4) = Lga(5).

Theorem 4.1. Let G be a primitive group with socle T = Lo(q), q > 5 and point stabiliser H. Then
b(G) > 2 if and only if one of the following holds.

(i) H is of type P1, in which case b(G) € {3,4}). Furthermore, b(G) = 3 if and only if either
G <PGLa(q), or |G:T| =2 and G L PZLa(q).
(ii) H is of type GL1(¢)S2 and PGLa(q) < G, in which case b(G) = 3.

(iii) H is of type GL1(q?) and PGLo(q) < G, in which case b(G) = 3.

(iv) H is of type GLa(q¢) with q = q(z) > 9, in which case b(G) € {3,4}). Furthermore, b(G) =4 if
and only if G = PZLg(9).

(v) (q,H)€{(5,A4),(7,54),(11,A5),(19,A5)} and b(G) =3, (¢,H) €{(5,54),(9,A5)} and b(G) =4,
or (q,H)=(9,S5) and b(G) =5.

With the precise base sizes in hand, we now turn to the generalised Saxl graph X(G). Recall

the following property
(%) Any two vertices in Z(G) have a common neighbour

defined in Section 3.3.1. Conjecture II asserts that every primitive permutation group G has this
property. We will verify this for all primitive groups with soluble point stabilisers, and we also

obtain partial results for groups with socle Lo(g) or a sporadic group. Here let

F={G : T=Ly(q),q>16,|G:T|is even, and H is of type GLa(q¢) with q(z) =q}
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be a collection of primitive groups, where T' denotes the socle of G, and H is a point stabiliser.

Theorem 4.2. Let G be an almost simple primitive group with socle T and point stabiliser H.

Then G satisfies property (%) if one of the following holds:

(1)) T=Lo(g)and G ¢ F;
(it) T is a sporadic simple group and b(G) > 3;

(1ii) H is soluble.

We leave the excluded case (i.e. G € &) described in Theorem 4.2(i) open. In particular, since
that case only occurs when G > T', we deduce that Conjecture II holds for all primitive actions of
Lo(q). For partial results towards Conjecture II for base-two almost simple sporadic groups, we
refer the reader to [20, Section 6].

Next, we turn to Problem III, which involves determining the groups G such that Z(G) is a
G-arc-transitive graph. We are able to resolve this problem for the primitive groups G ¢ & with
socle La(q). Note that Lg(4) = Lo(5) = As and La(9) = Ag.

Theorem 4.3. Let G ¢ & be a primitive group with socle T = Lgy(q) and point stabiliser H. Then
2(G) is G-arc-transitive if and only if one of the following holds:

(i) H is of type P1;

(i) G is 2-transitive and (G,H) = (La(11),A5), (PT'La(8),D15.3), (L2(7),S4), (S6,S5), (As,As),
(S5,S4) or (A5,A4);

(iii) G =PGLa(q), 5#q >4, and H is of type GL1(¢)!S2; or

(iv) (G,H)=(La(29),A5), (PGL2(11),S4), Mig,5:4) or (A5,S3).

We will also consider Problem 3.3.5 on the groups with reg(G) = 1, recalling that this condition
implies that X(G) is G-arc-transitive, and the converse implication holds if 6(G) = 2 (see Lemmas
3.2.5 and 3.1.2, respectively). Note that if G is 2-transitive, then reg(G) =1 if and only if G is
sharply b(G)-transitive.

Corollary 4.4. Let G ¢ & be a primitive group with socle T = Lia(q) and point stabiliser H. Then
reg(G) = 1 if and only if G is one of the groups in parts (iii) and (iv) of Theorem 4.3, or H is of type
P1 and G is sharply 3-transitive, or (G,H) € {(Sg,S5),(Ag,A5),(S5,S4)}.

We now turn to the almost simple primitive groups with soluble point stabilisers.

Theorem 4.5. Let G be an almost simple primitive group with soluble point stabilisers. Then
reg(G) =1 if and only if G is one of the groups listed in Table 4.1.
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b(G) G Type of G4 Comments
2 PGLg(q)  GLi(gnSq qg=217,q9#9
PQi(3).22 0} (3NSy Both groups of this shape
Q2.3  05(2)xGU3(2)
S07(3) 0;(3) L 03(3)
PSpg(3) Spa(30S3
PGL4(3) 0;(3)
Uy(3).014]1  GU1(30S4 G # T.(6%,¢)
U4(3) GU2(3)1S2
L3(4).D12  GL1(4%)
L3(4).2 GU3(2) G #PZLs(4)
Us3(5).S3 GU1(5)1S3
Us(4) GU1(4)1S3
PGLy(11)  21*2.0,(2)
G2(3).2 SLg(3)?
S7 AGL1(7)
PGL2(9) Dyg
Mo 5:4
Asg Dg
J2.2 52:(4 x S3)
M1 2.84
3  La(g).2 Py G is sharply 3-transitive
La(q) Pq g is even
U4(3).2 Py G £ PGU4(3)
Aut(L3(q)) Pig q €18,9,16}
Aut(Us(q)) Pi q€1{3,4,8)
La(7) 2172.05(2)
S7 S4x8S3
PGL2(9)  3%Qs
Mg AGL;1(9)
S5 54
Asg Ay
4  Ls@3) Py, Py
S5 Sy

Table 4.1: The almost simple primitive groups G with G, soluble and reg(G) =1
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In fact, we will establish a stronger result by classifying the groups with reg(G) < 4 (see
Propositions 4.5.14 and 4.5.19), which will find an application in Chapter 6. See Tables 4.7, 4.8
and 4.9 for the relevant groups. Note that Table 4.1 is generated from these tables, so we refer
the reader to Remarks 4.5.15 and 4.5.20 for further comments of the groups recorded in Table
4.1.

Finally, let us discuss Problem IV on the completeness of Z(G). Recall that G is called semi-
Frobenius if Z(G) is complete, and if b(G) = 2 then G is semi-Frobenius if and only if G is
Frobenius. Note that there are no almost simple Frobenius groups, and so there are no base-two
almost simple semi-Frobenius groups.

In Section 4.3 we will classify the semi-Frobenius primitive groups with socle La(q) in full

generality.

Theorem 4.6. Let G be an almost simple primitive group with socle T' = Lg(q) and point stabiliser
H. Then G is semi-Frobenius if and only if one of the following holds:

(i) H is of type P1;
(ii) H is of type GL1(q)1S3 and PGLy(q) < G;
(iii) H is of type GL1(¢?) and PGLa(q) < G;
(iv) (q,H)€{(5,A4),(5,84),(7,54),(9,A5),(9,55),(11,A5),(19,A5)}; or

(v) qg= qg for some qo > 3, H is of type GLa(qq), and either gy =3 or |G : T'| is odd.
Equivalently, G is not semi-Frobenius if and only if either b(G) =2, or G € &.

Probabilistic and computational methods play a key role in the proofs of our main theorems.
The probabilistic method has been discussed in Section 2.4, and we will describe our main
computational methods in Section 4.2. Relevant MAGMA and GAP code is recorded in Appendix
A. As mentioned above, we will treat the groups in cases (a), (b) and (c¢) in Sections 4.3, 4.4 and

4.5, respectively.

4.2 Computational methods

Let G < Sym(Q2) be a primitive group with point stabiliser H. We will apply computational
methods to establish our main results when G is a sporadic group, or a small degree symmetric or
alternating group, or a low rank group of Lie type defined over a suitably small field. We mainly
use MAGMA V2.26-11 [10] to do the computations, noting that the GAP Character Table Library

[12] is an important tool for the analysis of sporadic groups.
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4.2.1 Construction of groups

First, let us discuss how we construct the permutation group G < Sym(Q2) in MAGMA.

To do this, we first construct G as a permutation group of an appropriate degree (this
is typically the primitive permutation representation of minimal degree, and will not nec-
essarily be the permutation representation of G on ). Here we typically use the function
AutomorphismGroupSimpleGroup to obtain A = Aut(T) as a permutation group and then we
identify G by inspecting the subgroups of A containing T'. We then construct H as a subgroup
of G in this permutation representation via the function MaximalSubgroups, which returns a
set of representatives of the G-classes of maximal subgroups of G. Then we use the function
CosetAction to construct G as a permutation group on 2, which can be identified with the set of
cosets [G : H].

This can be expensive (in terms of time and memory) if |Q| is large, so we only apply this
method when |Q| < 5 x 108 (for example, in the proof of Proposition 4.5.19), apart from the groups
discussed in Section 4.4, which will be treated separately (see Appendix A.1.2.5, for example).

4.2.2 Calculation of base sizes

Now we explain how to compute b(G) in MAGMA. This requires the construction of G < Sym(()
as explained in Section 4.2.1, so |Q| <5 x 108.

For an integer i starting from & := [log||G|] — 1 (note that we immediately have b(G) > & + 1),
we check whether or not G has a base of size i + 1 (so we stop when we find the first i that
works). To determine whether a base of size i + 1 exists, we iteratively check orbits of point
stabilisers until we find a base. More precisely, we first get a set of G-orbit representatives of
k-tuples. This can be done by first taking H-orbits, and then taking representatives of these
orbits, followed by taking the orbits of two point stabilisers and repeating this process. Then we
inspect the G(q,.... a))-0rbits on Q for every G orbit representative of k-tuple (a,...,az), and if
there is a regular Gq,,...,a,)-0rbit then 6(G) = & + 1, otherwise we check Gyq;,... a,,p-0rbits for a
representative f of each G(q,,. . q,)-0rbit, and we repeat until we find a regular orbit.

This method turns out to be very effective if 5(G) is not too large (for example, if b(G) < 7).
The related MAGMA code will be presented in Appendix A.1.1.

The author thanks Saul Freedman for the MAGMA code, and for his discussion and comments

on the computations when working on the joint paper [52].

4.2.3 Bounding Q(G,c)

Recall that Q(G, ¢) is the probability that a random c-tuple of elements in Q is not a base for G,
which has an upper bound Q(G,c) (see (2.4.2)). Estimating Q(G,c) plays an important role in
attacking many problems in this thesis. For example, if (G, b(G)) < 1/2, then Q(G,b(G)) < 1/2
and so all the properties (i)—(v) in Lemma 3.2.6 of the generalised Saxl graph X(G) hold. This

38



4.2. COMPUTATIONAL METHODS

was first observed in [20, Section 3] for the groups with 5(G) = 2. Another aim is to determine the
groups with Q(G,2) > 1/4 (this is the content of Theorem 4.5.1, which will be applied to establish
Proposition 4.5.14).

It is straightforward to implement an algorithm in MAGMA to compute Q(G,c) precisely,
using the functions ConjugacyClasses and IsConjugate to find a set of representatives of the
conjugacy classes in H and to test conjugacy in G, respectively. This allows us to compute |xC N H|
for each x € H of prime order, which is the main step in calculating the contribution to Q(G,c)
from the elements in the G-class of x. Note that this approach can be implemented without
determining a set of representatives of the conjugacy classes in G, which can be an expensive
operation in terms of time and memory. See Appendix A.1.2.3 for the relevant function.

Let us also observe that @(G, c) can be computed precisely if we have access to the character
tables of G and H, in addition to the fusion map from H-classes to G-classes. For example, this
approach works well when G is a sporadic group, using the character table data stored in the
GAP Character Table Library [12]. This arises in the proofs of Theorem 4.4.4 and Proposition
4.5.5, and we refer the reader to Appendix A.2.1 for the relevant code.

In some cases, it turns out that we can work effectively with a crude bound
(4.2.1) Q(G,0)<Q(G,0)

where the contribution to Q(G, ¢) from all the elements in G of order r (for a fixed prime r) with

1x%| = m is given by

1( ¢

— (Z Iy I)

m\i=1
and y1,...,y, represent the distinct H-classes of elements of order r with | inI =m. Notice that no
IsConjugate commands are needed to compute Q(G,c), which can be a significant saving. This

will arise in the proofs of Lemma 4.5.6 and Proposition 4.5.12, and the relevant code is presented
in Appendix A.1.2.3.

4.24 Regular orbits

In order to establish Propositions 4.5.14 and 4.5.19 in this chapter, we need to calculate reg(G)
for some groups with 6(G) < 4.

First assume b(G) = 2. Here we use the approach discussed in Section 4.2.1 to construct
G as a permutation group (not necessarily on €2), and then construct H as a subgroup of G
in this permutation representation. In a handful of cases (due to the size of GG), this approach
is ineffective and a different method is needed in order to construct H. For example, we may
identify H = Ng(K) for some specific p-subgroup K of G (for instance, see [14, Example 2.4]). As
we explain below, there are other ways to compute r(G) = reg(G) without using the CosetAction

function.
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If Q(G,2) > 1/4 then, in order to establish Theorem 4.5.1, we need to either compute a better
upper bound on Q(G,2), or we need to determine Q(G,2) precisely. In view of (3.1.1), it suffices
to bound (or compute) the number r(G) of regular suborbits of G. To do this, we work with
double cosets (CosetAction is too expensive when |Q| is large, say |Q| > 5 x 10%). Indeed, if R is a

complete set of (H,H) double coset representatives in G, then

(4.2.2) rG)={xeR : |HxH| = |H*}.

Similarly, if R is a complete set of (Hy, H) double coset representatives, where Hy = HN T, then
r(T)={x € Ry : |HoxH|=|HollH}I.

It is straightforward to compute these numbers using MAGMA. If |QQ| = |G : H| is not prohibitively
large (for example, if |Q| < 107), then we can use the function DoubleCosetRepresentatives to
determine R and R, which then allows us to compute r(G) and r(T). If |G : H| is large, then we
may be able to use the DoubleCosetCanonical function to identify sufficiently many distinct
double cosets of size |H|? so that the corresponding lower bound on r(G) forces Q(G,2) < 1/4 (this
will arise in the proofs of Propositions 4.5.11 and 4.5.12, and for the relevant MAGMA code, see
Appendix A.1.2.4). It is straightforward to implement all of these methods in MAGMA.

In the proof of Proposition 4.5.19 we will also need to compute reg(G) in a number of cases
with b(G) =3 or 4. Fix y € Q and set H = Gy. Decompose 2 = A; U---UA; as a disjoint union of
H-orbits and fix A; € A; and K; = H,,.

Suppose b(G) = 3. Then every regular G-orbit on Q3 is represented by an element of the form

(v, Ai, B), where B is contained in a regular orbit of K; on Q. Therefore,

t
(4.2.3) reg(G)=) _r;,
-1

where r; is the number of regular orbits of K; on Q.

Now assume b(G) = 4. Fix i € {1,...,t}. Let A;1,...,A; m,; be the orbits of K; on Q and for
each je{l,...,m;} set K, j = (K;)y; = H), N H,, for some fixed w; € A; j. Notice that every regular
G-orbit on Q* is represented by an element of the form (y,Ai,wj, B), where f is in a regular orbit

of K; ; on Q). Therefore, if r; ; denotes the number of regular orbits of K; ; on (2, then
t m;
(4.2.4) reg(G) = Z Z rij-
i=1j=1
Once again, we can implement this approach in MAGMA in order to compute reg(G). As before,

we first construct G and H, and then we work with the function CosetAction to construct G as a

permutation group on (2, which then allows us to construct stabilisers and their orbits.

4.2.5 Generalised Saxl graphs

To conclude this section, we discuss the computational methods we will use to handle the problems

on the generalised Saxl graph X(G) of a primitive group G.
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First note that 2(G) is G-vertex-transitive since G is transitive (see Lemma 3.2.3(1)). It follows
that Z(G) is the union of some orbital graphs of G (recall that an orbital graph of G is a graph
with vertices Q and (a, B) is a directed edge if it is contained in a fixed orbital of G). With this
observation in mind, we first obtain a set of G-orbit representatives of pairs of points in Q that
can be extended to a base of size b(G) (the base size is calculated by implementing the approach
in Section 4.2.2). This can be obtained via the function PairsInMinSizeBase and will be used to

check property
(%) Any two vertices in 2(G) have a common neighbour

using MAGMA via the function FastMinSizeComNeighbTest. Both functions will be presented in
Appendix A.1.2.1.

Note that G is semi-Frobenius if and only if for each point 8 # a in a set of G 4-orbit represen-
tatives, the set {a, B} extends to a base of size b(G). This allows us to use a similar method as
described in Section 4.2.2 for iteratively checking each point stabiliser of G, (up to conjugacy)
until a base of size b(G) is found. We refer the reader to Appendix A.1.2.2 for the function
FastMinSizeIsComplete.

4.3 Two-dimensional linear groups

In this section, we will establish Theorems 4.1, 4.2(i), 4.3 and 4.6. Let G < Sym(£2) be an almost
simple primitive group with socle T' = Ly(q) and point stabiliser H, where ¢ = p/ > 5 for some
prime p and integer f. Then H is of one of the following types (recall that the type of H provides
an approximate description of the structure of H, which is consistent with its usage in [80]; see

Section 2.2.3 for a brief discussion):

4.3.1) Pq, 21+2.O§(2), As, GLa(qo) (where g = g(, for some prime s), GL1(g)S2, GL1(¢?).

4.3.1 Base sizes

We first determine the precise base size of every primitive action of G, focusing on the groups with
H of type GL2(q"?), which establishes Theorem 4.1. To do so, we require the following technical
lemma. In what follows, for an element ¢ € [F;, we write (¢) to denote the smallest subfield of [,

containing ¢.

Lemma 4.3.1. Let q be a prime power not equal to 3, and let s be a primitive element of . Then

there exists an element t € F; such that:
(i) if q is even, then (t) =, and the polynomial x2 +x +¢ is irreducible over Fgs
(it) if q is odd, then (t2/s) = Fq and t2 + s is a (non-zero) square in Fy; and
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(iii) if ¢ =3 (mod 4), then (¢t2) =F, and t> + 1 is a (non-zero) square in F,.
q q

Proof. We shall write ¢ = p/, with p prime. Suppose first that ¢ is even, and let r be a divisor of
f. For a € For, the polynomial x2 + x + a is reducible over F, if and only if there exists b € [, such
that b2 + b = a. In this case, there are precisely two such elements, namely b and b + 1. Moreover,
x?+x+a is reducible over F4 if and only if either x2+x+a is reducible over For or 2r | £, and in the
latter case x2 +x +a is reducible over Fq for all a € For (the splitting field of x? +x+a over Fyr is

2+ x+0 is reducible, there are precisely 271

Fo2r if it is irreducible over Fgr). Note also that since x
elements a € Fyr such that x? + x + « is irreducible over Fo-. Therefore, the number of elements
a €[, that lie in a proper subfield of F,, with x2 + x + a irreducible over Fq, is at most

Yy orlcofl

1<r<f

rif
Therefore, among the 21 elements ¢ € F4 such that x2 + x + ¢ is irreducible, there exists at least
one such that (t) =F,, and hence ¢ satisfies (i).

Now assume q is odd. Since s is not a square in [, exactly one of 1+s and s(1+s) = s?+sisa
square. Thus some ¢ € {1, s} satisfies (ii). If ¢ =3 (mod 4), then it follows from [1, Theorem 3.1]
and a simple counting argument that the number of squares in the set {¢2+1|ce€ Fg}is (g —3)/4,
which is non-zero since ¢ > 3. Notice that f is odd, and so (m?2)y = (m) for all m € Fq. Therefore,

the number of squares in [ that lie in a proper subfield of F¢ = [,/ is at most

Y @ -R2<@ T -1/2< (@ -3)4=(g-3)4
1<r<f
rif
Thus there exists ¢ € F; such that 2 +1 is a square, and such that (¢2) = (¢) = F,. Note finally that

-1 has no square root in F, since ¢ =3 (mod 4), and so ¢ satisfies (iii). |

The following is the main original content of Theorem 4.1.

Proposition 4.3.2. Let G be an almost simple primitive group with socle T = Lo(q) and point
stabiliser H of type GLa(qy), with q = q% for some qo > 3. If G = PZLg(9), then b(G) =4, and
otherwise b(G) = 3.

Proof. It is straightforward to use MAGMA to calculate 5(G) in the case q¢ = 3. Assume therefore
that gog > 4. By [49, p. 354], T has no regular suborbits in its action on the right cosets of HNT.
Therefore, b(G) > b(T) > 3. Additionally, the maximality of H implies that G < PZLa(q) (see [11,
Table 8.1]). To complete the proof, we will assume that G = PXLs(q) and show that 6(G) = 3. We
shall write ¢ = p/, with p prime.

It will be convenient to identify the action of G on the right cosets of H with an equivalent
action on certain 1-dimensional subspaces of [Fg ,» corresponding to the isomorphism 7' = Q, (qo) =

PQ; (qo) (see [80, Proposition 2.9.1]). To define this action, let s be a primitive element of Fg,, and

42



4.3. TWO-DIMENSIONAL LINEAR GROUPS

let @ be a non-degenerate quadratic form of minus type on V := F; ,» With polar form §. By [11,
Propositions 1.5.39 & 1.5.42] and [80, Proposition 2.5.12], there exists a basis {e1,eq,e3,e4} for V
such that the matrix of @ (defined so that the (i, j) entry is equal to f(e;,e;) if i < j, to Q(e;) if

i =J, and to 0 otherwise) is

S © = O
S N = O
S © O =

if ¢ is even and

0 0 o0 12

if g is odd, where { is an arbitrary element of [ such that the polynomial x2 +x+( is irreducible
over [Fy,. By Lemma 4.3.1, we may assume that ({) = F;,. The Gram matrix Mg of § is equal to
Mg +Mj,.
Next, define :V — V by
4 4
o Z aje;— a%(eg + Z a?ei,
i=1 i=1

if g is even, and

4 4
o: Zaiei »—»all’s(p_l)/2e1 + Zafei,
i-1 i=2

if ¢ is odd. Hence for each positive integer %, the map o” is defined by
- o i o & oo
g :ZaieiHa3 Z( e2+Zai e;,
i=1 Jj=0 i=1

if ¢ is even, and
4 - 4,
o Zaiei -—»a’lJ P 2o 4 Zaf e;,
i=1 i=2

if g is odd. Additionally, || = f, and o is induced by an automorphism of the simple derived
subgroup 2, (qo) of the isometry group O, (q¢) of @ (see [21, pp. 58-59]). Slightly abusing notation
and denoting this automorphism by o, we may identify G with (Q,(qo),0)/{-I), where I is the
4 x 4 identity matrix (cf. [11, Tables 8.1 & 8.17]). Note that L :=(Q(qo),0) = (0)0,(qo), and that
(o) N0 (qo) is generated by o/ Let Y be a one-dimensional subspace of V and y € Y \ {0}. We
write Y € A if Q(y) is a non-zero square in F, , and Y € A if Q(y) is a non-square. The action of G
on the right cosets of H is equivalent to its action on A, and also to its action on A if g is odd.

Suppose now that g is even, and let u :=eg, v:=e1+e9 and w :=e3. Then Q@(u) =Q(v) =1 and
Q(w) =, and so (u),(v),(w) € A. By [11, Lemma 1.5.21], a matrix A € GL4(qo) lies in O, (qo) if
and only the diagonal entries of AM, QAT are equal to the corresponding diagonal entries of Mg,
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and AM ﬁAT = Mpg. Therefore, the pointwise stabiliser X of {(u),(v)} in L consists of all elements
of the form

1 0

o 0 0

a 1

a2

QR o~ O
= O O© O

0

where a € [F;O, be{0,1} and £ €{0,...,f/2—1}. We also observe that an element of X fixes (w) if

and only if a =0 and Z?;& 4 2 _p. Since b = b2, this implies that

k=1 o (k=1 j2 R-1 B
Ne =(Zcz) =Y 2=,
j=0 j=0 j=1

J=0

and hence { =( 2" Since () =Fg4, by our assumption above, it follows that £ = 0, and so b = 0.
Thus {{(u), (v),(w)} is a base for G, and hence b(G) = 3.

Next, suppose that q is odd, let 6 € {1,3} such that g9 =6 (mod 4), and let y; :=s and y3:=1.
By Lemma 4.3.1, there exists ¢t € [F(’I‘O such that ¢2 +7s is a (non-zero) square in [y, and (t2/y5) =TFg,-
Define u :=eg, v:=es +teg and w := eg + ze4 + e4_s5, where z := §(202+0/4 Then Q(v) = (£ + Ys)/2,
and Qw)=(1+22+ Ya-5)2=1/2 =Q(u). Thus (u),(v),(w) €I for some I' € {A,A}. In this case, a
matrix A € GL4(qo) lies in O, (qo) if and only ifAMﬁAT = My. Using the fact that (tz/%s) =Fgqy>
we deduce that the pointwise stabiliser of {(u), (v)} in L lies in Oz(qo), and consists of all matrices
of the form

a 0
0 a O 0
00 by c1 |
0 0 ec; -—-e€by
if6=1,or
by 0 0 co
0 a 0 O
0 0a 0]
—8028_1 0 0 &by

if 6 = 3, where a,e € {+1} and b% + c% = b% + c%s‘1 =1. It is now straightforward to show that the

pointwise stabiliser of {{u), (v}, (w)} in L consists of scalar matrices. Therefore, b(G) = 3. |

By combining Proposition 4.3.2 with results from the literature, we are able to determine the
exact base size of every primitive group with socle Lg(q). Here we exclude the groups with socle
Lo(4), as Lo(4) = Lo(5). The theorem is stated as Theorem 4.1 in Section 4.1.

Theorem 4.3.3. Let G be a primitive group with socle T = Lo(q), g > 5 and point stabiliser H.
Then b(G) > 2 if and only if one of the following holds.
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(i) H is of type P1, in which case b(G) € {3,4}). Furthermore, b(G) = 3 if and only if either
G <PGLg(q), or |G :T| =2 and G L PZLa(q).

(it) H is of type GL1(q)1S2 and PGL2(q) < G, in which case b(G) = 3.
(iti) H is of type GLl(q2) and PGL9(q) < G, in which case b(G) = 3.

(iv) H is of type GLa(qq) with q = qg > 9, in which case b(G) € {3,4}. Furthermore, b(G) =4 if
and only if G = PZLo(9).

(v) (q,H)€{(5,A4),(7,84),(11,A5),(19,A5)} and b(G) =3, (q,H) €{(5,54),(9,A5)} and b(G) =4,
or (q,H)=(9,S5) and b(G) =5.

Proof. If H is soluble, then [14, Theorem 2] gives the precise base size of G. This includes the
cases where H is of type P1, GL1(¢)!Ss, GL1(g?) or 21+2.O§(2). For the groups with H of type As,
or of type GLa(q¢) with qg = q for some odd prime %, we deduce the base size from [19, Tables
1 and 3]. Suppose finally that H is of type GLga(q¢) with q(2) =q. Here ¢ > 9, and we obtain b(G)
from Proposition 4.3.2. [ |

We now turn to the proofs of Theorems 4.2(i), 4.3 and 4.6, and consider each case in (4.3.1) in
turn. We shall use Theorem 4.1 to read off b(G).

4.3.2 H is of type P1, 212.0,(2) or As
Lemma 4.3.4. If H is of type P, then G is semi-Frobenius and 2(G) is G-arc-transitive.
Proof. Here G is 2-transitive, so the result follows from Lemma 3.3.8. |
Lemma 4.3.5. If H is of type 21*2.0;(2), then
(i) Property (x) holds.
(it) Z(G) is G-arc-transitive if and only if G € {PGL2(11),Lo(7),S5,As}.
(iii) G is semi-Frobenius if and only if b(G) > 2.

Proof. The bound in the proof of [14, Lemma 4.10] is good enough to show that Q(G,2) < 1/2 if
q > 71, which implies that (x) holds and reg(G) > 1 (by Lemma 3.1.2, this implies that X(G) is
not G-arc-transitive). And we can use MAGMA to handle the groups with g < 71. |

Lemma 4.3.6. If H is of type As, then either q €{9,11,19}, b(G) = 3 and G is semi-Frobenius, or
b(G) =2 and (%) holds. Moreover, 2(G) is G-arc-transitive if and only if G € {Lg(29),L2(11),Sg,Ag).
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Proof. Recall that i,,(H) is the number of elements of order m in H, and let x € H be an element
of prime order m and note that m € {2,3,5}. If m =2 then 1xG| > %qm(q +1) = b7 (minimal if x is
an involutory field automorphism) and we note that io(H) < 25 = a;. Similarly, if m € {3,5} then
1x%| > q(qg — 1) = bs and i3(H) + i5(H) = 44 = ay. Therefore, Lemma 2.4.1 implies that

Q(G,2) < a?/by +ai/by

and we deduce that Q(G,Z) < 1/2 if ¢ > 197. In particular, reg(G) > 1 for these groups since
2|H|? < |G|, and so Z(G) is not G-arc-transitive by Lemma 3.1.2. The remaining cases with
q <197 can be verified using MAGMA. |

4.3.3 H is of type GL2(q¢)

Suppose g = g, for some prime s and let H be a maximal subgroup of G of type GL2(q0). We first
deal with the case where s is odd. Recall that 5(G) = 2 in this setting, so 2(G) is G-arc-transitive
if and only if reg(G) = 1 (see Lemma 3.1.2).

Lemma 4.3.7. If H is of type GLa(q0) with q = qj, for some prime s > 3, then b(G) =2, (%) holds

and 2(@Q) is not G-arc-transitive.

Proof. The cases where ¢ < 125 =52 can be handled using MAGMA, so we may assume q > 125.
Notice that if we can show that @(G,2) < 1/2, then (x) holds and reg(G) > 1 (the latter property
holds since 2|H|? < |G|).

First assume s > 5 and let x € H be an element of prime order. If x is an involutory field
automorphism of 7', then xG| > %qm(q + 1) = b1 and we note that there are at most a1 =
q(l)/z(qo +1) such elements in H. In each of the remaining cases, we have |x| > %q(q —1)=bg and

we observe that |H| < qo(q(z) —1)logq = as. By applying Lemma 2.4.1 we deduce that
Q(G,2) < a2/by +a2/by

and this gives Q(G,2) < 1/2 as required.

To complete the proof, we may assume s = 3, so q¢ > 7. This case requires a more refined
treatment. First let x € H N PGL2(q) be an element of prime order m. If x is unipotent (so m = p)
then [xC| > %(q2 —1) = b1 and we note that there are exactly a1 = go — 1 such elements in H.
Similarly, if x is a semisimple involution then [x¥| > %q(q —1) = by and we have i2(PGL2(q0)) =
q(z) = ag. Next suppose m # p and m > 3, so m divides q% —1 and there are %(m —1) distinct
T-classes of such elements in G (and the same number of Lg(q¢)-classes in H N PGL2(q)). If
{x1,...,x¢} is a set of representatives of the distinct G-classes of these elements, then there exist

positive integers k; such that } ; k; = %(m —1) and
1x¥ NH|=kiqo(go +¢), 151 =kigd(gd +e),
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where € = 1 if m divides q¢ — 1, otherwise € = —1 (here IxTI = IxPGLz(q)I = qg(qg +¢) and k; denotes
the number of distinct T'-classes that are fused under the action of field automorphisms in G).
Therefore, the contribution to @(G,2) from elements of order m is equal to
Lo (kigo(go+€)® 1 (qo +¢)*
Z—S 3 =§(m—1)-—3 .
i=1 kiQo(qO+£) QO(CI0+£)
If m divides go +1 then m — 1 < gg and there are at most log(qo + 1) possibilities for m, so the

total contribution to Q(G,2) from these elements is at most

(go—1)2

1
(go)=1log(go+1)-=qo- .
f1(go) =log(qo 570 0@ -1

Similarly, the contribution from the elements with m dividing g¢ — 1 is no more than

(go+1)2

1
(qo)=log(qo—-1)--(q0—2)- :
f2(qo) =1og(qo 50 2@+ D

Finally, let us assume x € G is a field automorphism of order m. As above, if m = 2 then
G| > 1 1/2(q + 1) = bg and there are at most ag = 1/2(qo + 1) of these elements in H. Next
suppose m = 3. Here |x%| > qO(qO + q0 +1) = b4 and we may assume H = Cg(x), which implies
that H contains at most

|GLa2(g0)

2(1+i3(La(go)) < 2 (1 + Qo172

)22610(q0+1)+2=a4

36/5 _ 12/5

such elements. If m = 5 then [xC| > qy = b5 and there are at most 8q,"° =as of these elements
in H. Finally, if m > 7 then 1xC| > q54/7 be and we observe that |H| < o(q(z) —-1logqg =as.

Set a =1if q¢ = q for some g1, otherwise a = 0. Similarly, let =1 if gg = q? and y=11if
qo = q7* for some prime m > 7 (otherwise =0 and y = 0, respectively). Then by bringing all of

the above estimates together, we conclude that
Q(G,2) < f1(qo) + falqo) + (a2/b1 + ad/ba +a’/by) + aa’/bs + PaZ/bs +yai/be
and one checks that this upper bound is less than 1/2 for all gg > 7. |

Now we consider the case where g = q%. We determine which groups in this setting are

semi-Frobenius.

Lemma 4.3.8. Suppose H is of type GLo(q), where q = q%. Then G is not semi-Frobenius if and
onlyif ¢ > 16 and |G : T| is even.

Proof. First assume o =|G : T is odd. Let a € Q be such that H = G,. We first note that, up to
conjugacy in Hy := HN T, the point stabilisers in H are as follows (see [49, p. 354]):

Hy, C;/2, Cyqo+1 ((@o —2)/2 copies), Cgy,-1 (qo/2 copies)
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if ¢ is even, and

/2
H07 D2(q0+£)7 C; ’

Cqo+1 ((qo —4—¢€)/4 copies), Cy,-1 ((qo — 2+ €)/4 copies)
if g is odd, where € = +1 satisfies gg =€ (mod 4).

Now, for each 6 € {1,—1}, let Zs be the subgroup of [F; of order qg+ 6. As discussed in [49,
p. 354], the fusion of T-suborbits of length go(qo —6) (i.e. with point stabiliser C, 5) under a field
automorphism of T' corresponds to the fusion under the corresponding field automorphism of F,
of the sets {x,x "1}, for elements x € [F;/Z(; of order at least 3. It follows that the point stabilisers

in H = G, are isomorphic to the following groups, for certain divisors i, and i_ of o:
H, Cf,/2.o, Cyo+1-i4, Cgo-1.i—, and (if ¢ is odd and go = € (mod 4)) Dy(gy+¢)-0-

We claim that Cy,.1 always appears as a point stabiliser. To prove this, it suffices to show that
the primitive element u of [, satisfies |Z5 ,u<”)| = 0, where o is the automorphism of [F; of odd order
0. Let q1 be such that q§ = ¢ and hence w? ={u" |0 <m <o-1}. Now |Zsu'?’| = o if and only if
uqun_qll ¢ Zs for all 0 < ¢ <m < o—1. Suppose for a contradiction that ,uqun_q{ € Zs for such ¢ and m.
Then u(q'fl‘q{)(%*‘s) =1,andso(g—1) [(q7" —q{)(q0+6). Hence (gg—96) | q{(q'ln_[ —1), which implies
(qo—190) | (qT‘g —1). It follows easily that either (go—6) = (qT" —1) or (qo-9) | (q’ln_“”qa1 —0).
However, since o is odd and q'ln_lqa 1 < g0, neither case can occur, a contradiction. Next, let
B € Q\{a}, and choose y € Q so that (up to isomorphism) the ordered pair (Hg,Hy) is one of
(Ch.0,Cqps1)s (Daigyre)-0,Cqo—e) and (Cyqu1.i,Cqor1), with i a divisor of o. Since Hy < T, we
observe that HgnHy, = (HgnT)n Hy. In particular, if Hg = Cf,&.o, then HgnH, =1, and so
{a,B,y} is a base for G. Thus {a,p} is an edge in Z(G). In the remaining two cases, either
HgnHy =1 and {a, f} is again an edge, or HgN H, = (g), where g is the unique involution of H,.
As Hy is a core-free subgroup of H, there exists 4 € H such that g ¢ H h and hence g ¢ H gh N H,,
which yields H ph NHy = 1. This shows that {a, ﬁ,yhfl} is a base for G, and thus 2(G) is complete.

To complete the proof, assume |G : T'| is even. To show that X(G) is not complete, it suffices to
consider the case where G is generated by T and an involutory field automorphism. As in the
proof of Proposition 4.3.2, we identify G with the orthogonal group PO, (qo), where O, (qo) is the
isometry group of a non-degenerate quadratic form @ of minus type on V := [F‘; .- AAs above, the
action of G on the right cosets of H is equivalent to its action on the set A of one-dimensional
subspaces Y of V such that there exists y € Y with @(y) a non-zero square in F,,. We shall
therefore complete the proof by identifying a pair of elements of A that does not extend to a base
for G of size b(G) = 3.

Assume first that q¢ is even, and let p be the polar form of . As in the proof of Proposi-

tion 4.3.2, there exists a basis {eq,...,e4} for V so that the matrix of @ is

0 0

Mg =

S © = O
S © O =

0 1
0 ¢
0 0
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for an arbitrary ¢ € F; such that the polynomial x? +x +( is irreducible over Fq,- Since qo > 4,
there are at least two choices for (, and so we will assume without loss of generality that { # 1.

Now, let v1:=e1+(eg+eg+ ey, vo:=eg, v3:=e1 and v4 := e3, so that {v1,ve,v3,v4} is a basis
for V. Then Q(v9) =1, and

Q1) ={pler,es) +2Q(ez) +{pleg,e3)+Qes) =+ (2 +(+({ ={(1+{) #0.

Hence (v1) and (ve) are distinct subspaces in A. Additionally, let u € V \ (v1,v9), so that u =
Z?Zl a;v; with a; € F4, such that ag and a4 are not both 0. Finally, let m := (ag + ag(as + ay) and

{a? (agay 0 (a?
-1 0 m 0 0
A:=m 9 .
as(as+ay) Cag m (asay
{Haz+ag)?® aslas+ay) 0 (a3
Note that if ag =0, then m = aZ # 0, and otherwise m = (a%)((a4a§1)2 + a4a§1 + (), which is again

non-zero by the definition of {. It is straightforward to check that det(A) = 1, that the diagonal
entries of AM, QAT are equal to the corresponding diagonal entries of Mg, and that the Gram
matrix M, = Mg +M£ of the polar form p satisfies AMpAT = M,. Hence A € O,(qo). We also
observe that A is a non-scalar matrix that fixes u and each vector in (v1,v9). Since each subspace
in A is spanned either by such a vector u or by a vector in {v1,v9), the subset {{v1), (va)} of A does
not extend to a base for G of size 3.

Next, suppose that qg is odd. We deduce from [80, p. 45] that there exists a basis {e1,...,e4}
for V so that the matrix of @ is

01 0 O
00 O O
Mg := ,
00 -1 -r
00 0 -s

where r := 0 + w?° and s := w?*! for an arbitrary element w of F, \ F,. Note that r and s do
indeed lie in Fy,, as they are each equal to their go-th power.

We now proceed similarly to above. Since g¢ > 3, there exists y e Fy \{+1}. Let vi:=e;1 +ey,
vy = eq +y2e2, vg := eg and v4 := ey4, so that {v1,v9,v3,v4} is a basis for V. As Q(v1) =1 and
Rv9) = y2 are both non-zero squares in [y, it follows that (v1) and (vg) are distinct subspaces in
A. Additionally, each u € V \ (v1,v9) satisfies u = Z?zl a;v; for some a; € Fy, such that a3 and a4

are not both 0. For such a vector u, let ¢ := (a3 + asw)(as + a4w?°) and

t 0 0 0
Amgl 0 ¢ 0 0 '
0 a% - sa?1 Qag+rag)ay
0 (rag+2saq)as —ag + sai
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Note that t € Fy, as t7° = ¢, and that ¢ # 0 since a3 and a4 lie in F,,, while w and w?° do not. As
above, A is a non-scalar matrix in O, (qo) (this time with determinant —1) that fixes u and each

vector in (v1,v2). We conclude that {{v1), (v2)} does not extend to a base for G of size 3, as required.
[ |

In particular, this immediately implies that () holds and X(G) is not G-arc-transitive for the
groups G with |G : T'| odd. However, for the relevant groups with |G : T'| even (that is, G € &), G
contains an involutory field automorphism ¢, and one can calculate that the contribution of the
involutory field automorphisms to Q(G, 3) is exactly

q2

(g+1)2

11 - fpr(p)® = (2,q — 1)

Thus, using the probabilistic method to verify (x) or to estimate reg(GG) is not feasible in this
setting, and we leave these problems open for the groups with G € %. Note that these groups are
excluded in the statements of Theorems 4.2(i) and 4.3.

The remaining two cases in (4.3.1), namely where H is of type GL1(¢)S2 or GL1(¢?), need

more detailed treatment. Here a key ingredient is the following result of Chen and Du [36].

Theorem 4.3.9 (Chen & Du, [36]). Let G < Sym(Q) be a finite almost simple primitive group with
socle T = Lg(q) and b(G) = 2. Then the Saxl graph Z(G) has diameter 2.

This establishes a special case of Conjecture II, which asserts that Z(G) has diameter at most
2 for every finite primitive permutation group G with 6(G) = 2. In view of Theorem 4.3.9, in order
to establish (%) for base-two groups, it suffices to show that if {a, B} is a base for G, then there
exists y € Q such that {a,y} and {8, y} are bases.

Let us fix some notation, following Example 2.2.3. Let V be the natural module for T'. Fix
a basis {e1,e9} for V and write F(’I‘ = (u). Let 6 € PGL2a(q) be the image (modulo scalars) of the
diagonal matrix diag(u, 1) € GLa(q), which induces a diagonal automorphism on 7. Similarly, let
¢ be a field automorphism of order f such that (ae; +be 9)? =aPe+bPeyforall a,be F, and note
that

Aut(T) =(T,6,¢)

and PXLgy(q) = (T, ). For g € Aut(T), if we write g for the coset T'g, then
Out(T) = {§ : g € Aut(T)} = (5) x () = C(2,4-1) x C.

As before, we set Hy=HNT.

It is convenient to use computational methods (as discussed in Section 4.2) to handle the
cases where q is small. To this end, we present the following result. Note that the primitivity of
G implies that g # 5 in part (ii)(a), and L2(9).2 = L2(9).(0¢p) = Mg in part (ii)(b).

Proposition 4.3.10. Let G < Sym(Q) be a finite almost simple primitive group with socle T = Lo(q)
and point stabiliser H of type GL1(q)!S2 or GL1(¢?). If ¢ < 27, then the following hold:
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(i) Property (x) holds.

(it) 2(G) is G-arc-transitive if and only if one of the following holds:
(@) G=PGL2(q), 5#q >4, and H=Dgy,-1); or

(b) (G,H)=(La(5),Dg), (PT'L2(8),D13.3) or (M19,5:4).
(iii) G is semi-Frobenius if and only if b(G) > 2.

Proof. This can be done easily with the aid of MAGMA. |

4.3.4 H is of type GL1(g)!S>

Here Hy = D41y and Q| = %q(q + 1), where h = (2,9 — 1). We may identify Q =[G : H] with
the set of unordered pairs of distinct 1-dimensional subspaces of the natural module V for T.
The maximality of H implies that ¢ >4 and q # 5 (see [11, Table 8.1], for example); in view of
Proposition 4.3.10, we may assume that g > 27. Recall that 6(G) < 3, with equality if and only if
PGL2(q) < G.

We first consider the groups with b(G) = 2 (we will return to the general case in the proof
of Proposition 4.3.19 below), so 2(G) is G-arc-transitive if and only if reg(G) = 1 (recall Lemma
3.1.2). As noted in Example 3.1.4, if G = PGL2(q) then Z(G) is isomorphic to the Johnson graph
J(q +1,2); the vertices of this graph correspond to the 2-element subsets of a set of size ¢ +1, with
two vertices joined by an edge if they have nonempty intersection. This observation immediately
implies (x) and reg(G) = 1. Therefore, we will assume that ¢ is odd and G NPGL2(q) = T'. Then as
noted in the proof of [14, Lemma 4.7], this implies that one of the following holds:

(a) G =(T,¢’) for some j in the range 0 < j < f; or

(b) G =(T,5¢'y with 0< j < f and f/Af,J) even.

Set a,p € Q, where a = {{e1),{e2)} and B = {{(u),(v)}. Let us assume ¢ is odd and suppose
G =PZLo(q) =(T,¢). Notice that if u = e and v = be; + eg, then a and g are fixed by the image

in G of an element

a O
(0 a‘l) ¢ € (SLa(q), )

with a? = P71, Similarly, the pointwise stabiliser of {a, B} is nontrivial if u = eg. Therefore, {a, B}
is a base for G only if (u) = (e1 + beg) and (v) = (e1 + ceg) for distinct nonzero scalars b,c € Fy.

In Lemma 4.3.12 below we present necessary and sufficient conditions on the scalars b and ¢
to ensure that {a, B} is a base for PXLa(q). To do this, we need the following more general result.
Note that the condition in part (iii) is equivalent to the non-containment of b¢™! in a proper
subfield of F,.
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Lemma 4.3.11. Suppose G NPGL3y(q) =T with q odd and set
a={(e1),(ex)}, p={e1+beg),(e1+cex)}
with b # c. Then {a, B} is a base for G if the following conditions are satisfied:
(i) be #0;

(ii) —bcis a non-square in Fq; and

(i) b7 T # P " forall 0<k <f.
Proof. Suppose b and c satisfy the three given conditions and let us assume

x=AB'¢’ € (GLa(q),d)

fixes a and 8, where A € SLa(q), B =diag(y,1),0<i<q-1land 0<j<f,with j>0ifi>0.1t
suffices to show that x = +15. Since x fixes a, the matrix of A with respect to the basis {e1,es} is
either diagonal or anti-diagonal.

First assume «x fixes the two 1-spaces comprising a, so A = diag(a,a™!) is diagonal. If x also

fixes the two spaces in §, then

(e1+bey) = a,uiel +a71bpje2 =1n1(e1 +beg)

(e1+cex) = a,uiel +a_1cpjez =1n9(e1 +cea)
for some 11,12 € [F;. Therefore
(4.3.2) api =P’ 1= P71

and thus (iii) implies that j =0, so i =0 and a? = 1, which gives x = +I5 as required. Similarly, if

x interchanges the spaces in §, then
(4.3.3) a’yl = bP e l=cP pl,

Here bP”~1 = cpzj_l, so (iii) implies that 2j =0 or /. Suppose 2j=0,s0i=0and a®? =bc 1 =cb™!
and thus be™! = £1. But b # ¢, SO be™l = —1, which is incompatible with (ii). Now assume

—l)pf/2+1 — 1’ SO

2j=f,s0q=1 (mod 4) and -1 is a square in [,. In addition, (4.3.3) gives (bc
bele (,upm_l) and thus bc™! is a square. Therefore, —bc™! is a square, which once again is

incompatible with (ii).

a
Now assume A = ( 0) is anti-diagonal. If x fixes both spaces in 8 then

—g1

(e1+bes)* =ab” e1—a luley = ni(er +bes)

; o
(e1+ce)" =acP e;—a lules = naler +cez)
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for some 11,72 € Fy. This gives
4.3.4) _aZN—i _ b_pj_l _ c_pj_l.

Here b?”~1 = ¢?”~1 and thus 2j=0or f by (iii). If 2j =0 then i =0 and —a® = b2 =¢"2, which
implies that ¢~ = +1. As noted above, this is incompatible with (ii). Now assume 2j = f,sog =1

1R
Lyp™+1 = 1 and as above we

(mod 4) and -1 is a square in [, once again. Then (4.3.4) gives (bc
deduce that b¢™! is a square. Hence, —bc ™! is also a square, which contradicts (ii).
Finally, suppose A is anti-diagonal as above and assume x interchanges the 1-spaces in .

Here we get
(4.3.5) —a?ul = P l= c_pjb_l,

so bP’~1 = ¢P’~1 and the condition in (iii) implies that j = 0 and i = 0. Therefore —bc™! = (ab)?,
which is incompatible with (ii).
We conclude that if the scalars b and ¢ satisfy the conditions in (i), (ii) and (iii), then {a, B} is

a base. [ |

Lemma 4.3.12. Let G = PXLa(q) with q odd and set @ and P as in Lemma 4.3.11. Then {a, B} is a
base for G if and only if the scalars b and c satisfy the conditions (i)—(iii) in Lemma 4.3.11.

Proof. By Lemma 4.3.11, it suffices to show that if any of the conditions in (i), (ii) or (iii) fail to
hold, then there exists an element x # +19 in XLga(q) = (SLa2(q), ¢) that fixes @ and f. We proceed
by inspecting the proof of Lemma 4.3.11, noting that i = 0 in each of the equations (4.3.2)—(4.3.5).

As explained in the discussion preceding Lemma 4.3.11, if b¢ = 0 then {a, 8} is not a base.
Next assume —bc ! is a square in Fq, say d? = —bc L. Then setting a =db~! gives —a® =b"1¢ !
and we get a solution to (4.3.5) with j = 0. Finally, suppose bP* 1 = ¢P*~1 for some 0 < & < f and
choose a € F, with a? = bP"~1. Then (4.3.2) is satisfied and we conclude that x = diag(a,a 1ok
fixes @ and . u

Let us record three corollaries of Lemma 4.3.12. The first result allows us to reduce our main

problems to the special case G = PZLs(q).

Corollary 4.3.13. Suppose G NPGL2(q) =T and q is odd. Then the Saxl graph Z(G) contains
Z(PZL2(q)) as a subgraph.

Proof. Let {a, B} be a base for PXLo(q) with a = {{e1),{e2)} as usual. As explained in the dis-
cussion preceding Lemma 4.3.11, we have = {{e1 + be2a),{e1 + ceg)} for nonzero scalars b and c,
which must satisfy the conditions in parts (i), (ii) and (iii) of Lemma 4.3.11 (see Lemma 4.3.12).
Then Lemma 4.3.11 implies that {a, f} is a base for G and the result follows. |
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Corollary 4.3.14. Let G = PXLg(q) with q odd and set
B=1{(e1+bey),(e1+cen)}, ¥ ={(e1+bez),(e1 +cea)}

where b,c,b’,c’ are nonzero scalars with b # ¢ and b' # ¢'. Then {,y} is a base for G if and only if

o' c,}:{b(c—b)+dc b(c—b)+ec}
’ c—b+d ' c—b+e

for scalars d,e € F, with d,e # b — c satisfying conditions (i)—(iii) in Lemma 4.3.11.

Proof. Since G acts primitively on (, it follows that the normal subgroup 7 is transitive.
Therefore, § = a for some g € T' and we note that g maps the set of neighbours of @ in Z(G) to

the set of neighbours of . More precisely, we can take g to be the image of the matrix

1 (e-b)t
b clc-b)t

) € SLa(q).

Suppose {f,7} is a base, so y = §% for some neighbour § of a. By Lemma 4.3.12, we have
0 ={(e1 +deg),{e1 +ee)} for scalars d,e € F, satisfying the conditions in (i)—(iii) of Lemma 4.3.11
and by applying g we get

y={1+d(c-b)Ner+ (b +dclc—b) Ves), (1+e(c—b) Deq +(b +eclc—b) Hea)).

Here the coefficients 1+d(c—b)"! and 1+ e(c—b)"! are nonzero, so d,e # b — ¢ and we deduce
that y has the required form.

Conversely, if y has the given form then y = §8 for some § € Q with {a,d} a base and it follows
that {B,7} is a base. |

Corollary 4.3.15. Let G = PXLa(q) with q odd and let m be the number of non-squares in [, that
are not contained in any proper subfield of Fy. Then Z(G) has valency m(q —1)/2 and thus G has

exactly m/2f regular suborbits on Q.

Proof. We consider the neighbours of a = {{e1),{e2)}. Suppose B = {{e1 + bpea),{e1 + e2)}. By
Lemma 4.3.12, {a, B} is a base if and only if —b is a non-square that is not contained in any proper
subfield of [F,. Therefore, there are m choices for . More generally, if § = {(e1 + bes),{e1 +cea)}
with ¢ # 0, then {a, B} is a base if and only if b = cb( for some by as above. Since there are ¢ — 1
choices for ¢ and we can interchange the two spaces comprising 8, we conclude that (G) has
valency m(q —1)/2. Since |H| =(q — 1)f, it follows that G has precisely m/2f regular suborbits on
Q. |

We are now in a position to prove our first main result for the base-two groups G with H of
type GL1(g)S32. The following proposition extends Theorem 4.3.9 by establishing Conjecture 11

for these groups.
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Lemma 4.3.16. Property (%) holds if H is of type GL1(q)!S2 and b(G) = 2.

Proof. We may assume q > 27. Recall that 5(G) = 2 if and only if G does not contain PGLqy(q) as
a proper subgroup. If G = PGL3(q), then X(G) is isomorphic to the Johnson graph J(q + 1,2) and
we immediately deduce that (x) holds (as noted in Example 3.1.4).

For the remainder, we may assume that G NPGL2(g) = T and q is odd. In view of Corollary
4.3.13, we only need to consider the group G = PZLg(q). Fix a = {{e1),{e2)} as before. By Theorem
4.3.9, it suffices to show that if {a, §} is a base, then there exists y € Q such that both {a,y} and
{B,7} are bases.

By Lemma 4.3.12 we have f§ = {{e1 + beg),(e1 + cez)}, where b,c € F, are nonzero scalars
such that —bc™! is a non-square and is not contained in any proper subfield of Fq. Set y =
{(e1 —beg),(e1 —cea)} € Q and note that {a,y} is a base by Lemma 4.3.11. By Corollary 4.3.14,
{B,7}is a base if and only if there exists d,e € F, with d,e # b — ¢ such that

(4.3.6) {-b,—c}= {

blc-b)+dc b(C—b)+€C}
c—b+d ’ c-b+e

and d,e satisfy the conditions in parts (i), (ii) and (iii) in Lemma 4.3.11.

Set d = 209 and ¢ = ¥ Then d,e # b — ¢, (4.3.6) holds and de # 0. In addition,

2
) =—4(bc l+cb1+2)71
C

and we immediately deduce that —de ™! is a non-square in Fq.
Finally, we claim that de~! is not contained in a proper subfield of Fq. To do this, it suffices to
show that = bc™! + ¢b™! is not contained in such a subfield. With this aim in mind, it will be

useful to observe that

P —n=be Y £ e )P —bel —(beH!
= (be HP (e VP L S 1) P o 1)

for 1<k <f, sonis contained in the subfield F . of [, if and only if this expression is 0. Now
since b and c satisfy the condition in part (iii) of Lemma 4.3.11, it follows that (behyp'-1_1% 0,
whence 1 € F ¢ if and only if (be™HP"+1 = 1. If the latter equality holds, then bc 1€ F,2: and thus
2k = f. In particular, this implies that both —1 and b¢™! are squares, which contradicts (ii) in
Lemma 4.3.11.

This justifies the claim and we conclude that d and e satisfy the conditions in parts (i), (ii)

and (iii) of Lemma 4.3.11. In particular, {8,y} is a base and the result follows. |

Next we turn to the problem of determining when G has a unique regular suborbit on 2. We
will need the following number-theoretic result, where ¢ and y = 0.57721... denote Euler’s totient

function and Euler’s constant, respectively.
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Lemma 4.3.17. For every integer n > 3,

¢(n) >

eYloglogn + % '
Proof. See [108, Theorem 15]. |

Lemma 4.3.18. Suppose H is of type GL1(q)!Ss. Then G has a unique regular suborbit if and
only if G =PGLa(q) and q > 4, q #5.

Proof. In view of Proposition 4.3.10, we may assume g > 27 and we recall that G = PGL2(q)
has a unique regular suborbit. For the remainder we may assume G NPGLg(q) = T and our aim
is to show that G has at least two regular suborbits. By Corollary 4.3.13, we may assume that
G =PZLa(q), in which case G has m/2f regular suborbits by Corollary 4.3.15, where m is the
number of non-squares in [, that are not contained in any proper subfield of [F,. Any primitive
element of F, has this property and there are ¢)(q — 1) such elements in ;. By applying the lower
bound in Lemma 4.3.17 we deduce that ¢(q —1) > 4f for all ¢ > 27 and the result follows. [ |

Proposition 4.3.19. Suppose H is of type GL1(q)1S9. Then the following hold:

(i) Property (%) holds.
(ii) Z(Q)is G-arc-transitive if and only if G = PGLo(q) and q > 4, q #5.
(iti) G is semi-Frobenius if and only if b(G) > 2.

Proof. In view of Lemmas 4.3.16 and 4.3.18, it suffices to prove (iii). Note that G is not semi-
Frobenius if 5(G) = 2, so we only need to consider the groups with 5(G) > 2, which means that
PGL2(q) < G and b(G) = 3. As before, we identify QQ with the set of distinct pairs of 1-dimensional

subspaces of F2, and as shown in the proof of [14, Lemma 4.7], {a, B,7v} is a base for G, where
a:={(e1),(e2)}, B:={(e1),(e1+e2)}, and y:={{e1),(e1 + pea)},

with {e1,es} an arbitrary basis for [Fg and p a generator of [;. Thus {a, f} is an edge in X(G).
Moreover, for each A € [F;, replacing eg by Aeg shows that a and {{e1),{e1 + Aeg)} are adjacent in
2(G). By symmetry, a is also adjacent to {{e2),{e1 + Aeg)}. It remains to prove that, for all distinct
A, A2 € [F; , there exists a base for G containing both a and § :={{e1 + A1e2),{e1 + A2e9)}.

We claim that there exists v € {y, u‘l} such that 111, 12 vP'~1 for all Jjefl,...,f}. Otherwise,
since A1 # Ag, there would exist j,k € {1,...,f — 1} such that ,upj_l = (,u_l)pk_l, ie. ,upj+pk_2 =1.
Since p’ + p* — 2 < 2¢g — 2, this would imply that p/ + p* —2 = g — 1, which is impossible as they
have different parities, and so our claim follows. Now, let 6 := {{e1),{e1 + A1ves)}. We will show
that {a,0,0} is a base for G.
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The pointwise stabiliser of {a,0} in I'La(q) consists of all elements of the form g;, :=
o/ diag(()llv)l’j_lx,x), where 1 < j < f, x €F;, and o is the field automorphism such that
(c1e1+cgoeg)’ = ci’el +c§e2 for all c1,c2 € Fy. Additionally, g; » maps the subspace U := (e1+11e2)
to (e1 + /ll(v_l)(pj_l)ez). Suppose now that g; . also stabilises 6. If g . swaps the two subspaces
in §, then it follows that 111, 1- vpj‘l, contradicting the definition of v. Hence g; , fixes U, and

so (v-hp'-1 = 1, yielding j = f and g » € Z(GL2(q)). Therefore, {a,0,6} is a base for G. |

4.3.5 H is of type GL1(g?)

Now we turn to the groups with H of type GL1(¢?), so Hy = Dog+1yn and [Q] = %q(q — 1), where
h =(2,q —1). By Proposition 4.3.10 we may assume g > 27 and we recall that b(G) < 3, with
equality if and only if PGL2(q) < G.

Once again, we first treat the base-two groups, and hence we may assume ¢ is odd and
GnNPGLa(q) =T, so either

(a) G =(T,¢’) for some j in the range 0 < j < f; or

(b) G =(T,5¢’) with 0 < j < f and f/f,Jj) even.

Following [14], it will be helpful to identify T with the unitary group Xo = Us(q) and H with a
maximal subgroup of type GU1(q)!S2. We may then identify Q2 with the set of orthogonal pairs of
nondegenerate 1-dimensional subspaces of the natural module U for X, which is defined over F .
As in the proof of [14, Lemma 4.8], fix an orthonormal basis {u,v} for U and set a = {{u), (v)} € Q.

For each nonzero scalar b € Fg2 with 59*1 # —1 we define
(4.3.7) wp = {{u+bv),{u—-b"Tv)}e Q.

Then
Q={a}Ulwp :beF),, bItl £ 13

and we note that wp = w_p-¢. We will abuse notation by writing ¢ for the field automorphism of

X that corresponds to the map n— 7” on F 2 and we will assume that
(au +bv)? =aPu +bPv

for all a,b € F 2. We define ZUa(q) = (SU2a(q),¢) and PEZUa(q) = (Xo,¢) = Xo.f, noting that
Xon{p) = ((pf ). In this setting, the two cases we need to consider are as described in (a) and (b)
above, with T replaced by X. Note that in (b), the diagonal automorphism 6 is the image of a
diagonal matrix diag(19~1,1) € GUs(q) with respect to the basis {u,v} for U, where [F;‘2 =(A).

We begin with the following result, which is the analogue of Lemma 4.3.11 for the groups
with H of type GL1(¢?) we are considering here. Note that the sufficient condition in the lemma

(g+1)

is equivalent to the non-containment of b2 in a proper subfield of F .
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Lemma 4.3.20. Suppose G NPGLy(q) =T with q odd. Then {a,wy} is a base for G if

(4.3.8) pa@+ D -1 4 9

forall 0 <k <2f.

Proof. Suppose b satisfies the condition in (4.3.8) for all 0 < 2 < 2f and let us assume
x=AB'¢/ € (GU(q), )

fixes @ and wy, where A € SUs(q), B=diag(A?71,1),0<i<q+1,0<j<2f with j#f, and j >0
if i > 0. In order to prove that {a,w;} is a base for G, it suffices to show that if x fixes @ and wy,
then i = j =0 and A = +1s. So let us assume x fixes @ and w;, which means that A is either
diagonal or anti-diagonal with respect to the basis {u,v} for the natural SUy(g)-module U.

First assume A = diag(a,a 1) is diagonal, so a?*! = 1. If x fixes the two spaces in wj, then

(u+bv)* =aA @ Dy 4 1pP'y = n1(u +bv)

(w—b"90) =ai@Vy —q 1p=9P'y = na(u —b"v)
for some 11,19 € [F;Z, whence
(439) a2/1i(q—1) — bpj—l — bQ(l—pj)_

Since a?*1 =1 we get (b9 1)®P’ =D = 1, which implies (b7*1)3¥-1 = 1 and thus 27=0or 2f are
the only possibilities. But we are assuming j # f, hence j = 0 and thus i = 0. Therefore, (4.3.9)
gives a? = 1 and we conclude that x = +1.

Similarly, if x interchanges the spaces in wp, then

(u+bv)* =aAi @Dy ¢ 1pP'y = ni(u—56"v)

(w—-b"9) =24 Dy - a lp=r'y = na(u + bv)
for some 11,12 € [F;2 and we deduce that
(4.3.10) —g21HaD = pPra - pmar’-1
In particular, since a?*! = 1, it follows that
(b3 T+ - (_1)3a+D 3 3ia-D _ (_3ila-Dy3(g+D)

and thus
(b1 =D — (a+ 13?1 _ (_ilg=Dy3(g+ D@ =D _ g

Since (4.3.8) holds and j # f we deduce that j = 0 is the only possibility, implying i = 0. Then
(4.3.10) gives b9*! =591 and thus 59*! = +1. By construction we have 59! # —1 (since wp, € Q),
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while (4.3.8) implies that b9*! # 1. Therefore, we have reached a contradiction and this case does
not arise.

Now let us assume x interchanges the two spaces in a, so

Ao 0 a
B a1l o0

is anti-diagonal and a?*! = 1. If x fixes the spaces in wp, then
(u+bv)* = abP u—a 111Dy = n1(u +bv)
(w—-b"T0) = —ab 9P y —q 12 1@ Dy = na(u—b"v)
for some 17,12 € [F;2 and we get

227D _ p=p/-1 _ pa+ap’

This implies that (567 +1)%(p2j_1) =1, which leads to a contradiction as above. Finally, suppose x

interchanges the two spaces in wj. Here we get
(4.3.11) a22i@-D = pa-p’ — pap’-1

and thus (bq+1)%(pf+j_l) =234@*-D = +1 and so (bq+1)%(p2(f+j)_1) = 1. It follows that j =0 and i =0,

) (bq+1)%(pf_1) =1 and this is incompatible with (4.3.8). |

Lemma 4.3.21. Let G = PZLa(q) with q odd. Then {a,wp} is a base for G if and only if (4.3.8)
holds for all 0 < k < 2f.

Proof. By Lemma 4.3.20, it suffices to show that if the condition in (4.3.8) fails to hold, then

{a,wp} is not a base for G. So let us assume % is an integer such that 0 <% <2f and

p3la+D* - _ 1

If £ # f then by setting j = 2 we deduce that (4.3.9) holds with a = pP 12 gngd i = 0, otherwise
(4.3.11) holds with @ = 52"1V2 and i = j = 0. In both cases we conclude that {@, wp} is not a base
and the result follows. n

Remark 4.3.22. By inspecting the proofs of Lemmas 4.3.20 and 4.3.21, we deduce that if G =T
and q is odd, then {@,wp} is a base for G if and only if b is a non-square in [F2. The same criterion
was established in the proof of [24, Theorem 10] for ¢ =3 (mod 4) and we note that a very similar
argument can be used to reach the same conclusion when ¢ =1 (mod 4). In addition, we refer the

reader to [24, Lemma 7.9] for a complete list of the subdegrees of G =T when g > 11 is odd.
We can now reduce our main problems to the special case G = PZLa(q).
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Corollary 4.3.23. Suppose G NPGL3(q) =T and q is odd. Then the Saxl graph Z(G) contains
Z(PXL2(q)) as a subgraph.

Proof. If {a,wy} is a base for PXLa(q), then Lemma 4.3.21 implies that (4.3.8) holds and thus
{a,wp} is a base for G by Lemma 4.3.20. |

The following technical result is a key observation.

Corollary 4.3.24. Let G = PXLy(q) with q odd and let b,c € [F;‘2 be scalars such that b+l ca+1 #
—1land cg{b,—b79). Then {wy,w.} is a base for G if and only if
ba2(b+b~)+b7d

E{ P _q}
a2b+b-d O °

for scalars a1,d € F g2 satisfying all of the following conditions:
@) ad™t = 14674
(ii) d9"'#-1land d ¢{a;2(b+b79),-b7 1a 2(b + b))
(i) d2@DP"'-D 21 for all 0< k < 2f.

Proof. Choose aj € Fg,2 such that a‘{+1 =1+b%*1 and set ag = —(b + b_q)aI1 (note that a1 exists
since 1+b9*1 € F,). Then ad™ = 1+5@*D and we deduce that both a7'(u +bv) and a;'(u —b~7v)

are unit vectors. Let g € Xg = Ua(q) be the image of the matrix
aj’ )
A= _, | €SU2(q),
@y

which is expressed in terms of the basis {u,v} for U. Note that a® = wy.
First assume {wp,w.} is a base for G, so w, = w§ for some neighbour w, of @ in 2(G). Then

d?1 # —1 and Lemma 4.3.21 implies that d satisfies the condition in (iii). By applying g we get
(u+dv) = (a7 +az d)u+(ba7l - b 9az d)v.

Since w. # a, the coefficients of u and v in this expression are nonzero and we deduce that d
satisfies the remaining conditions in (ii). In particular,
baIlag—b_qd ba;z(b+b_q)+b_qd
—— v )=(u v

a11a2+d aiz(b+b“1)—d
baIz(b +b79)-b"9d79

aj?(b+b"9)+d 9

(u+dv)s = <u+

(u—-d )8 = <u +

and we conclude that if {wp,w.} is a base for G then all of the required conditions are satisfied.
Conversely, if ¢ has the given form for scalars a; and d satisfying all of the given conditions,
then {a,wg} is a base for G (via the condition in (iii)) and w, = w§ for some g € T with wp = a¥®.

Therefore, {wy,w.} is also a base for G. |
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We are now in a position to extend Theorem 4.3.9 by establishing (x) for the base-two groups
with H of type GL1(g?).

Lemma 4.3.25. Property (x) holds if H is of type GL1(¢?) and b(G) = 2.

Proof. We may assume q > 27 (see Proposition 4.3.10) and we recall that 6(G) = 2 if and only
if ¢ is odd and G NPGLga(q) = T'. In view of Corollary 4.3.23, we may assume that G = PXLga(q).
By Theorem 4.3.9, it suffices to show that if {«,w;} is a base for G, then there exists ¢ € F;‘Z with
c9*1 # —1 such that both {@,w.} and {0y, w.} are also bases. Note that b9*1 # —1 and b satisfies
the condition in (4.3.8) for all 0 <% < 2f (see Lemma 4.3.21).

We claim that all of the above properties hold with ¢ = —b. Clearly, we have ¢9*1 =71 # -1
and ¢32(@+D" -1 #1forall 0 <k <2f, so {a,w.} is a base. It remains to prove that {wp,w.} is a
base.

As in Corollary 4.3.24, fix a scalar a; € [F;2 such that a‘{“ =1+59"1 and set

X

2ba;?(b+b79)
- EF 2.
b-b1 q

Then
B baIQ(b +b 1) +b71d

a{z(b +679)-d
and it remains to show that d satisfies all the conditions in parts (ii) and (iii) of Corollary 4.3.24.
If d € {a7%(b+b79),-b9%1a %(b + b~ 9)} then b9*! = -1, which is a contradiction. In addition,

if we write a® = wp as in the proof of Corollary 4.3.24, then (u +dv) = (u + cv)g_1 and (u —-d " v) =

{u— c‘qv)gfl. Since ¢t # -1, we have u +cv # u — ¢ %v and thus u + dv # u — d~%v. Therefore,
d?*1 # —1 and we conclude that d satisfies all of the conditions in part (ii) of Corollary 4.3.24.

Finally, we need to show that
dHOD = 1 (piary b—%(qﬂ))‘l

is not contained in a proper subfield of F 2. Set e = ICARY

, which is not in a proper subfield by
Lemma 4.3.21, and note that it suffices to show that e —e~! is also not contained in a proper

subfield. Fix an integer 0 < 2 < 2f and observe that
(e— e_l)pk —(e—eH= e_pk(ekarl + 1)(e‘”k_1 -1),

soe—ele F,+ if and only if this expression is 0. In view of (4.3.8), this holds if and only if
eP" +1 = _1. So let us assume this relation holds. Then eP” ~1 = (—1)pk_1 =1 and thus 2k =0 or 2f.
If 2k = 2f then k = f and so e?*1 = eP" +1 = _1. This implies that

1=t — p3@t D)’ _ p3@®+Dpa _ _pa+l

and so b is a square, which is incompatible with (4.3.8). Therefore £ =0,s0e2=-1ande—e 1 =

—2e~ 1. The result now follows since Lemma 4.3.21 implies that e ! is not contained in a proper
subfield of F 2. [}
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Lemma 4.3.26. Suppose H is of type GL1(q?). Then G has a unique regular suborbit if and only
if G = La(5) or L2(9).2 = M.

Proof. In view of Proposition 4.3.10 and Corollary 4.3.23, we may assume q > 27 is odd and
G =PZLs(q). Let r be the number of regular suborbits of G. If q is a prime then G =T and [24,
Lemma 7.9] gives r = (q — ¢)/4, where q = ¢ (mod 4) with ¢ € {1,3}. For the remainder, we may
assume q > p.

Let A be a primitive element of Fg2. Then by Lemma 4.3.20, we see that {a,w,} is a base for
G. Therefore, the valency of X(G) is at least ¢(q? — 1)/2, where ¢ is Euler’s function and thus
r> (b(q2 —1)/2f(q +1) since |[H| = f(q +1). By applying the lower bound in Lemma 4.3.17 we

deduce that
Pg®-1)

2f(g+1)~
for ¢ > 27 and the desired result follows. |

Proposition 4.3.27. Suppose H is of type GL1(g?). Then the following hold:

(i) Property (x) holds.
(ii) 2(G)is G-arc-transitive if and only if G = Lg(5), PI'La(8) or La(9).2 = M.
(iti) G is semi-Frobenius if and only if b(G) > 2.

Proof. In view of Lemmas 4.3.25 and 4.3.26, it suffices to prove (iii), and we only need to show
that G is semi-Frobenius if PGLg(q) < G, in which case b(G) = 3.

Fix a generator u of [F;z, and let { € [F;2 with (2*! # —1. We shall prove by contradiction that
if —,u_(q_l) € X :={2,-¢"9 D}, then —(u‘l)_(‘?_l) ¢ X. First suppose that —,u_(q_l) = —(,u_l)_(q_l).
Then 1 = 2@~V contradicting the fact that |u| = g2 — 1 > 2(g — 1). Without loss of generality,
we may therefore assume that (2 = —,u_(q_l). Since -1 = u(qz_l)/(z’q_l) and (771 # -1, we deduce
that g =1 (mod 4) and { = i,u(q_l)%. It follows that {~@~1 = p_(q_1)3/4. If —(u 1™V lies in X,
then it is equal to —¢"9™V and so 1= uq_1+(q_1)3/4. Hence g —1+(q —1)3/4 = k(¢? — 1) for some
positive integer &, and solving this cubic equation shows that VEZ+2k—1is an integer. However,
k2 +2k —1=(k+1)?-2is not a square, a contradiction. We have therefore proved our claim.

Now, choose v € {u,u‘l} such that —v~@~D ¢ X. We shall show that {a,wy,w¢} is a base for
G (recall the notation for points in Q from (4.3.7)). Note that the group I'Us(q) = (GUa(q), )
satisfies G < Aut(U2(q)) = I'Ua(q)/Z(GUs(q)). Following the proof of [14, Lemma 4.8], we see that
the pointwise stabiliser of {a,w,} in 'Uy(q) is generated by Z(GU2(q)) along with

0 —v @D
M = .
1 0

Note that M2 € Z(GUa(q)). Hence it suffices to prove that M does not fix w¢. It is easy to see that

if M fixes each of the two subspaces in w;, then v @D =¢2 andif M swaps these subspaces,
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~(a-D = _¢=@-D However, —v ¢~V ¢ X, and so neither of these cases occurs.

then we have —v
Therefore, M does not fix w;, and so {a,w,,w¢} is a base for G. It follows immediately that G is

semi-Frobenius. [ |

The proofs of Theorems 4.2(i), 4.3 and 4.6 are complete by combining Lemmas 4.3.4, 4.3.5,
4.3.6, 4.3.7, 4.3.8 and Propositions 4.3.19, 4.3.27.

4.4 Sporadic groups

Let G be a primitive almost simple group with sporadic socle T and point stabiliser H. Here the
base size b(G) is computed in [30], apart from two special cases involving G = B, where it was
proved in the same paper that 6(G) € {2, 3}. Later on, these special cases were handled in [104].
In particular, we have b(G) < 7 in every case, with equality if and only if (G, H) = (Mgg4, Ma3).

In this section, we will establish Theorem 4.2(ii) by showing that (x) holds if 5(G) > 3. For
partial evidence of Conjecture II for the base-two groups, we refer the reader to [20, Section 6].

For example, [20, Theorem 6.1] shows that property (x) holds for every base-two group G with
G € {M11,Mi2,Ma2, Moz, Moy, d1,d2,d3, HS, Suz, McL,Ru, He,O'N, Cog, Cog, Figo}.
We start with the following result concerning the completeness of Z(G).

Proposition 4.4.1. Let G be a primitive almost simple group with sporadic socle T and point
stabiliser H, such that b(G) > 3.

(i) If b(G) = 5, then G is semi-Frobenius.

(i) If T ¢ {Co1,d4,Fiy,,B,M}, then G is semi-Frobenius if and only if (G,H,b(G)) does not appear
in Table 4.2.

Proof. First note that if 5(G) > 5 and T € o := {Coy,J4, Fij,,B,M}, then T € {Coy,Fij,}, and H
is a maximal subgroup of G of minimal index. Since G is transitive, it is semi-Frobenius if and
only if, for a fixed w € Q) and each point a # w in a set of orbit representatives of G, the set
{w, a} extends to a base for G of size b(G). For all groups G satisfying T ¢ «f or b(G) > 5, except
for one special case mentioned at the end of the proof, we use MAGMA to directly check this
condition on orbit representatives (see Section 4.2.5). Here if T ¢ {Ly, Th}, then we construct G
by implementing the approach explained in Section 4.2.1. If instead T € {Ly, Th}, we construct
a matrix group G isomorphic to G and a subgroup H < G isomorphic to H using generators
from [123]. We then obtain G as the permutation group induced by the action of G on the orbit
Ué, where U is a low-dimensional H-submodule of the module corresponding to G. This will be

discussed in Appendix A.1.2.5 in more detail.
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G H b(@G) G H b(@G) G H b(G)
My,  Le(11) 3 McL  3%:Mj 3 HN A 3
2.HS.2 3
Mi9.2 Lg(11).2 3 McL.2 3%Mjx2) 3
Lo(11).2 3 HN.2 Sio 3
HS L3(4):2 3 4.HS.2 3
Moo 24285 3 Sg 3
23:L3(2) 3 He 22.1L3(4).S3 3
HS.2 2°.8g 3
Mge.2 22:S5 3 43 (2 x L3(2)) 3 He2 22Ls54).D1y 3
23:L3(2) x 2 3
Cos U4(3).2.2 3 Suz Go(4) 4
Mos  Asg 3 Mas 3 3.U4(3):2 3
24:(3 x A):2 3 Us(2) 3
Coy HS:2 3 2146 1U4(2) 3
Moy  Myy.2 4 (2% x 2176) Ag 3 35.M;; 3
Mio.2 3 U4(3):Dg 3
26:3.8¢ 3 Suz.2 Ga(4).2 4
L3(4):S3 3 Fige 210- Moo 3 3.U4(3).2.2 3
26:Spe(2) 3 Us(2):2 3
J 3.44.2 3 (2 x 21+8):(U4(2):2) 3 2146 Uy (2).2 3
21+4 Ag 3 35.(M;1 x 2) 3
Fige.2 27:Spg(2) 3
J2.2  3.A6.2.2 3 (2x2178:U4(2):2):2 3 Figs PQI(3).Ss 4
21+4 Az 2 3 U4(3).2.2x S5 3 22.Ug(2).2 3
22+4.(3x S3).2 3 25+8.(S3 x Sg) 3 Spg(2) 3
211 My 3

Table 4.2: Primitive almost simple sporadic groups that are not semi-Frobenius

The one special case mentioned above is where G = Figz and H = 31+8.21%6 3142 95, with
b(G) = 3. Here, the index of H in G is too large for the permutation group G to be constructed
directly using CosetAction. Therefore, we search through the elements of G for a full set of
representatives of the (H, H) double cosets, with the aid of the DoubleCosetCanonical function
(see Section 4.2.4). For each representative x ¢ H, we verify that there exists an element y € G
such that H n H* n H? = 1. This implies the above condition on orbit representatives of G, i.e. G

is semi-Frobenius. |

Remark 4.4.2. In Table 4.2, there are two cases with (G,H) = (M12.2,L2(11).2), where exactly
one of the two groups H = Lg(11).2 is such that H n T is maximal in 7.

Remark 4.4.3. Using computational methods from the proof of Proposition 4.4.1, we can show
that G is semi-Frobenius if T' = Co; and b(G) = 4 (so that H = 3.Suz:2), and that G is not
semi-Frobenius if T' € {Coj,J4}, b(G) = 3, and |Q| < 2 x 108. Determining which of the remaining
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primitive groups with 7" € {Coy,d 4,Fi’2 4,B,M} are semi-Frobenius will likely require alternative

approaches, due to the extremely large degrees of these groups.

In [20, Section 6], Burness and Giudici show that many almost simple sporadic groups G with
b(G) = 2 satisfy Conjecture II. We now extend their results (and Proposition 4.4.1) to the groups
with b(G) > 3 as follows, which is Theorem 4.2(ii).

Theorem 4.4.4. Let G be a primitive almost simple group with sporadic socle, such that b(G) > 3.

Then any two vertices in X(G) have a common neighbour.

Proof. We first observe that (x) holds if and only if, for a fixed w € Q, each point a # w in a set of
orbit representatives for G, is adjacent to a neighbour of w. In particular, this is the case if the
valency val(G) of G satisfies val(G)/|Q2| > 1/2. Now, by Proposition 4.4.1, it suffices to consider the
case where either G and H appear in Table 4.2, or soc(G) € {Col,J4,Fi’24, B,M} and b(G) € {3,4}.

If G and H appear in Table 4.2, or if G = Co; and H = 211:May or Cos, then we construct the
permutation group G in MAGMA via our usual method, and verify the above condition on orbit
representatives. In particular, we observe that among these groups, val(G)/|Q2| < 1/2 if and only if
G =M;i2.2, H=12(11).2 and HN T is maximal in T. Even in this case, computations show that
(%) holds.

Next, suppose that G = Figq and H = (2 x2.Fig9):2, so that b(G) = 3. We construct G in MAGMA
using the function AutomorphismGroupSimpleGroup, and H using generators from the Web
ATLAS [123] (Version 2.0). Computations show that there exist elements r,s € G\ H such that
HnH NnH®*=1and

|HrH| =1429430650440473640960000 > %IGI.

Thus w € Q is adjacent in X(G) to each point in a G-orbit of size a := |[HrH|/|H|, and so
val(G)/|Q| > a/|Q| = |HrH|/|G| > 1/2. The MAGMA code will be given in Appendix A.1.2.5.

For the remaining cases, let R(G) be a set of representatives for the G-conjugacy classes of
elements of H of prime order. Recall that (%) holds if

|xG ﬁH|b(G)

apoT < V2

RG,bG)= Y
x€R(G)

In each case, the character table of G is available in the GAP Character Table Library [12] and
we can use the Maxes function to access the character table of the maximal subgroup H (for
the case (G,H) = (M, 2.B), the function Maxes is not available for G, and we directly construct
the character table of H via CharacterTable("2.B")). Moreover, apart from a single exception
(G,H) = (B, (2% x F4(2)):2), [12] also stores the fusion map from H-classes to G-classes and this
allows us to compute precise fixed point ratios and subsequently determine the exact value
of Q(G,b(G)) and verify that Q(G,b(R)) < 1/2 (see Appendix A.2.1). Note that if G = B and
H = (22 x F4(2)):2, then the fusion of H-conjugacy classes in G is not stored in GAP. However, all
possibilities for this fusion, as returned via the PossibleClassFusions function, yield the same
value for Q(G,b(G)). |
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4.5 Soluble stabilisers

In this section, we will prove Theorems 4.2(iii) and 4.5. Let G < Sym(Q2) be an almost simple
primitive group with socle T and soluble point stabiliser H. Recall that the exact base size of G
has been computed in [14]. In particular, we have b(G) < 5, which is the best possible bound (for
example, b(G) =5if G =Sg and H =S5418S9).

As a key ingredient in the proofs of our main theorems, we will establish the following theorem

for base-two groups in this section. Here
¢ = {almost simple primitive groups G with 6(G) =2 and H = G soluble}.

Theorem 4.5.1. Suppose G € 94 has socle T Z Lg(q) and point stabiliser H. Then either Q(G,2) <
1/4, or (G, H) is one of the cases in Tables 4.3 and 4.4.

Remark 4.5.2. Theorem 4.5.1 will be a key ingredient in the proof of Proposition 4.5.14 classifying
the base-two almost simple primitive groups with soluble stabilisers and reg(G) < 4. More

precisely, it will be proved that there is no group with @(G,2) < 1/4 and reg(G) < 4.
Remark 4.5.3. We make several comments concerning Tables 4.3 and 4.4.

(a) If G is a classical group, we record the type of H in the second column as before (see Section
2.2.3), which we recall provides an approximate description of the group theoretic structure

of H. For non-classical groups, the type of H refers to the precise structure of H.
(b) In both tables, the number r = r(G) of regular suborbits of G is listed in the third column.

(c) We use the standard ATLAS [40] notation for describing the almost simple groups of the
form L4(3).2. In particular, L4(3).29 and L4(3).23 contain involutory graph automorphisms
x with C7(x) = PSp4(3).2 and PSO, (3).2, respectively.

(d) Suppose G =T.S3, where T =L3(4) and H is of type GL1(3%). There are two groups of this
form, up to conjugacy in Aut(7"), and we find that r =6 and Q(G,2)=17/80if G =T'.{5,¢),
whereas r = 3 and Q(G,2) = 97/160 if G = T.(3,y). Here we are using the notation for
automorphisms in Example 2.2.3, where §, ¢» and y denote diagonal, field and graph
automorphisms, respectively. Following [11], we adopt similar notation to describe the
relevant groups with 7' = U(3) or PQ(3) (in the latter case, y is an involutory graph

automorphism).

4.5.1 Alternating and sporadic groups

Proposition 4.5.4. The conclusion to Theorem 4.5.1 holds if T is an alternating group.
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G Type of H r R(G,2)
Agy ASLy(3) 2  17/35
S7 AGL1(7) 1 13/20
M 2.84 1 3955
Mo A4 xSs 13 16/55
M;s.2 S4xS3 4  31/55
J1 19:6 9  257/770
D¢ x Do 34  443/1463
Jo 52:D19 2  59/84
Jo.2 52:(4 x S3) 1 59/84
J3.2 32+1+2.8 9 3  886/1615
22+4:(S5 x S3) 10  457/969
HS.2 51+2 [25] 3 106/231
McL.2 22+4:(S5 x S3) 228 9419/28875
He.2 24+4 (S5 x S3).2 5  23011/29155
Suz 32+4:2 (A4 x 22).2 16 7529/25025
Suz.2 32+4.2 (84 x Dg) 4 16277/25025
HN 51t4:21+4 5 4 47  332152/1066527
HN.2 51+4.21+4 5 4 2 22 34457/96957
2B5(8) 13:4 7 7/20
2B»(8).3 13:12 2 31/70
2F4(2) 52:4A4 6  27/52
2F4(2) 52:484 3 27/52
G2(3) (SLo(3)0SLa(3)).2 4  563/819
G2(3).2 (SLo(3)0SLa(3)).2.2 1 691/819
L4(3) 0;(3) 6  131/195
L4(3).23 0;(3) 3 131/195
L4(3).29 0;(3) 2 457/585
L4(3).21 =PGL4(3) 0 (3) 1 521/585
L3(9).22 GL1(91S3 48  4093/12285
Ls(5) GL1(5)183 30 199/775
L3(5).2 GL1(51 83 13 1379/3875
GL1(5%) 13 791/2000
L3(4).2 #P3L3(4) GU;3(2) 1 1735
L3(4).6 GL(43) 5 11/32
L3(4).83=T.(5,y) GL1(4%) 3 97/160
L3(4).D12 GL(43) 1 59/80
L3(3) GL1(3%) 2 11/24
03(3) 5  19/39
L3(3).2 03(3) 2 23/39

Table 4.3: The groups in ¢4 with Q(G,2) > 1/4, part 1
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G Type of H r Q(G,2)
U4(5).22 GU1(51 Sy 409 361747/1421875
Uy(4) GU1(41 84 80 259/884
Us(4).2 GU1(4N 8y 30 1661/3536
Uy4).4 GU1(4N 8y 15 1661/3536
U4(3) GU2(3)1 82 1 187/315
U4(3).2=U4(8).(62¢) GU1(38N S, 4  1811/2835
U4(3).22 #U4(8).(62,¢) GU(8N Sy 1 2323/2835
U4(3).4 GU1(31 84 1 2323/2835
U3(9).2 GU1(91S3 40 1913/5913
U3(9).4 GU1(91S3 20 1913/5913
Us(8).2 GU(8)1S3 78  1097/4256
Us(8).S3 GU1(8)183 19  205/448
Us3(8).6 GU(8)183 25  2437/8512
Us(8).(3 x S3) GU1(8)183 6  2069/4256
Us(7) GU(T1S3 27  4381/14749
Us(7).2 GU(TNS3 10 7069/14749
Us(5).3 GU(5)183 3  551/875

312 Spy(3) 5 67175
Us(5).S3 GU1(5)183 1 659/875

312 Spy(3) 2 443/875
Us(4) GU1(41 83 1 133/208
PSpg(3) Spy(3)1S3 1 853/1365
Spy(4).4 05(4)1S; 2  103/153
PQ;(3) 05 (3)1S; 12 45041/61425
PQ/(3).2=PSO;(3) 0F(3)1S; 4 151507/184275
PQZ(3).2=PQ{(3).¢y) 0F(3)1Ss 3 53233/61425
PQf(3).3 0;(3NS2 3 16379/20475
PQ/(3).22 07 (3)1S; 1 167891/184275
PQ/(3).4 0;(3)1Ss 2 151507/184275
PQ}(3).84 0,(3)1S,4 823 17810761/44778825
Q2.3 0,(2)xGU3(2) 1  2071/2800
Q7(3) 0;(3)L03(3) 5  1945/2457
S07(3) 0/(3)L03(3) 1  11261/12285

Table 4.4: The groups in ¢ with Q(G,2) > 1/4, part 11
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Proof. Let T' = A,, be the socle of G. If m < 12 then the result is easily checked using MAGMA
(see Section 4.2), so let us assume m > 13. By inspecting [87, Table 14] and [14, Table 4] we
deduce that m is a prime and H = AGL1(m) NG, in which case

m!
(= Dy2yzm 2 =P

for all x € H of prime order (minimal if x is an involution, noting that x has at most one fixed

H <m(m-1)=a, |x%>

point on {1,...,m}). In view of Lemma 2.4.1, this gives Q(G,2) < a?/b < 1/4 and the result follows.
[ |

Proposition 4.5.5. The conclusion to Theorem 4.5.1 holds if T is a sporadic group.

Proof. First assume G is not the Baby Monster B nor the Monster M. In the remaining cases we
first use the GAP Character Table Library [12] to identify the relevant groups with Q(G,2) > 1/4,
implementing the method described in the proof of Theorem 4.4.4. This reduces the problem
to a small number of cases that require further attention. To handle these groups, we adopt
the method described in Section 4.2.4 to compute Q(G,2) precisely. First we use the function
AutomorphismGroupSimpleGroup to construct G as a permutation group and we obtain H via
the MaximalSubgroups function (for 7 = HN and H N T = 54 .21%4 5 4 we construct H using
the generators given in the Web ATLAS [123]). Next we use DoubleCosetRepresentatives to
construct a complete set R of (H,H) double coset representatives and this allows us to calculate
Q(G,2) via (3.1.1) and (4.2.2) (we thank Eamonn O’Brien for his assistance with this computation
in the special case where T = HN and HnT = 51*4.21*% 5.4). In this way, we can read off the
groups with Q(G,2) > 1/4 and they are recorded in Table 4.3.

Finally, suppose G =B or M. If G = B then H =[3111.(S4 x 2S4) or 47:23; in both cases we can
use [12] and the Maxes function as above to show that Q(G,2) < 1/4. Similarly, if G = M then
H =1312:(3 x 4S4) or 41:40 and once again we can use [12] to verify the bound Q(G,Z) <1/4
(here we use NamesOfFusionSources in place of Maxes to access the character table of H and the

fusion maps, since the function Maxes is not available for M). |

4.5.2 Exceptional groups

Next let us turn to the groups in ¢ where T is an exceptional group of Lie type over F, with
g = p for a prime p. Here we exclude the cases where T is isomorphic to a two-dimensional
linear group, since these groups were already handled in Section 4.3, so T # 2G2(3)’ = La(8).

As noted in the proof of [14, Proposition 7.1], the condition b(G) = 2 implies that H is a
maximal rank subgroup (that is, H contains a maximal torus of G). More precisely, either
H = Ng(R) for some maximal torus R of T (see [93, Table 5.2]), or (G,H) is one of the cases
recorded in Table 4.5.

Lemma 4.5.6. The conclusion to Theorem 4.5.1 holds if T is an exceptional group of Lie type and

H is the normaliser of a maximal torus.
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T Type of H
(a) G2(3) SLy(3)
(b) 3D4(2) 3xSU;5(2)
(¢) 2F42) SU32)
(A F42) SU52)72
(e) 2Eg(2) SU5(2)°
() Eg(2) SU3©2)*

Table 4.5: The groups in ¢4, T exceptional, H # Ng(R)

Proof. The possibilities for H are recorded in [93, Table 5.2] and [31, Proposition 4.2] states that
b(G@) =2 whenever H is the normaliser of a maximal torus (soluble or otherwise). We proceed by
carefully inspecting the proof of [31, Proposition 4.2] in the relevant cases with H soluble.

If T = Eg(q) then one checks that the bound on Q(G,2) in the proof of [31, Lemma 4.3] is
sufficient and we note that H is insoluble when T = E(q).

Next assume T = Eg(q). Here the proof of [31, Lemma 4.11] yields Q(G,2) < g lifg>5,so0

we may assume ¢ < 4 and
N (Hp) = (g% +eq +1)°.31+2.SLy(3),

where Hy = HN T, L = Inndiag(T) and (g,¢) # (2, -). One checks that the upper bound on Q(G,2)
presented in the proof of [31, Lemma 4.11] is sufficient unless e =+ and ¢ < 3. If ¢ =3 then H
does not contain any long root elements (see [31, Corollary 2.13], for example) and by bounding
the contribution to Q(G,Z) from the remaining elements of prime order, as in the proof of [31,
Lemma 4.11], we deduce that Q(G,2) < 1/4.

Now suppose (g,€) = (2, +). As explained in the proof of [31, Lemma 4.11], we can use MAGMA
to construct H as a subgroup of E7(8) (see [32, Example 1.11] for the details). If x € H has odd
prime order then |x%| > 231 = b, and we calculate that i3(H) = 11438 and i7(H) = 342, so Lemma
2.4.1 implies that the contribution to Q(G,?2) from elements of odd prime order is less than
a%/bl, where a1 = 11780. Now assume x € H is an involution. We find that H( contains ag = 441

221 Similarly,

involutions, so the contribution from these elements is less than a%/bg, where bg =
there are ag = 406 involutions in Hy.2 \ Hy, each of which acts on T' as a graph automorphism.

Therefore |x%| > %225 = b3 and we conclude that
~ 3 1
(4.5.1) Q(G,2)< Y a%/b; < T
i=1

Next assume T = F4(q), so q is even and G contains graph automorphisms (see [93, Table
5.2]). By applying the bounds on @(G,2) in the proof of [31, Lemma 4.15] we immediately reduce
to the case ¢ = 2. Here G = F4(2).2 and H = 72:(3 x 2.8,) is the normaliser of a Sylow 7-subgroup
of G. The upper bound on Q(G,2) in the proof of [31, Lemma 4.15] is larger than 1/2, but we can
use MAGMA to construct G and H as permutation groups of degree 139776 (more precisely, we
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use AutomorphismGroupSimpleGroup to construct G and we find H by taking the normaliser of
a Sylow 7-subgroup). Then by considering the fusion of H-classes in G we calculate that

541861

Q6.2 = 55528998400
and the result follows.

Now suppose T' = Ga(q), so p =3, ¢ =9 and G contains graph automorphisms (see [93, Table
5.2]). By arguing as in the proof of [31, Lemma 4.21] we reduce to the cases g € {9,27}. Suppose
g = 27 and note that |Hg| < 12(q + 1)2 = ai. Let x € H be an element of prime order. If x € Hy
then |xC| > ¢3(¢® — 1)(g + 1) = b1 (as noted in the proof of [31, Lemma 4.21]), whereas if x is a

28/3 = by and H contains at most ag = 24(q + 1)2 such elements.

field automorphism then |x¥| > ¢
Similarly, if x is an involutory graph automorphism then |x€| = ¢3(¢® — 1)(g + 1) = b3 and there
are at most a3 = 12(q + 1)? such elements in H. It is straightforward to check that (4.5.1) holds.
Finally, suppose ¢ = 9. First we use MAGMA to construct G = G2(9).4 = Aut(T') as a permutation
group of degree 132860 and we note that H = Ng(K), where K is either a Sylow ¢/-subgroup of T
(with ¢ €{5,13,73}) or K = Cg x Cg. In each case, it is straightforward to construct H and verify
the bound Q(G,2) < 1/4.

To complete the proof of the lemma, we may assume T is one of the twisted groups 2D4(q),
2F4(q), 2Go(q) (g = 27) or 2By(q). First assume T = 3Dy(q), in which case there are three
possibilities for H and one checks that the bound on Q(G,Z) in the proof of [31, Lemma 4.24]
is sufficient if ¢ > 9. Suppose ¢ = 8 and let x € H be an element of prime order, which implies
that x € Ho.3. Then |x%| > 814 = b; and 3|H,| < 383688 = a1, whence Q(G,2) < a?/b; < 1/4. The
same conclusion holds when ¢ = 7 since |[H| < 233928 and |xG| > 7% for all x € H of prime
order. The remaining groups with ¢ <5 can be handled using MAGMA. In each case, we can
use AutomorphismGroupSimpleGroup to construct G and we obtain H as the normaliser in G of
an appropriate Sylow /-subgroup of T'. For example, if ¢ =5 then the three possibilities for H
correspond to the primes ¢ € {7,31,601}. In every case, it is straightforward to verify the bound
Q(G,2) < 1/4 (see (4.2.1)).

Next assume T = 2F4(q)’. The case g = 2 can be checked using MAGMA and we note that
Q(G,2) > 1/4 when HN T = 5%:4A4 (as recorded in Table 4.3). For g > 8, the upper bound on
Q(G,Z) in the proof of [31, Lemma 4.26] is sufficient (note that in the upper bound on |H| given in
the proof of this lemma, the 2logq factor can be replaced by |Out(T)| =logq). The case T = 2G2(q)
is very similar. Indeed, if ¢ > 3° then the upper bound on @(G,2) in the proof of [28, Lemma
4.37] is good enough, while the case ¢ =27 can be handled using MAGMA, noting that H = Ng(K)
with K a Sylow ¢-subgroup of T for ¢ € {7,19,37}. Finally, let us assume T = 2Bs(q). If ¢ > 2°
then the bounds in the proof of [28, Lemma 4.39] are good enough. If ¢ =27 and x € H is a field
automorphism of order 7 then |x%| > ¢* and by arguing as in the proof of [28, Lemma 4.39] we
deduce that Q(G,Q) < 1/4. The remaining cases with ¢ € {8,32} can be checked using MAGMA and
we find that Q@(G,2) < 1/4 unless ¢ =8 and H NT = 13:4. The latter case is recorded in Table 4.3.
|
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Proposition 4.5.7. The conclusion to Theorem 4.5.1 holds if T is an exceptional group of Lie type.

Proof. In view of the previous lemma, we may assume G is one of the groups listed in Table 4.5.
In cases (a), (b) and (c) we can use MAGMA to prove the result (we get @(G,2) < 1/4 in cases (b)
and (c), while Q(G,2) > 1/4 in (a)). In (d), the upper bound on Q(G,2) in the proof of [31, Lemma
4.16] is insufficient. But as explained in [32, Example 1.4], we can use MAGMA to construct G
and H and then it is straightforward to verify the bound Q(G,2) < 1/4.

Finally, let us consider cases (e) and (f). In (e) we observe that 2 and 3 are the only prime
divisors of |H| and we deduce that Q(G,2) < 1/4 by applying the relevant bounds presented in
Case 1 in the proof of [31, Lemma 4.12]. Similarly, in case (f) we note that the only prime divisors

of |H| are 2 and 3. If x is a long root element, then

1x% NH| = 4]y*| =36 =a1, |x%]>2°8 =b,

G| >292

where y is a long root element in L = SU3(2). If not, then |x = by and we note that

|H| = 104485552128 = a9. By applying Lemma 2.4.1 we deduce that
~ 9 9 1
Q(G,2)<ai/bi+ay/ba < 1
and the result follows. [ |

In order to complete the proof of Theorem 4.5.1, we may assume 7T is a classical group. It will
be convenient to partition the proof into various subsections according to the socle T'. The cases
that we need to consider are recorded in the following result, which is an immediate consequence
of [87] and [14, Theorem 2].

Theorem 4.5.8. Let G < Sym(Q) be a permutation group in ¢ with socle T classical and point
stabiliser H. Suppose T' Z Lio(q). Then (G,H) is one of the cases in Table 4.6.

4.5.3 Linear groups

In this section we assume T = L,(q) for n > 3.

Proposition 4.5.9. The conclusion to Theorem 4.5.1 holds if T =L, (q).

Proof. First assume n is a prime and H is of type GL1(¢™). By applying the upper bound on
Q(G,2) in the proof of [14, Lemma 6.4] we immediately reduce to the cases where (n,q) =(7,2), or
n=>5and g <5,or n=3 and g < 19. With the aid of MAGMA, it is straightforward to compute
Q(G,2) precisely in each of these cases and the result quickly follows (note that the condition
b(@) = 2 implies that G # L3(3).2). In particular, we find that @(G,2) > 1/4 only if n =3 and q¢ <5

(the precise exceptions are recorded in Table 4.4).
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T Type of H Conditions
L.(q) GL1(¢g™) n > 3 prime, G # L3(3).2
GL2(g) S0 ne{6,8,q=3
GL1(gn S, nef3,4,q>5
O;(q) (n,q)=(4,3), G # Aut(T)
Os(q) (n,q)=(3,3)
31%2 Sp,(3) n=3,p=qg=1 (mod 3)
U.(@)  GUi(g™) n > 3 prime
GU1(gnSn ne{3,4}, ¢ >3, (n,q) #(3,3)

GU2(g)Sn2
GUs(@)1S 3
3142 Spy(3)

ne{4,6,8},q9q=3
ne{9,12}, g =2
n=3,¢g=p=2 (mod 3)

GU3(2) n=3,q=2, f >3 prime
PSp,,(q) Spa(g)tS,e ne{6,8,q9=3
05()1S2 (n,p)=04,2),9 >4
ONC) (n,p)=4,2),qg >4
PQ;(q) OF(q@)Snu nef{l2,16},¢=3
O, (gnSs (n,q)=(8,3),1G:T|<6
05(g)1Sy n=8qg>3
0;(q)xGUs(q) (n,q)=(8,2),G=T.3
0,(g%)x05(g%) n=8
Qn(q)  O;(q) LO0s3(q) (n,q)=(7,3)

Table 4.6: The groups in ¢4 with 7' Z La(q) classical

Next assume n € {3,4}, ¢ > 5 and H is of type GL1(¢)!S;,. First assume n = 3. By inspecting
the proof of [14, Lemma 6.5] we deduce that Q(G,Z) <1/4if g > 43. If 29 < q¢ <41 then G does
not contain field automorphisms of order 2 or 3, nor graph-field automorphisms of order 2, so
we may set ag = ag = 0 in the bound on Q(G,2) presented in the proof of [14, Lemma 6.5]. One
checks that this modified bound yields Q(G,Z) <1/4. For 7 < g <27 we can use MAGMA to show
that Q(G,2) < 1/4 in the usual manner, with the single exception of the case G = Aut(T") with
q =9, where Q(G,2) = 4093/12285. Finally, for ¢ =5 we calculate that Q(G,2)=199/775if G =T,
otherwise Q(G,2) = 1379/3875; both cases are recorded in Table 4.4. Similarly, if n = 4 then the
result follows by combining explicit MAGMA computations for g € {5,7,8} with the upper bound
on Q(G,?2) presented in the proof of [14, Lemma 6.6] for ¢ > 9 (in every case we get Q(G,2) < 1/4).
The case where n = 3 and H is of type 312.Spy(3) is entirely similar, working with the bound on
Q(G,2) in the proof of [14, Lemma 6.11].

There are four remaining cases to consider. If 7' = L3(3) with H of type O3(3) then we compute
R(G,2) =19/39 if G = T, whereas Q(G,2) = 23/39 for G = T.2. Next suppose T = L4(3) and H
is of type O, (3). Here the condition b(G) = 2 implies that G # Aut(T) and using MAGMA one
checks that Q(G,2) > 1/4 in each case (the precise value of Q(G,2) is recorded in Table 4.4).
The case T = Lg(3) with H of type GL2(3)1S3 can be handled using MAGMA, working with the
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function MaximalSubgroups to construct H. Finally, suppose T = Lg(3) and H is of type GL2(3):S4.
Here the MaximalSubgroups function is ineffective, but we can construct H by observing that
H = Ng(K) with |[K| =2, as noted in the proof of [14, Proposition 6.3] (also see [14, Example
2.4]). It is straightforward to check that Q(G,2) < 1/4. |

4.5.4 Unitary groups

Proposition 4.5.10. The conclusion to Theorem 4.5.1 holds if T =U,(q) with n > 3.

Proof. First assume n is a prime and H is of type GU1(¢"). For n > 5, one checks that the upper
bound on Q(G,2) in the proof of [14, Lemma 6.4] is sufficient unless n =5 and ¢ < 5. Suppose
n =5, so ¢ > 3 by the maximality of H. If ¢ =5 then it is easy to improve the given bound in [14]
in order to show that Q(G,2) < 1/4 (for example, we can use the fact that |[H| < 10(5° + 1)/6). For
q =4 we observe that H = Ng(P), where P is a Sylow 41-subgroup of G, so it is straightforward
to construct H in MAGMA and verify the bound Q(G, 2) < 1/4 (note that it suffices to check this
for G = Aut(T)). The case q¢ =3 can also be checked using MAGMA (using MaximalSubgroups to
construct H, or noting that H is the normaliser of a Sylow 61-subgroup). Similarly, if n = 3 then
q > 4 and the bound in the proof of [14, Lemma 6.4] is sufficient for ¢ > 23 (for q = 32, we note
that [xC| > |T': Uj3(2)| if x is a field automorphism of order 5); the remaining cases with ¢ <19
can be verified using MAGMA.

Next suppose T' = U3(q) and H is of type GU1(¢)1S3s with g > 4. For g > 43 it is easy to check
that the upper bound on @(G,2) in the proof of [14, Lemma 6.5] is sufficient. The same estimates
are also good enough when 29 < g <41, noting that in each case G does not contain any field
or graph-field automorphisms of order 2 or 3. For 11 < ¢ <27 we can use MAGMA to verify the
bound Q(G,2) < 1/4. We find that there are examples with Q(G,2) > 1/4 when g < 9; they are
easily identified using MAGMA and they are recorded in Table 4.4. The case where T' = U4(q) and
H is of type GU1(q)1S4 is similar. Here ¢ > 3 and the bound on Q(G,Z) in the proof of [14, Lemma
6.5] is good enough for g > 9. If q € {7,8} then one can check that Q(G,2) < 1/4 using MAGMA. In
the same way, we find that there are exceptions to this bound when q € {3,4,5} and each of these
cases is listed in Table 4.4.

Next let us turn to the groups where n € {4,6,8}, ¢ =3 and H is of type GUa(¢)!S,,0. If n =4
then G =T is the only group with b(G) = 2 (see [14, Table 7]) and with the aid of MAGMA we
calculate that Q(G,2) = 187/315. Next assume n = 6. Here H = Ng(K) for some subgroup K of
T of order 210 and it is straightforward to check that Q(G,Z) < 1/4 (see [14, Example 2.4] and
the proof of [14, Proposition 6.3]). Similarly, if n = 8 then H = Ng(K) with |[K| = 2!2 and once
again one checks that Q(G,Z) < 1/4. (Note that in both cases, it suffices to check the bound for
G =Aut(T).)

Now assume n € {9,12}, ¢ = 2 and H is of type GU3(q)!S,/3. As noted in the proof of [14,
Proposition 6.3], if n =9 then H = Ng(K) with |[K| = 3% and we can use MAGMA to verify the
bound Q(G,2) < 1/4.
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For n = 12 we find that the bound presented in the proof of [14, Proposition 6.3] does not give
Q(G,2) < 1/4 and a more accurate estimate is required. To do this, it suffices to improve the upper
bound on the contribution to Q(G,2) from elements of order 3.

As in the proof of [14, Proposition 6.3], we may view H as the stabiliser in G of an orthogonal
decomposition

V=Vi1lVylV31Vy

of the natural module, where each V; is a nondegenerate 3-space. Suppose x € H has order 3.
If some conjugate of x induces a nontrivial permutation of the V;, then |x%| > 28 = b; and we
note that |H| < 2%2 = a;. Following the argument in [14], the contribution from the remaining

G| > 269 = p, is less than a%/bz, where as = 231, As explained

elements of order 3 in H with |x
in the proof of [14, Proposition 6.3], the contribution from the elements with |G| < 3.262 is less
than 2217:3 a?/bi, where the integers a; and b; are defined as in the proof in [14]. Finally, if
3.262 < |xG| < 2%9 then one can check that x is of the form [I s,wl4], where w € F4 is a primitive

cube root of unity. Here we calculate
4 4 4
1x% nH| < 2(2)m + (2)m2 + 2(2)m3 +m* =42480 = a,

where m = %IGU3(2) :GU9(2)| = 12. Therefore, the contribution to Q(G,2) from elements of order

3 is less than

U 1
aj/bi+a3/bs +2 (ag/bo +Y a?/bi) <55
i=3

where by = 3.2%2. Finally, the estimates in the proof of [14, Proposition 6.3] imply that the
contribution to Q(G, 2) from involutions is also less than 1/20 and the result follows.

To complete the proof of the proposition, we may assume n = 3 and either ¢ = p =2 (mod 3)
and H is of type 3172.Sp,(3), or ¢ = 27 with f > 3 a prime and H is a subfield subgroup of type
GU3(2). Suppose H is of type 3172.Spy(3). Here the proof of [14, Lemma 6.11] gives the result for
q > 29 and we can use MAGMA to handle the cases with g < 29, noting that there are exceptions
to the bound Q(G,2) < 1/4 when q =5 (as recorded in Table 4.4). Finally, let us assume H is of
type GUs(2), so ¢ =2/ with f >3 odd. If f > 7 then the bound on Q(G,?2) in the proof of [14,
Lemma 6.10] is sufficient, while the cases with f € {3,5} can be handled using MAGMA. |

4.5.5 Symplectic groups

Next assume T = PSp,,(q) with n > 4. We exclude the groups with (n,q) = (4,2) since PSp,(2)' =
L2(9).

Proposition 4.5.11. The conclusion to Theorem 4.5.1 holds if T = PSp,,(q) with n > 4.

Proof. First assume n € {6,8}, ¢ =3 and H is of type Sps(q)Sy/e. If n = 6 then the condition
b(G) =2 implies that G = T' and using MAGMA we calculate that @(G,2) = 853/1365, so this case is
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listed in Table 4.4. For n = 8 we use AutomorphismGroupSimpleGroup and MaximalSubgroups to
construct G and H, and we apply DoubleCosetCanonical to establish the existence of sufficiently
many regular H-orbits in order to force Q@(G,2) < 1/4 (see (3.1.1)). The details of the MAGMA code
here is given in Appendix A.1.2.4. Indeed, for G = T we get r > 3113, while r > 1557 for G = T'.2.
Finally let us assume 7' = Spy(q) with g > 4 even and H of type 0%(g)tS3 or Og(qz). Here H is
maximal only if G contains graph automorphisms and with the aid of MAGMA one checks that if
g < 25 then either Q(G,2)< /4 or q =4, G =Aut(T) and H is of type O,(q)1S2. In the latter case
we have Q(G,2) = 103/153 as recorded in Table 4.4. For the remainder, we may assume ¢ > 25.
Suppose H is of type O5(q)1S2, so Hy = (Cq_g)2:Dg. By applying the upper bound in the
proof of [14, Lemma 6.9], we deduce that Q(G,2) < 1/4 if ¢ # 27. So let us assume ¢ = 27 and
write Q(G,2) = a1 + a2, where a; is the contribution from involutory graph automorphisms.
The proof of [14, Lemma 6.9] gives as < 27, so it remains for us to estimate ai. If £ = —
then H < (C129)%:(SD1g x C7) and it follows that every involution in H is contained in HnT =
(C129)%:Dg, whence a1 = 0 and the result follows. Now assume ¢ = +, so H < (C127)%:(D16 x C7).
Since there are exactly 4 involutions in D1g \ Dg, we deduce that a; < d?/b with d = 4.127% and
b =|T :2By(q)| = 34626060288. One checks that the resulting bound on Q(G,2) is good enough.
To complete the proof, let us assume g > 2% and H is of type 0, (g?), so

Hy=05(g*).2=C2,1:C4

and we will estimate the contribution to Q(G, 2) from the various elements of prime order (the
details in this case were omitted in the proof of [14, Lemma 6.9]). First let x € H be a unipotent
involution. Then x embeds in G as an involution of type cg (in the notation of Aschbacher and
Seitz [4]), whence

X NH|=isHy)=qg®+1=aq, % =(¢®>-1(g*-1)=b1.

If x is semisimple, then [x¥| > ISp4(q) : GU1(¢g?)| = ¢*(¢g? - 1)? = by and we note that there are
at most as = g2 + 1 such elements in H. Next suppose x is a field automorphism of odd order.
Then |x%| > ¢2¥3 = b3 and H contains fewer than 4(g2 + 1)logq = a3 such elements. Finally,
suppose x is an involutory field or graph automorphism (note that G cannot contain elements
of both types). If logq is even then every involution in H is contained in H, so we may assume
logq is odd and x is a graph automorphism. Then |x%| = ¢2(¢ + 1)(¢2 — 1) = b4 and we note that
1x% N H| < |Ho| = 4(¢% + 1) = a4. Therefore, by applying Lemma 2.4.1 we deduce that

3
Q(G,2)< Y a%/b; +aal/by,
i=1

where a =1 if logq is odd, otherwise @ = 0, and we conclude that Q(G,Z) <1/4. |

4.5.6 Orthogonal groups

In order to complete the proof of Theorem 4.5.1, we may assume T = PQ; (¢) with n > 7.
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Proposition 4.5.12. The conclusion to Theorem 4.5.1 holds if T = PQ;,(q) with n > 1.

Proof. By inspecting Table 4.6 we observe that either n is even and € = +, or (n,q) = (7,3). First
assume n € {12,16}, ¢ = 3 and H is of type O, (q)?S 4. For n = 16, the upper bound in the proof
of [14, Proposition 6.3] gives @(G,2) < 1/4. On the other hand, if n = 12 then we can construct G
and H in MAGMA (see [14, Example 2.4]) and it is straightforward to check that Q(G,2) < 1/4.
The relevant cases with T' = Q7(3) or Q4 (2) can also be handled using MAGMA and the exceptions
with Q(G,2) > 1/4 are recorded in Table 4.4.

To complete the proof, we may assume T = PQg(q) with ¢ > 3. Suppose ¢ =3 and H is of type
01(3)282, noting that |G : T'| < 6 since b(G) = 2. Even though |G : H| = 14926275 is large, we can
still analyse this case in the usual way using MAGMA, working with a set of (H,H) double coset

representatives to compute r (and hence Q(G,2)). The results are presented in Table 4.4.

Next assume H is of type Ogr(q)zS4. If g € {3,4} then &' = — and using MAGMA one can check
that either Q(G,2) < 1/4, or ¢ =3, G = Aut(T'), r =823 and

17810761

G,2)=———7—.
QG.2) 44778825

For example, if ¢ =3 and G = T.A4 then using DoubleCosetCanonical we can verify the bound
r > 3075, which forces Q(G,2) < 1/4 (see Appendix A.1.2.4). We thank Eamonn O’Brien for his
assistance with the precise calculation of r when G = Aut(T"). For q > 5, we seek to apply the
upper bound on Q(G,2) presented in the proof of [14, Lemma 6.7]. If ¢ > 9 then

~ 1
QG,2)<2¢ ' +q%2+q3+q "< 1

and the result follows. One can check that the bounds in the proof of [14, Lemma 6.7] are also
sufficient when q € {7,8}, so we may assume g = 5. Here we have H = Ng(K), where K < T has
order 29 if ¢’ = +, otherwise |K| = 3*. We now construct H as in [14, Example 2.4] and one checks
that Q(G,2) < 1/4.

Finally, let us assume H is of type Og(qz) X O£(q2) with g > 3. If ¢ > 11 then the upper bound
on Q(G,2) in the proof of [14, Lemma 6.8] is sufficient. On the other hand, if ¢ <9 then we can
construct H in MAGMA, noting that H = Ng(K) with K a Sylow ¢/-subgroup of T' and ¢ an odd
prime divisor of g2 + 1. In this way, it is straightforward to check that Q(G,2) < 1/4 (see (4.2.1))
and the result follows. |

We conclude that the proof of Theorem 4.5.1 is complete via Propositions 4.5.4, 4.5.5, 4.5.7,
4.5.9,4.5.10,4.5.11 and 4.5.12.
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4.5.7 Proof for base-two groups
4.5.7.1 Common Neighbour Conjecture

Let G < Sym(Q) be a permutation group in ¢ with socle T' and point stabiliser H. Recall that our
goal is to show that the Saxl graph Z(G) has the following property:

(%) Any two vertices in Z(G) have a common neighbour

which immediately implies that X(G) has diameter 2. In view of Theorem 4.2(i) and Lemma
3.1.3(1), we may assume T Z La(q) and Q(G,2) > 1/2, so the relevant groups can be determined
by inspecting Tables 4.3 and 4.4 (see Theorem 4.5.1). In every one of these cases, we can verify
property (x) using MAGMA.

To do this, we first construct G and H using the approach in Section 4.2.1. Next we implement
the method discussed in Section 4.2.4 by identifying a set R of (H,H) double coset representatives
and then for each x € R we seek an element y € G (by random search) such that H n HY =
H*nHY = 1. Notice that (x) holds if and only if such an element y exists for each x € R. As
demonstrated by the following example, it is easy to implement this approach in MAGMA.

Example 4.5.13. Suppose T'=QJ(2), G =T.3 and H is of type 0;(2) x GU3(2). Here Q(G,2) =
2071/2800 > 1/2 and so this is one of the cases we need to consider. We proceed as follows, noting

that G has a unique conjugacy class of maximal subgroups of order 11664:

G:=AutomorphismGroupSimpleGroup("0+",8,2);
S:=LowIndexSubgroups(G,2);
G:=S[1];
M:=MaximalSubgroups (G:0rderEqual:=11664) ;
H:=M[1] ‘subgroup;
R,T:=DoubleCosetRepresentatives(G,H,H);
z:=0;
for x in R do

if exists(y){y : y in G | #(H meet H"y) eq 1 and #(H"x meet H"y) eq 1}

then z:=z+1;

end if;

end for;

z eq #R;

This returns true and we conclude that (x) holds. An entirely similar approach is effective for all

of the relevant groups in Tables 4.3 and 4.4.
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4.5.7.2 Regular orbits

In this section, we classify the groups G € ¢ with 1 < reg(G) < 4, which will be useful later in
our analysis of bases for product type groups in Chapter 6. This gives Theorem 4.5 for base-two

groups as an immediate corollary.

Proposition 4.5.14. Let G < Sym(£2) be an almost simple primitive group in 4 with socle T and
soluble point stabiliser H. Then 1 < r(G) <4 if and only if (G,H) is one of the cases in Tables 4.7
and 4.8.

Proof. First assume T Z La(g) and Q(G,2) > 1/4. Then G is one of the groups recorded in Tables
4.3 and 4.4, and it is a routine exercise to read off the cases with r(G) < 4, all of which are listed
in Tables 4.7 and 4.8.

Next suppose G € ¢, T Z La(q) and Q(G,2) < 1/4, in which case 41H%r(G) > 3|G|. We will
establish the following claim, which immediately implies that r(G) > 5.

Claim. IfG €9, T Z Lo(q) and Q(G,2) < 1/4, then 16|H|?> < 3|G|.

To prove the claim, we consider each possibility for T in turn. First assume T = A,, is an
alternating group. With the aid of MAGMA, it is straightforward to verify the claim when m < 12.
Now assume m > 12. Then by inspecting [87, Table 14] and [14, Table 4], we deduce that m is a
prime and H = AGL;1(m)N G, which implies that

IH2 m@m-1) 3
< <—
|G| (m-2) 16

as required. The sporadic groups are also straightforward. Here the possibilities for H can be
read off from [45] and [120], noting that we may exclude the cases in Table 4.3 and [14, Table 4]
since we are assuming Q(G,2) < 1/4.

Next assume T is an exceptional group of Lie type over [;. As noted in the proof of [14,
Proposition 7.1], either H = Ng(R) for some maximal torus R of T (see [93, Table 5.2]), or (G,H)
is one of the cases in Table 4.5. In addition, we may exclude the relevant cases in Table 4.3.
The claim now follows by inspection. For example, suppose T = 2Bs(q) and H = Ng(R) is the

normaliser of a maximal torus, where ¢ = 2/ with f >3 odd. Here
\H| < 4(q +/2q + Dlogg, |G| >IT|=q*(g*+1)(g-1)

and the claim follows if f > 5. On the other hand, if f = 3 then the condition Q(G,2) < 1/4 implies
that HNT =7:2 or 5:4, whence |H| < 60, |G| > 29120 and once again the desired bound holds.
To complete the proof of the claim, we may assume T is a classical group over [, and
T Z La(q). Here we note that the possibilities for G and H are recorded in Table 4.6. In each case,
the precise structure of H is given in [80, Chapter 4] and the claim follows by inspection. For
example, suppose T' = L5(q) and H is of type GL{(g)1S3. If ¢ > 19, then the bounds |G| > %qs and
|H| < 12(q + 1)?logq are sufficient. For the remaining groups with ¢ < 17, excluding the cases
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with Q(G,2) > 1/4 recorded in Table 4.3, we can verify the bound by working with the exact orders
of G and H. All of the other cases are very similar and we omit the details. This justifies the
claim and we have now completed the proof of the proposition for the groups in ¢ with T' Z La(q).

Finally, let us assume G € ¢ and T = Lo(q). Write ¢ = p/, where p is a prime. If ¢ < 81 then it
is a routine exercise to determine all the groups with r(G) < 4 using MAGMA and one can check
that all the relevant cases have been recorded in Tables 4.7 and 4.8. For the remainder, we may
assume q > 81.

First assume H is of type GL1(q)!S2. Here [14, Lemma 4.7] implies that 6(G) = 2 if and only
if PGL2(q) is not a proper subgroup of G. If G = PGLqa(q) then r(G) = 1 as noted above, and this
case is recorded in Table 4.8. Now assume G NPGL2(q) =T and q is odd. By Lemmas 4.3.11 and
4.3.12, we have r(G) <4 only if r(PZLs(q)) < 4. By arguing as in the proof of Lemma 4.3.18, we
see that r(PXLga(q)) = m/2f, where m is the number of non-squares in [, that are not contained in
any proper subfield of F,. Since every generator of the multiplicative group F; has this property,
it follows that m > ¢(q — 1), where ¢ is Euler’s totient function. In particular, r(G) < 4 only if
¢(g—1) < 8f. By applying the lower bound on ¢)(¢ —1) in Lemma 4.3.17, we find that ¢(¢ — 1) > 8f
for every prime-power g with ¢ > 81, whence r(G) > 5 and no additional cases arise.

Next, suppose H is of type GL1(g?), so b(G) = 2 if and only if G does not contain PGLs(q)
(see [14, Lemma 4.8]). Therefore, we may assume q is odd and by combining Lemmas 4.3.20
and 4.3.21, we observe that r(G) < 4 only if r(PZL2(q)) < 4. By arguing as in the proof of Lemma
4.3.26, we deduce that r(G) < 4 only if <p(q2 — 1)< 8f(q +1). But one can check that the bound in
Lemma 4.3.17 yields ¢(q% — 1) > 8f (¢ + 1) for every prime-power ¢ with ¢ > 81, and so once again
we conclude that r(G) > 5.

Finally, one can deduce from the discussion in Section 4.3 that Q(G,2) < 1/4 if H is of any
other type, and so r(G) > 5 by arguing as above. |

Remark 4.5.15. Let us record some additional comments on Tables 4.7 and 4.8.

(1) As before, in the second column of Table 4.7 and the third column of Table 4.8, we record
the type of H (see Remark 4.5.3(1)).

(ii) In the first row of Table 4.7 we have G = PGL2(q) and H = Dy, _1) is a subgroup of type
GL1(g)!S2. Here we may assume g > 7 and q # 9 because H is non-maximal when g =5,
while the cases ¢ =4 and 9 are recorded as (G,H) = (A5,Dg) and (Ag.2,D16) in Table 4.7.
As noted in the proof of [14, Lemma 4.7], we have

1 g even
r(T) =
(g+a)4 qodd

where a =7 if ¢ =1 (mod 4), otherwise a = 5.
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G Type of H r(T) Comments
PGL2(q)  GL1(g)S2 See Remark 4.5.15(Gi) q>7,q#9
PQf(3).22 0;(3)1Ss 12 Both groups of this shape
Q2.3 05(2)xGU3(2) 5

S07(3) 0;(3) L 03(3) 5

PSpg(3)  Spy(3)1S3 1

PGL4(3) 05 (3) 6

U4(3).141 GU1(31184 11 G £ T.(52,¢)
U4(3) GU2(3)S2 1

L3(4).D1s  GL1(43) 44

L3(4).2 GU3(2) 3 G #PZL3(4)
U3(5).S3 GU1(5)283 11

Us(4) GU1(4)1S3 1

PGLy(11) 21*2.05(2) 3

G2(3).2 SLy(3)? 4

S7 AGL(7) 4

Ag.2 Dis 4 G =PGL3(9)
Ag.2 5:4 2 G =Myg

A5 DG 1

J2.2 52:(4 x S3) 2

M4 2.S4 1

Table 4.7: The groups in ¢4 with r(G) =1

4.5.8 Proof for other cases

Finally, we are in a position to prove Theorems 4.2(iii) and 4.5.

First consider the proof of Theorem 4.5, noting that the result for base-two groups can be
deduced from Proposition 4.5.14. Here we will establish Proposition 4.5.19 below, which is the
analogue of Proposition 4.5.14 for groups with 5(G) > 2 and this will be useful in Chapter 6.

Throughout this section, set r = reg(G), @ = Q(G,b(G)) and Q = Q(G, b(@)). It is straightfor-
ward to show that r > 5 if

N 4|H|b(G)

Three special cases arise in the proof of Proposition 4.5.19 below and it is convenient to handle
them separately from the main argument. Note that in the following lemma, H is the normaliser

of a non-split maximal torus of T'.

Lemma 4.5.16. Suppose T =La(q) and H is of type GL1(q?), where q¢ > 11. Then b(G) < 3, with
equality if and only if PGLa(q) < G. Moreover, if b(G) = 3 then reg(G) > 5.

Proof. The base size of G is recorded in Theorem 4.1 and so for the remainder we may assume
PGL2(q) < G. Write g = p/ with p a prime and note that H nPGLa(q) = Dy(4+1). It suffices to
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rG) G Type of H r(T) Comments
2 PQj(3)4 0;(3)S;y 12
L4(3).22 0;(3) 6
Sps(4).4  O;(41Ss 9
L3(3) GL1(3?) 2
L3(3).2  03(3) 5
U3(5).83  31*2.8py(3) 21
L2(27).3  GL1(27)18, 8
GL1(27%) 6
PGLy(13) 21*2.05(2) 6
Lo(11) GL1(112%) 2
2By(8).3 13:12 7
Ag ASLy(3) 2
A6.2 SD16 4 G= M10
Jo 52:D 19 2
3 PQL(B).3 0;3)NSz 12
PQJ(3).2 0 (3)1Ss 12 G=T.(y)
L4(3).23 0;(3) 6
L3(4).S3 GL1(4%) 44 G #PI'Ls(4)
PGU3(5) GU1(5)?S3 11
L2(25).2  GL1(25)185 8 G =PXLy(25)
GL1(25%) 6 G #PGLy(25)
Ly(17)  2172.05(2) 3
Lo(13) GL1(13%) 3
2F4(2) 52:48, 6
Js.2 32+1+2.8 9 10
HS.2 51+2 [25] 9
4 PSOg(3) O;(3NS2 12
Us(3).2  GUi(31S4 11 G #T.(5%¢)
L2(25).2  GL1(25)18, 8 G=T.(6¢)
La(q) GL1(g?) 4 ¢=17,19
G2(3) SLy(3)? 4
M12.2 S4 X S3 13
Suz.2 32+4.92 (SyxDg) 16

Table 4.8: The groups in ¢ with 2 < r(G) <4
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verify the inequality in (4.5.2) (with b(G) = 3), so we need to consider the contributions to @ from
the elements x € G of prime order; the argument below closely follows the proof of [14, Lemma
4.6]. Note that fpr(x) = 0 if % N H is empty, so we are only interested in the relevant G-classes
that meet H. Let x € H be an element of prime order r.

First assume r = 2, so x is either semisimple or unipotent (according to the parity of p) since

fpr(x) = 0 if x is an involutory field automorphism. Then
e : G <1
lx" NH|<ig(Dgg+1) <q+2=a, |x |>§Q(C]—1)=b,

so the contribution to @ from involutions is at most a1 = b(a/b)?.

Now suppose r is odd, so either r divides ¢ + 1 and x is semisimple, or g = g, is an r-th power
and x is a field automorphism. If x is semisimple, then lxTnH| = 2, lxT| = g(q — 1) and we note
that G has (r — 1)/2 distinct T-classes of such elements. Therefore, the combined contribution to

Q from semisimple elements of odd order is at most

8 4log(qg +1)
=ag,

1
“(r—-1)-
250D 1 < -1

where 7 is the set of odd prime divisors of ¢ + 1 (here we are using the fact that |7| is at most
log(qg + 1), recalling that all logarithms in this thesis are in base 2).

Finally, suppose q = g, and x is a field automorphism of order r. Here
+1 21
1x% N H| = q_, 1x%| = %
qo+1 qolgg—1)
and we note that there are r — 1 distinct T'-classes of field automorphisms of order r in Aut(T"). If

qo =2 then g = 2" and the contribution from field automorphisms is

427 +1) L
_1 .—<2 r:
r=1 s _12

And for q¢ > 3 we get

2 2
~ _qo(qo—l) g+l
L =D q%(g-1? qo+1

<Y (r-1)-3¢73071) < g loglogq = as,

ren’

where 71’ is the set of odd prime divisors of f = log, q.
By combining the above estimates, we conclude that Q < a1+ ag+as and it is straightforward
to check that the bound in (4.5.2) holds for all g > 11. [ |

Lemma 4.5.17. Suppose T =2Bs(q) and HNT = [q2]:Cq_1 is a Borel subgroup. Then b(G) =3
and either G = 232(8)23 and reg(G) =2, or reg(G) > 5.

Proof. Here ¢ =2/, f >3is odd and |Q| = ¢2 + 1. In addition, 5(G) = 3 by [14, Theorem 1.2]. The

cases with g < 27 can be checked directly using MAGMA (see Section 4.2.4) and so we may assume
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f = 9. As before, it suffices to show that the inequality in (4.5.2) is satisfied (with 5(G) = 3). Set
Ho=HnNT and let y be the permutation character lTO, which can be expressed as the sum of the
trivial and Steinberg characters of 7. The character table of T' is given in [117].

First let x € T be an element of prime order r. If r = 2 then y(x) = 1, so fpr(x) = 1/(¢% + 1) and
we have |xC| = (¢%2+1)(g—1). Similarly, if r divides g —1 then y(x) = 2, [x%| = ¢%(¢%+1) and we note
that there are at most (¢ — 2)/2 distinct T-classes of such elements. Therefore, the contribution to
@ from unipotent and semisimple elements is at most

g-1 1 8¢
= — 4 — —-2) ——.
U= T2 ey
Finally, suppose x € G is a field automorphism of prime order r and note that r is odd since f

is odd. Then
7| = 7*(¢*+ (g -1)

- q2/r(q2/r + 1)(q1/r -1) =f(g,r)
and Cg,(x) is a Borel subgroup of Cr(x) = 2Bg(ql/r), SO
2
-1
IxTﬁHoxI = M g(q,r).

- q2/r(q1/r -1 =

There are r — 1 distinct T'-classes of field automorphisms of order r in Aut(7"), so the combined

contribution to @ from field automorphisms is

(4.5.3) p=3Y (r-1)-glq,r’flq,r)2,

rem

where 7 is the set of prime divisors of f =logq. Set
(4.5.4) e(q,r)=(r-1)-g(g,r)*f(q,r) 2

If g = 29 or 211 then it is straightforward to check that g < 1/25. Now assume g > 213, If

f =r then B =e(q,r) and one checks that this is less than q 2

so g7 > 8 for each r € n. Here f(q,r) > ¢g°1~1/"

-1/2

. Now assume f is composite,

3(1-1/r)

and g(q,r) < 2q , which implies that

e(q,r)<8(r- 1)q(1)_r <4qg~"*. Since |7| <loglogq, we deduce that

B <4q_1/210glogq.

By combining the above estimates, we conclude that Q <ai+asg forq> 29, where as = 1/25 if
g € {22,211}, otherwise as = 4¢~"2loglogg. It is now routine to verify that the bound in (4.5.2) is
satisfied for all ¢ >29. [ ]

Note that in the statement of the next lemma we assume g > 27. Indeed, if ¢ = 3 then
T =2G9(q) =La(8) and HN T corresponds to a Borel subgroup of La(8) (if G = T, then b(G) =3
and reg(G) = 1, otherwise b(G) =4 and reg(G) = 2).
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Lemma 4.5.18. Suppose T =2Ga(q) and HNT = [q3]:Cq_1 is a Borel subgroup, where q > 21.
Then b(G) =3 and reg(G) > 5.

Proof. Here ¢ =3/, f >3 is odd, |Q| = ¢® + 1 and 5(G) = 3 by [14, Theorem 1.2]. The case g = 27
can be checked directly using MAGMA and so we may assume [ > 5. We now proceed as in the
proof of the previous two lemmas, working with fixed point ratio estimates to derive a suitable
upper bound on @ which allows us to verify the inequality in (4.5.2) (with b(G) = 3). As before, set
Hy=HnNT and let y = 1{10 be the permutation character. Once again, y is the sum of the trivial
and Steinberg characters of T' (the character table of T is presented in [119]).

First let x € T be an element of prime order r. If » = 3 then y(x) = 1 and thus fpr(x) = 1/(q3 +1).
In addition, we calculate that there are precisely (g3 + 1)(g? — 1) elements in T of order 3 (forming
three distinct conjugacy classes). Next assume r divides ¢ — 1. If » = 2 then [x%| = ¢%(¢2 — ¢ + 1)
(there is a unique class of involutions in T') and we have y(x) = g + 1, so fpr(x) = 1/(¢g? — ¢ + 1). Now
suppose r is an odd prime divisor of ¢ — 1. Here y(x) = 2, so fpr(x) = 2/(g3+1) and |xT| = ¢3(¢® + 1).
Since there are at most (¢ — 3)/2 distinct 7T'-classes of such elements, we conclude that the

contribution to Q from unipotent and semisimple elements is at most

~ q2_1 q2 1 8q3
S s e T2 5 +t5(@=3) ——.
(g°+1)% (¢g°—q+1)= 2 (g°+1)

a1

Now assume x € G is a field automorphism of prime order r, so r is odd and we have

7| = 7} +1g-1)
- q3/r(q3/r + 1)(q1/r _

D =flg,r)

and s
T _ q°(@-1)
| ﬂHoxl—m—g(q,r).

Therefore, the combined contribution to @ from field automorphisms is f, as defined in (4.5.3).
Define e(q,r) as in (4.5.4).

If f =r then B = e(q,r) < g~ ! for all ¢ > 3°. Now assume f is composite, so ¢/ > 27 for

each r € 7. Then one checks that f(q,r) > ¢”1~1") 4-1/r)

e(q,r)<8(r- 1)q62(r_1) < 4q~ L. Since |7 < loglogq, we conclude that 8 < as = 4¢g ' loglogq for all
q= 35,

Therefore, @ < a1 + as and it is now straightforward to verify the bound in (4.5.2). |

and g(q,r) < 2q , which implies that

We are now in a position to prove the following result. Combining with Proposition 4.5.14,

this completes the proof of Theorem 4.5.

Proposition 4.5.19. Let G < Sym(Q) be an almost simple primitive group with socle T and
soluble point stabiliser H. If b(G) > 3 then reg(G) < 4 if and only if (G,H) is one of the cases in
Table 4.9.
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Proof. Recall that 5(G) < 5 by the main theorem of [14]. The proof of [14, Theorem 8.2] gives
r > 5if b(G) =5, so we may assume b(G) € {3,4} and we note that the possibilities for G and H
are recorded in [14, Tables 4-7]. Recall that r > 5 if (4.5.2) holds.

For most of the cases appearing in [14, Tables 4-7], an explicit upper bound on @ is given
in [14] and we can usually use this to verify the inequality in (4.5.2). However, this approach is
not always effective because the given upper bound on @ is either too large, or is not defined. As
explained below, in these remaining cases we will typically use MAGMA to directly compute r,
implementing the approach described in Section 4.2.4. We divide the remainder of the proof into

three cases.
Case 1. b(G) =4.

First assume b(G) = 4. By inspecting the relevant tables in [14], we see that T' = La(q) with
H of type P; (a Borel subgroup of G) is the only infinite family that arises. Let us first consider
this special case. For ¢ > 32, an explicit upper bound on Q is presented as a function of ¢ in
the proof of [14, Lemma 4.4] and it is a routine exercise to check that the bound in (4.5.2) is
satisfied. The remaining groups with ¢ < 32 can be handled using MAGMA, which allows us to
compute r precisely. In particular, the groups with » <4 are recorded in Table 4.9. We can apply
the same computational approach to handle all the remaining groups with 5(G') = 4 appearing in

[14, Tables 4-7], considering each group in turn.
Case 2. b(G) =3, H non-parabolic.

To complete the proof, we may assume b(G) = 3. We begin by assuming G is not a group of Lie

type in a parabolic action, so either

(a) T =Lsa(q) and H is of type GL1(g)! S5 or GL1(g?); or

(b) (G,H) is one of a finite number of sporadic cases in [14, Tables 4 and 7].

First let us consider the cases in (a), noting that the precise base size of G is recorded in [14,
Lemmas 4.7 and 4.8]. The groups with ¢ < 37 can be handled using MAGMA and we find that
r < 4 if and only if (G,H,r) is one of the following:

(Li2(4), D19, 2), (L2(4).2,5:4,1), (La(4).2,D12,4), (PGL2(5),D12,4),

all of which are recorded in Table 4.9 with G = A5 or S5. If H is of type GL1(q)!S2 and g > 37,
then the proof of [14, Lemma 4.6] yields the upper bound Q <2¢~12 and we deduce that (4.5.2)
holds. For H of type GL1(g?), we refer the reader to Lemma 4.5.16.

Next let us turn to the groups in (b) above. Here we apply computational methods, after first
dividing the groups into two subcollections according to the size of 2. By inspection, one can
check that |Q| > 5 x 108 if and only if T = PQ§(3) and H is of type 01(3)282, or T € {Fisg, Figg}
and H is the 3-local subgroup of G recorded in [14, Table 4]. Here we can use MAGMA to compute
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Q precisely, which then allows us to verify the bound in (4.5.2). In each of the remaining cases,

we can apply the usual approach to compute r, as explained in Section 4.2.4.
Case 3. b(G) =3, H parabolic.

For the remainder of the proof, we may assume G is a group of Lie type over [,, H is a
maximal parabolic subgroup and b(G) = 3. Write ¢ = p/, where p is a prime, and let ¢ be a field
automorphism of T of order f.

First assume G is an exceptional group. Here the possibilities for (G, H) are recorded in [14,

Table 5] and by inspection we see that one of the following holds:

(@) T=Go(q) and HNT = [qG]:Cg_l, where p =3 and G £ (T, ¢).

(b") T=2By(q) and HNT =[q%]:Cy-1.
(¢) T=2Go(q) and HNT =[q3]:C4_1, where q > 27.

(d) (G,H) is one of a finite number of sporadic cases in [14, Table 5] with g < 3.

Consider case (a'). If ¢ > 27, then the explicit upper bound on @ presented in the proof of [14,
Lemma 5.9] is sufficient, while the groups with ¢ € {3,9} can be handled directly using MAGMA
(note that if ¢ = 9 then we can construct H by observing that H = Ng(K) for some subgroup K < T
of order 9%). For (b') and (c’) we refer the reader to Lemmas 4.5.17 and 4.5.18. The cases in (d’) can
all be handled computationally using MAGMA. First assume G = F4(2).2 and H = [222].S§.2, in
which case |Q| =21928725. Here we construct G as a permutation group of degree 139776 and we
use the fact that H = Ng(K) with |K| = 222 0 construct H (here the function MaximalSubgroups
is not effective). We then compute Q and we check that (4.5.2) holds (given the size of 2, this
appears to be the most efficient way to handle this case). We use a similar method in the case
where T =3D4(3) and TnH =[3"11:(260SLy(3)).2. All of the remaining cases in (d’) can be handled
in the usual fashion and we can compute r precisely. In this way, we deduce that r <4 if and only
if G = G2(3) and H =[3°]:GLy(3), in which case r = 4.

Finally, let us assume G is a classical group and H is a parabolic subgroup. By inspecting [14,
Table 6], we see that one of the following holds:

(a") T =La(q) and H is of type P1.

(") T =Ls(g) and H is of type P 2.

(c") T =Us(q) and H is of type P1.

(d") T=PSpy(q) and HNT = [q4]:Cg_1, where g >4 is even and G L (T, ¢).

(e”) (G,H) is one of a finite number of sporadic cases in [14, Table 6] with q < 3.
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First consider case (a’’). Here [14, Lemma 4.5] implies that 5(G) = 3 if and only if G < PGL2(q),
orq = pf is odd, f is even and G = (T,6¢>f/2> =T.2, where PGLy(q) = (T, ). In other words, either
G is sharply 3-transitive on Q and thus r=1,or g isodd, G =T and r = 2.

In cases (b”), (¢") and (d"), an explicit upper bound on @ is presented in the proofs of
[14, Lemmas 5.6-5.8]. Using this bound, one can check that (4.5.2) holds for g > 128,32,32,

respectively. Consider case (¢”) for example. For ¢ > 10, the bound
Q < 8q_1/2 loglogg +4q 1 + q_3

from the proof of [14, Lemma 5.7] is sufficient. Similarly, for 9 < g < 10%, we can use a more

accurate upper bound on @ in [14] to reduce our analysis to the groups with
q€13,4,5,7,8,9,16,27,32}

and at this point, we can use MAGMA to compute r precisely (here it is convenient to note that
the standard permutation representation of G in MAGMA corresponds to the action of G on Q).
We find that there are several cases with r <4, all of which have been listed in Table 4.9. Cases
(b"") and (d”) can be handled in the same way. Similarly, we can use MAGMA to compute r for each

group in case (e”). |

Remark 4.5.20. Let us record some additional comments on Table 4.9.

(i) Once again, the we continue using “type of H” as in the previous tables (see Remark
4.5.3(1)).

(i1)) Consider the first row in Table 4.9 with 5(G) = 3. Here G = Lgy(q).2, H = P; is a Borel
subgroup and ¢ = p/ is 0odd, and we may assume q # 5,9 (as La(5) = A5 and La(9) = Ag). Then
reg(G) =1 if and only if G is sharply 3-transitive, which means that either G = PGL2(q), or
f is even and G = T.(6¢/"?).

(iii) Up to isomorphism, there are three almost simple groups of the form L4(3).2, one of which
is PGL4(3). In addition, we have 1.4(3).22 and L4(3).23, which contain involutory graph
automorphisms x with C7(x) = PGSp4(3) and PSO,(3).2, respectively.

(iv) In the fourth column of Table 4.9 we record reg(G). In a few cases, this is presented as
ri,re,..., which means that reg(G) = r; when q is contained in the i-th set appearing in
the fifth column. For example, if G = PI'Lo(q) and H = P1, then reg(G) =3 if ¢ = 16 and
reg(G)=2if ¢ =8.

Finally we prove Theorem 4.2(iii).
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bG) G Type of H reg(G) Comments

4 Lg(3) Pq,Py 1
PT'La(q) P, 3,2 qe{16},{8}
Ag.22 32:SD1¢ 3
S5 S4 1

3 La(q).2 Pq 1 See Remark 4.5.15(ii)
Lo(q) P,y 2-62p q=27,q9#9
PQL(3) Py 3
Q7(3) Py
PSpg(3) Py
L4(3).2 Pi3 G # PGL4(3)
U4(3).2 Py G £ PGU4(3)
U4(3) Py
Aut(Ls(q)) P 4, q €{3,25,27,64},{32},{8,9,16}

L3(16).(2x4) Pig
L3(16).D12 Pqo
L3(16).12 Pio

oW N R WWwHE WwWw W
—

Ls(4).22 Pio
L3(4).6 Pis
Aut(Us(q))  Pi 4,3,2,1 q€{27},{7,32},15,9,16},(3,4,8}
Us(16).4 P 4
Us(9).2 P; 4
Us(8).S3 P; 4
Us(8).6 Py 3
Us(8).32 Py 2
Usz(4).2 Pq 2
Us(4) Pq 4
Us(3) Py 3
La(7) 21+2.05(2) 1
2B5(8).3 [82]:7.3 2
G2(3) [3°1:GLa(3) 4
S7 S4 X S3 1
Ag.2 32:Qs 1 G =PGLy(9)
AGL1(9) 1 G =My
Ag (S31S2)nG 2
S5 S3 X Sz 4
5:4 1
As Ay 1
D10 2

Table 4.9: Almost simple primitive groups G with soluble point stabilisers, 6(G) € {3,4} and
reg(G) <4
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Proof of Theorem 4.2(iii). The precise base size b(G) is computed in [14, Theorem 2]. In par-
ticular, we have b(G) < 5 in every case. If 5(G) = 2 then the result follows from the argument
in Section 4.5.7.1. Thus, to complete the proof, we may assume that 3 < b(G) < 5. Hence by [14,
Theorem 2], G appears among the infinite families and special cases listed in [14, Tables 4-7].
Note that if soc(G) € {La(q), Us(q), 2Ba(q),2G2(q)} and the point stabiliser is of type P1, then
G is 2-transitive and so (@) is complete by Lemma 3.3.8. Upper bounds for Q(G,b(G)) in the
remaining infinite families with 7' Z La(q) can be found in [14] and the proof of Lemma 4.5.16.
In almost all cases, we deduce that Q(G, b(G)) < 1/2, and it follows from Lemma 3.2.6(1) that (x)
holds. Any remaining group in these infinite families with Q(G, b(G)) > 1/2 is one of the following:

(a) T =Ls(q), H is of type P12, and either 3 < ¢ <16, 19 < q <27, or q €{32,47,64}; or

(b) T=Spy(q), HNT =[¢*I:C2_,, and g € {4,8,32}.

Combining probabilistic and computational methods (similar to those mentioned in Section
4.2 and the proofs of Proposition 4.4.1 and Theorem 4.4.4), one can check that property (x) holds
for each case in (a) and (b), together with all the special cases appearing in [14, Tables 4-7]. W
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CHAPTER

DIAGONAL TYPE GROUPS

The majority of the new results in this chapter are taken from the papers

S.D. Freedman, H.Y. Huang, M. Lee and K. Rekvényi, On the generalised Saxl graphs
of permutation groups, submitted (2024), arXiv:2410.22613.

H.Y. Huang, Base sizes of primitive groups of diagonal type, Forum Math. Sigma 12
(2024), Paper No. e2, 43 pp.

which are [62] and [71], respectively. The work in Sections 5.8 and 5.9 is my own, original and
unpublished work.

In this chapter, we will consider the diagonal type primitive groups. Our main goal is to
establish Theorem A, which determines the exact base sizes of all these groups. A precise
statement of this result is Theorem 5.1 below. We will also classify the groups G such that
the generalised Saxl graph 2Z(G) is G-arc-transitive in this setting (see Theorem 5.3 below),
establishing Theorem D. Additionally, we will make progress towards a classification of the
semi-Frobenius primitive groups of diagonal type, which is Theorem 5.4. Finally, we will also

establish Conjecture II for some base-two diagonal type groups in Theorem 5.6.

With the exception of Theorem 5.6 and the results in Sections 5.8 and 5.9, the majority of
the new results in this chapter are taken from my single-authored paper [71], and the results
concerning the generalised Saxl graphs come from my joint paper [52] with Freedman, Lee and

Rekvényi.
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5.1 Introduction

Let G < Sym(Q) be a diagonal type primitive group (recorded as type III in Table 2.1), so G has
socle T*, where T is a non-abelian simple group and % > 2 is an integer. More precisely, we have
Q| = |T*~! and

T* QG < T*.(Out(T) x Sp).

The primitivity of G implies that the subgroup P < Sj induced by the conjugation action of G on
the set of factors of T is either primitive, or # =2 and P = Ay = 1. The group P is called the top
group of G and we note that

(5.1.1) T* 4G < T*.(Out(T) x P).

We will describe the action of G in more detail in Section 5.2.1.

The first systematic study of bases for diagonal type groups was initiated by Fawcett in [51].
Here she shows that 6(G) =2 if P ¢ {A;, S}, and in the general case she determines the exact
base size of G up to one of two possibilities (see Theorem 5.2.3). One of the key ingredients
in [51] is a theorem of Seress [109], which asserts that if £ > 32 and P ¢ {A,S;}, then there
exists a subset of {1,...,k} with trivial setwise stabiliser in P. However, this does not hold if
P €{A;,S};}, and hence a different approach is required. In this chapter, we extend Fawcett’s
work by determining the exact base size in all cases. This is the first family of primitive groups

arising in the O’'Nan-Scott theorem for which the exact base sizes are known.
Theorem 5.1. Let G be a diagonal type primitive group with socle T* and top group P < Sj,.

() If P ¢{Ap, S}, then b(G)=2.
(i) If k =2, then b(G) € (3,4}, with b(G) =4 if and only if T € {As,Ag} and G = T?.(Out(T) x Ss).

(Gii) If k >3, P €{A,Sp} and |TI Y <k <|T|¢ with ¢ > 1, then b(G) € {¢ +1,¢ + 2. Moreover,
b(G) = ¢ +2 if and only if one of the following holds:

(@ k=T
®) kEe{T|-2,ITI  -1,ITI"} and S}, <G.
() k=|T12-2, T €{As,Ag} and G = T*.(Out(T) x S},).

As a key step in the proof of Theorem 5.1, we will first classify the base-two diagonal type

primitive groups in Section 5.5, stated as below.

Theorem 5.2. Let G be a diagonal type primitive group with socle T* and top group P < Sy.
Then b(G) =2 if and only if one of the following holds:

(1) P&{Ap, Sk}
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(i) 3<kL|T|-3.
(iti) Re{|T|-2,|T|—1} and G does not contain Sj,.

We are also able to classify the diagonal type groups G such that X(G) is G-arc-transitive.
Recall that reg(G) is the number of regular G-orbits on Q?@, and X(G) is G-arc-transitive if
reg(G) =1 (see Lemma 3.2.5).

Theorem 5.3. Let G be a diagonal type primitive group. Then 2(G) is G-arc-transitive if and only
if G =Tk (Out(T) x Sp) with T = As and k € {3,57). In particular, reg(G) = 1 if and only if G is one

of these base-two groups.

In addition, we also consider Problem IV for the primitive groups of diagonal type. Recall that
G is called semi-Frobenius if 2(G) is a complete graph.

Theorem 5.4. Let G be a diagonal type primitive group with socle T* and top group P < Sj,.
(i) If k =2, then G is semi-Frobenius if one of the following holds:
(a) P=1;
(b) T=A, forn=>17;or

(¢) T is a sporadic group.

(it) If k > 3, then the following statements hold:
(a) If P ¢ {A}, Sy} then G is not semi-Frobenius.
®) IFITI L <EITI and b(G) =€ +2 with ¢ > 1, then G is semi-Frobenius.

(¢) If P € {As,Sp), ITIC 1 +3 <k <I|TI and b(G) =0 +1 with ¢ > 1, then G is not semi-

Frobenius.

Remark 5.5. The only remaining cases for a complete classification of semi-Frobenius primitive
groups of diagonal type are the case where £ € {|T|°"1 +1,|T|"1 + 2} for ¢ > 2, and the case where
P =8S5. For the former, a partial result is given in Lemma 5.7.16, which shows that G is not semi-
Frobenius if S; < G. And for P = S5, we show that G is not semi-Frobenius if G = T2.(Out(T) x Ss)
with T'=Lo(q) and g > 11 (see Proposition 5.6.12).

In Section 5.8 we will consider Conjecture II for the groups with P ¢ {A;,S}}, noting from

Theorem 5.1 that these groups are base-two.

Theorem 5.6. Let G be a diagonal type primitive group with socle T* and top group P < Sy. If
P ¢{A},S} then b(G) =2 and any two vertices in 2(G) have a common neighbour.
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Let us briefly discuss the methods we will use to establish our main theorems. Focusing first

on Theorem 5.2, recall that the holomorph of a non-abelian finite simple group 7T is the group
Hol(T) = T:Aut(T) = T?.0ut(T),

which can be viewed as a primitive diagonal type group (with 2 =2 and top group P = 1) in terms
of its natural action on T (see Section 5.3 for details). We write Hol(T', S) for the setwise stabiliser
of S € T in Hol(T'). A key observation is Lemma 5.3.1, which implies that

b(G) =2 if there exists S < T such that |S| =% and Hol(T',S) = 1.

This essentially reduces the proof of Theorem 5.2 to the cases where 3 < & < |T'|/2. However, it is
rather difficult to directly construct an appropriate subset S of T' such that Hol(T',S) = 1.

To overcome this difficulty, we adopt a probabilistic approach for 2 > 5 in the proof of Theorem
5.2 (see Section 5.4 for more details). More specifically, we estimate the probability that a random
k-subset S of T satisfies Hol(T',S) =1, and we also use fixed point ratios to study the probability

that a random pair in Q is a base for G. The former is a new idea, which involves computing
max{|Cr(x)|:1#x € Aut(T)}

in Theorem 5.2.10, while the latter is a widely used technique in the study of base sizes introduced
by Liebeck and Shalev [96], as described in Section 2.4 (and in view of Lemma 3.1.3(i), this method
will also allow us to establish Theorem 5.6).

The cases where k2 = 3 or 4 will be treated separately in Section 5.5.1. Here we use the fact
that T is invariably generated by two elements (that is, there exist x,y € T such that (x%,y") =T
for any g,h € T, which is proved in [65] and [77], independently), and a theorem of Gow [61]
on the products of regular semisimple classes in groups of Lie type. We will use a very similar
approach to establish Theorem 5.3 for base-two groups.

The proof of Theorem 5.1 will be completed in Section 5.7, and the main step involves
constructing a base of size £+ 1 when 1T < B <|T|¢ - 8 for some ¢ > 2. Once again, our
construction requires the existence of a suitable subset S of T such that Hol(7',S) = 1. We will
treat the case where & = 2 separately, working with a theorem of Leemans and Liebeck [86] on the
existence of a generating pair of T with a certain property (see Theorem 5.6.3). Our constructive
approach also allows us to complete the proofs of Theorems 5.3 and 5.4.

As described above, a key ingredient in our study of bases for diagonal type groups is the

following result, which may be of independent interest. The proof will be given in Section 5.5.

Theorem 5.7. Let T be a non-abelian finite simple group and suppose 3 < m < |T'|—3. Then there
exists a subset S € T such that |S|=m and Hol(T',S) = 1.

Remark 5.8. The structure of the proofs of Theorems 5.1, 5.2, 5.3 and 5.4 for the groups with
P e{A;,S;} are described in Table 5.1. Note that the conclusions to Theorems 5.1, 5.2 and 5.4 for
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Theorem(s) Conditions Reference(s)
5.2 ke{3,4,ITI—4,T|-3} 5.5.6

5 <k <|T|-5, T sporadic 5.5.10
5<k<|T|-5, T alternating 5.5.11
5 <k <|T|-5, T exceptional 5.5.14
5<k<|T|-5, T classical 5.5.17
kE=|T|-2o0r|T|-1 5.5.8
k=2ork>|T| 5.2.4

51,53 k=2 5.6.4
3<k<|TI-3 5.2 and 5.5.1
E=IT|-2o0r|T|-1 5.5.8 and 5.5.9
k=T 5.2.3(iii) and 5.7.4
1T <k <|T) -3 with ¢ >2 5.7.9
E=IT?-2 5.7.13
E=IT| -2 with ¢>3 5.7.14
E=IT|  -1or|T| with ¢>2 5.7.11

5.4(i) k=2 P=1 5.6.1

P=So, T=A,, n>17 5.6.8
P =Sy, T sporadic 5.6.11

5.4(ii)(b) k=T 5.7.4
E=|T|-2or|T|-1 5.5.9
E=IT|  -1or|T|, with ¢ >2 5.7.11
E=|T>-2, T €{As,Aq}, G =TF.(Out(T) x Sp) 5.7.12

5.4Gi)c) [T 1+3<ke<ITI, ¢>1,b(G)=0+1 5.7.15

Table 5.1: A road map for Theorems 5.1, 5.2, 5.3 and 5.4 when P € {A;, Sy}

the groups with P ¢ {Aj,S} follow from Theorem 5.2.3(i) (combining with Lemma 3.1.1(iii) for
Theorem 5.4), and we refer to Proposition 5.2.7 and Remark 5.2.8 for the conclusion to Theorem
5.3 for these groups. In view of Lemma 5.3.1, Theorem 5.7 is an immediate corollary of Theorem
5.2. We will prove Theorem 5.6 in Section 5.8. Finally, in Section 5.9, we apply some results from
Section 5.8 to establish Conjecture II and resolve Problem III for some primitive twisted wreath

products.
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5.2 Preliminaries

5.2.1 Diagonal type groups

Here we adopt Fawcett’s notation from [51]. Let 2 > 2 be an integer and let T be a non-abelian

finite simple group. Define

Wk, T):={(a1,...,ap)t e Aut(T), Si, : a1Inn(T') = a;Inn(T') for all i},
D, T):={(a,...,a)t € Aut(T) 1 Sp},
Q,T):=[W(k,T):D(k,T)].

Then |Q(%,T)| = ITI*1 and W, T)= Tk (Out(T) x Sp) acts faithfully on Q(%,T). We say that a
group G < Sym(Q) with Q = Q(%,T) is of diagonal type if

T* QG < T*.(Out(T) x Sp).

Let Pg denote the subgroup of S, induced by the conjugation action of G on the set of factors of
T*. That is,
Po={neS,:(ai,...,ap)n € G for some ay,...,ar € Aut(T)}.

Then G < T*.(Out(T) x Pg) as in (5.1.1), and @G is primitive if and only if either P is primitive on
[k]1=11,...,k}, or k =2 and Pg = 1. From now on, if G is clear from the context, we denote P = Pg

and
W :=T* (Out(T) x P),

D :={(a,...,a)n:acAut(T),n € P},
Q:=Q,T)=[W:D].
We write ¢; € Inn(T') for the inner automorphism such that x¥: = ¢~ !x¢ for any x € T. Thus,

Q:{D((ptl,...,(ptk):t]_,...,tk eT}.

The action of G on ( is given by

(ag,...,ar)mw

D(pztys...,91,) = D(<Pt1ﬂ,1 Aprtseees Pty Cprt ),
and the stabiliser of D € Q2 in W is D itself. In particular, for any element (a,...,a)mt € D, we have

D((Ptp---,(Ptk)(a ..... @y :D((pt‘zn_ly'“;(l)t:n_l )’

noting that a ¢, = ¢ for all te T.

5.2.2 Bases

Now let us record some preliminary results on bases for diagonal type groups from [51]. We start
with [561, Lemma 3.4].
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Lemma 5.2.1. Let t1,...,t; be elements of T such that the following two properties are satisfied:

(i) At least two of the t; are trivial and at least one is non-trivial.

(it) If t; and t; are non-trivial and i # j, then t; #t;.
Then (a,...,a)w €G fixes D(¢y,,...,¢z,) only if t;." =t;n for all i.

For any x = (¢;¢,,...,¢s,) € Inn(T)*, we define an associated partition % = {2?F : t € T} of [k]
such that i € 22X if ¢; = ¢. Note that some parts 22} in 22* might be empty. The following result is
an extension of Lemma 5.2.1. Recall that P(gx; is the setwise stabiliser of the partition Z#* in P.

In particular, if ¢;= = ¢ ;= whenever ¢; = ¢;, then we have 7 € P(gx).

Lemma 5.2.2. Let x = (¢¢,,...,¢,) € Inn(T)*, w = Dx € Q and let P* = {PX :t €T} be the
associated partition of [k] as above. Suppose (a,...,a)nw € G,. Then the following hold:

(L) ﬂEP{@x}.
(i) If 0 <|2PF| #1297  for all t # 1, then t;?‘ =t for all i.

(iii) Under the same assumption as (ii), « lies in the setwise stabiliser of {g : |<@§| = |2X|} for any
teT.

Proof. As (a,...,a)n fixes w = D(¢;,,...,¢s,), there exists a unique g € T' such that t;." = gtin
for all i € [k]. Suppose t; = t; for some i # j (so i and j are in the same part of 2?%). Then
tin = g_lt? = g_lt;‘ = tj=. This gives part (i).

For part (ii), it suffices to show that g = 1. If ¢; = 1, then ¢;= = g1, and we get tin = g_lt‘J’.‘ #g1
if ¢; # 1. This implies that IQ;_II = |27}, so g = 1 by our assumption.

Finally, for part (iii), note that for any ¢ € T', we have |27 = |22} | by applying (ii). |

The following theorem combines Fawcett’s main results on base sizes of diagonal type groups
from [51].

Theorem 5.2.3. Let G be a diagonal type primitive group with socle T* and top group P < Sj,.
(i) If P ¢ {A},,St}, then b(G) =2.
(ii) If k=2, then b(G)=3if P =1, and b(G)€ (3,4} if P = S,.

(i) If k>3, Pe{A},S;) and |T|" L <k <|T| with ¢ > 1, then b(G) € {¢ +1,¢ +2}. Moreover, if
either k= |T|, or ke {|T|’ = 1,|T|’} and Sy <G, then b(G) = +2.

Corollary 5.2.4. If P € {A;, Sy} and b(G) =2, then 2<k <|T).

The following is [61, Lemma 3.11].

97



CHAPTER 5. DIAGONAL TYPE GROUPS

Lemma 5.2.5. Suppose P € {A},S1} and there exists an odd integer 3 < s < k that is relatively
prime to the order of every element of Out(T'). Then G contains Ay,.

Corollary 5.2.6. If P € {A,S;} and k > |T| -3, then G contains Ay,.

Proof. We have |Out(T)| < |T|Y3 by Lemma 2.2.5. In particular, |Out(T)| < |T'|/3, so there exists
a prime s such that |Out(T")| < s < k& (Bertrand’s postulate). Now apply Lemma 5.2.5. |

The following extends [51, Proposition 3.3], which asserts that 6(G)=2if 2 >32 and P ¢
{A,S}. As before, r(G) is the number of regular suborbits of G, noting that r(G) > 1 if and only
if 5(G) < 2, and r(G) = reg(Q) if b(G) = 2.

Proposition 5.2.7. If k> 32 and P ¢ {A},S3}, then r(G) > 2.

Proof. We use the same construction as in the proof of [51, Proposition 3.3]. By [109, Theorem
1], there exists a partition & = {I11,Ilg,I13} of [k] such that each II; is non-empty, |I11], |II3| and

[TIg| are distinct, and
3
(5.2.1) M P,y =1.
m=1

Let x1,x9 € T be non-trivial elements of distinct orders. By the main theorem of [63], there exist
¥1,¥2 € T such that (x;,y;) =T. Let A; ={D,D(¢y, ,,..., 1)} for i € {1,2}, where ¢; ; =1if j €Iy,
t;;j=x;if jellp, and ¢; ; = y; if j € II3. As explained in the proof of [51, Proposition 3.3], both A;

and Ag are bases for G.

for some j' € [k], then ¢g j = t2 j and

-1

-1
tojn=8 t1;=8 tip=tay

Hence, 7 € Pg), and so 7 € Py, ) for each m € {1,2,3} as |I11], |[Iz| and |II3]| are distinct. This
implies that 7 = 1 by (5.2.1), and so g = 1. However, it follows that x{ = xg, which is incompatible
with |x1] # |xg]. We conclude that A; and Ag are in distinct Gp-orbits, and thus r(G) > 2. |

Remark 5.2.8. In fact, as we will show in Section 5.5, we have r(G) > 1 whenever 3 <k <|T|-3,
with equality if and only if T = A5, k € {3,57} and G = T*.(Out(T) x S}). In particular, it follows
that r(G) > 2 if k <32 and P ¢ {A,S3}.

5.2.3 Simple groups

We record some properties of finite simple groups that will be used to prove our main results.
Let T be a finite simple group of Lie type over a finite field [, of characteristic p, and let

K be the algebraic closure of F,. Recall that a semisimple element x € T' is regular if |C7(x)| is
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indivisible by p. In particular, if T is a classical group with natural module V', then a semisimple
element x € T is regular if a pre-image % € GL(V) has distinct eigenvalueson V=V @ K. And if T
is an orthogonal group, then x is also regular if ¥ has a 2-dimensional (+1)-eigenspace and all the
other eigenvalues are distinct.

We say that a subset {¢1,...,¢,,} of T is an invariable generating set if (tgl,...,tfz”‘) =T for
any g1,...,&m € T. It has been proved in [65] and [77], independently, that every non-abelian

finite simple group is invariably generated by 2 elements.

Theorem 5.2.9. Suppose T ¢ {L2(5),L2(7),Q§(2),PQ§(3)} is a finite simple group of Lie type.
Then there exist regular semisimple elements x and y of distinct orders such that T is invariably

generated by {x,y}.

Proof. If T is an exceptional group, then we take x and y to be #; and ¢9 in [77, Table 2],
respectively, noting that ¢; is a generator of the maximal torus 7' in that table. It is evident that
|t1]| # |t2| in each case, and {¢1, 9} invariably generates T by [77] (see [77, p. 312]). Moreover, we
observe that (t1) and (¢9) are both maximal tori, which implies that each ¢; is regular semisimple.

To complete the proof, we may assume T is a classical group. Here we will work with
the corresponding quasisimple group @ € {SL (¢),Sp,(q),Q}(¢)}, noting that if @ is invariably
generated by {1,%2}, with #1 and ¢ regular semisimple, then T' = @/Z(Q) is invariably generated
by {x,y}, where x and y are the images of ¢; and ¢2 in T, respectively (so x and y are also regular
semisimple). Moreover, |x| = |t1)/a and |y| = |t2|/b for some integers a,b dividing |Z(Q)|, so |x| # |y|
if

(5.2.2) [t2|1Z(Q)| is indivisible by |¢1| and |£1]|Z(Q)]| is indivisible by |¢2].

First assume @ ¢ {SLg(q),Qg(q)}. Here we use the same 1 and t9 as presented in [77, Table
1]. In each case, it is clear that ¢#{ and ¢ are semisimple elements satisfying (5.2.2), and {#1, t2}
invariably generates @ by [77, Lemma 5.3]. Thus, it suffices to show that ¢; and ¢9 are regular in
every case, which is a straightforward exercise (for instance, we can work with the criterion for
regularity in terms of the eigenvalues on V as discussed above).

For example, consider the element t9 € @ = sz(q). Here, t9 is of the form

tF(A B)

with respect to a decomposition V =U L W, where 6 € {1,2}, U and W are subspaces of minus
type of dimensions 4m — 4 and 4, respectively, A € SOy, _,(q) has order ¢>"2+1landBe SO, (q)
has order g2 + 1. Here we note that the block-diagonal matrix diag(A,B) is in S0;,,(¢), and &
is chosen so that t3 € Q} (q). We only deal with the case where § = 1 since a similar argument

holds for 6 = 2. Then the eigenvalues of A over the algebraic closure K of [, are
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for some A € K of order ¢2™~2 + 1. Similarly, the set of eigenvalues of B over K is {u, u9, uq2, qu}
for some p € K of order @?+1. If U= A9 for some i € {0,...,4m — 5}, then A9'@+D = 1 and so
g% 2 +1 divides ¢*(¢? + 1), which implies that ¢>™ 2 + 1 divides ¢ + 1 since (¢>" 2 +1,¢") = 1.
However, since m > 3, this is impossible. It follows that the eigenvalues of #9 over K are distinct,
and so ¢2 is a regular semisimple element.

Finally, let us handle the two excluded cases above. If @ = SLo(q) with g ¢ {4,5,7,9}, then we
take the same ¢; and ¢9 as indicated in the proof of [77, Lemma 5.3]. The group La(4) is invariably
generated by an element of order 3 and an element of order 5, and if ¢ =9 then we take x and y
to be of order 4 and 5, respectively. If @ = Qg(q) with ¢ ¢ {2,3}, then we take 7 as in [77, Table 1],
and t9 an element of order (g3 — 1)/A2, g — 1) as described in the proof of [77, Lemma 5.4], where it
is denoted ¢3. ]

It is worth noting that the excluded groups Lz(5), La(7), Q5 (2) and PQ{(3) in Theorem 5.2.9
are not invariably generated by any pair of regular semisimple elements of distinct orders. This
can be checked using MAGMA [10]. More specifically, we find the set of maximal overgroups of an
element x € T up to T-conjugacy using the method given in [25, Section 1.2], noting that x and y
do not invariably generate T if there is a maximal subgroup M of T such that both |x” N M| and
lyT N M| are non-empty.

As mentioned in Section 5.1, one of our probabilistic approaches in Section 5.4 relies on
computing

R(T) :=max{|Cr(x)|:1#x€Aut(T)}

for every non-abelian finite simple group 7.

Theorem 5.2.10. Let T be a non-abelian finite simple group. Then h(T) is listed in Tables 5.2
and 5.3.

Remark 5.2.11. Let us briefly comment on the notation we adopt in the third columns of Tables
5.2 and 5.3, where we record an element x € Aut(T") with |C7(x)| = A(T).

(i) We adopt the notation in [123] for labelling conjugacy classes when T is a sporadic group.

If T is Lie type, then we write u, for a long root element.

(ii) When T = L,(q), we write ¢ for a field automorphism of order f =log, g, where p is the
characteristic of the field [F,.

(iii) If T'=Loa(q), then let H be the normaliser in PGL2(q) of a non-split maximal torus of T, so
H = D34 +1). We then define s € H to be the central involution if g is odd, and an arbitrary

element of odd prime order if ¢ is even.
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T h(T) X Conditions
A, (n—-2)! (1,2)
Es(q)  ¢°"E«(@I2,q-1) La
Ex(q)  ¢**1SO,(l/(2,q) La
Ei(q)  q?SLi(@l(3,q—¢) La
Fiq@)  q*ISps(q)l Uq
Ga2(q)  ¢°ISLa(q)| Ua q>3
*Dalq)  q'*(q®-1) Ua
2Fa(q)  q°12Ba(q)| La q>2
2F4(2) 10240 Uq
%Go(q)  ¢° Ua q>27
2Balq)  ¢2 Uqg
Li(g)  [PGLg(gY2)| Ol n=2,f is even
g+1 S n=2,f is odd
IPGLs(q'?)| P2 n=3,e=+, fiseven, 3|¢2+1
IPGUs(g2)| o2y n=3,e=+,fiseven, 3{¢g"2+1
(2,9 —€)IPGSpy(g)l/(4,g—€) 11 n=4
IGU,-1(l/(n,q +1) [wl1,I,_1] n>6iseven, e=—
q2”_3IGLfL_2(q)I/(n,q —€) Ug n>5isodd, or e =+
PSp,(q) [Spy(q?)l t1 n=4,qisodd
q" 1Sp,_2(q)l U n>6or q is even, (n,q) # (4,2)
PQ7(q) SO, _4(q)l t] n is odd
ISp,,—2(q)I b1 n is even, q is even
1Q2,-1(q)| Y1 n is even, q is odd

Table 5.2: h(T) in Theorem 5.2.10 for non-sporadic groups

(iv) We adopt the notation in [21, Chapter 3] for elements of classical groups. For example, if
T =PQ:(q), where n is even and q is odd, then a pre-image in O%(g) of an element of type

Y1 is an involution of the form [-1,1,,_1] (see [21, Section 3.5.2.14]).

Proof of Theorem 5.2.10. First observe that we only need to consider prime order elements in
Aut(T), since C7(x) < Cr(x™) for any integer m and x € Aut(T).

Assume T = A, is an alternating group. If n =5 or 6, then the result can be checked using
MAGMA. Now assume n > 7, so Aut(T) = S,,. It is easy to see that |Cp(x)| is maximal when x is a
transposition, in which case Cg, (x) =Sg xS, _2 and thus |C7(x)| = (n — 2)!. Hence, h(T) = (n —2)!.
If T is a sporadic group, then |C7(x)| for all x € Aut(T') can be read off from the character table of
T (and also of Aut(T') = T'.2 if |Out(T")| = 2), which can be accessed computationally via the GAP
Character Table Library [12].

For the remainder, we may assume 7T is a simple group of Lie type over [F;, where q = p! with
p a prime. As discussed in Section 2.2.4, an element in Aut(7T') of prime order is either contained
in the group Inndiag(T") of inner-diagonal automorphisms (so it is semisimple or unipotent), or is

a field, graph or graph-field automorphism. Recall Table 2.3 for the description of Inndiag(T).
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T h(T) X

M, 48 2A
M2 240 2A
Moo 1344 2B
Mss 2688 2A
Moy 21504 2A
J1i 120 2A
Jo 1920 2A
Js 2448 2B
Jg 21799895040 24
HS 40320 2C
McL 40320 2A
Suz 9797760 3A
He 161280 2A
HN 177408000 2A
Ru 245760 2A
Ly 2694384000 3A
Co; 1345036492800 3A
Cog 743178240 2A
Coz 2903040 2A
Th 92897280 2A
O'N 175560 2B
Fige 18393661440 2A
Fies 129123503308800 2A
Fi/24 4089470473293004800 2C
B 306129918735099415756800 2A

M 8309562962452852382355161088000000 2A

Table 5.3: A(T) in Theorem 5.2.10 for sporadic groups

Assume T is an exceptional group. Here we assume T # 2G2(3)’ =Lo(8) and T # Go(2) = U3(3)
as noted in (2.2.1). By [31, Proposition 2.11], |Cr(x)| is maximal when x € T is a long root element.
So let us assume x € T is a long root element. If T is not 3D4(q) or ZBg(q), then |C7(x)| can be
read off from the tables in [94, Chapter 22], noting that x™*4i28(D) = xT Ly [94, Corollary 17.10].
If T =3D4(q) or 2Bo(g) then we can find |C7(x)| in [113, p. 677] and [117], respectively.

For the remainder of the proof, we assume T is a classical group defined over F,. Let V be the
natural module of 7' and write V =V ® K, where K is the algebraic closure of ;. For x € PGL(V),
let X be a pre-image of x in GL(V). Following [16, Definition 3.16], we define

v(x) = min{dim[V,A%] : L e K™},

where [V, A%] = {v — AZv : v € V}. That is, v(x) is the codimension of the largest eigenspace of ¥ on
V, noting that v(x) is independent of the choice of pre-image %. Upper and lower bounds on |x7|

in terms of n, ¢ and v(x) are given in [16, Section 3]. Similarly, if x is a field, graph or graph-field
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automorphism, then lower bounds for |x”| can be read off from [16, Table 3.11]. In addition,

Inndiag(T) jnto distinct T-classes, can be found

|Cnndiag(T)(%)|, and a description of the splitting of x
in [21, Chapter 3]. In particular, note that if x € Inndiag(T') is a semisimple element of prime
order, then x™0diag(D) = xT' (gee [60, Theorem 4.2.2(j)], also recorded as [21, Theorem 3.1.12]).
We start with the case where T = La(q). Let H be the normaliser in PGL2(q) of a non-split
maximal torus of T', so H = Dy(4+1). If g is odd, then we let x be the central involution in H, and
if g is even, let x € H be an element of odd prime order. Then |[Cr(x)|=q+1, so A(T) > g+ 1. Let
y € Aut(T') be an element of prime order. Note that if y is unipotent then |Cr(y)| = g, whereas
|Cr(y)| divides g +1 or g —1 if vy is semisimple. Thus, we only need to consider field automorphisms,
noting that |Cpgr,q)(¥) = IPGLo(qY")| if y is a field automorphism of prime order r. It follows

that |CpgLyg) ()l > g+ 1 only if r =2 (so f is even). Indeed,
ICT(3)] = ICpGLy)(¥)] = [PGL2(gV?) > g +1

if ¥ is an involutory field automorphism, and so we conclude that A(T) = I[PGL2(gV2)| if f is even,
and A(T)=q+1if f is odd.

To complete the proof for linear and unitary groups, we assume T = L (q) with n > 3. Let
x € T be a unipotent element with Jordan form [Jg, J f‘Z] on the natural module, noting that x is
a long root element. Then |Cpgye (4)(x)| can be read off from [21, Tables B.3 and B.4], and we have
xPGLn(@) = xT by [21, Propositions 3.2.7 and 3.3.10]. More specifically,

IC7 ()| = (n,q — &) ¢*" 2 |GLE_y(g)|

and
2n-1

T| - |xPOLE@)| = IPGLA(@)l  _2q
g 3IGLE (@)l g1

The groups with n € {3,4} require special attention, and we treat them separately.

|

Assume T =L5(q), so |Cr(x)| =(3,q9 - €)1¢3(qg —¢), and let y be an element in Aut(T") of prime
order that is not a long root element. If y € PGL5(q) and v(y) = 2, then either y has Jordan form
[J/3] or |y| is odd, so by [16, Propositions 3.22 and 3.36],

q

T|s (
23,9-¢e)\g+1

Y )q6>(q2—1)(q2+8q+1)=Ile.

If v(y) =1 and y is semisimple, then a pre-image ¥ of y in GL(V) is [wl1,I2], so |[Cp(y)| =
3,q —5)_1|GL§(q)I. It is easy to see that |Cr(y)| < |Cr(x)|. If y is a graph automorphism, then
ICpaL() (V)] = ISL2(g)l, so [C7(y)| < |Cr(x)| evidently. If y is a field automorphism of odd prime
order r, then by [21, Propositions 3.2.9 and 3.3.12],

ICpar()] = IPGL(g") < ¢(¢™? - (g - #),

so |[Cr(y)| < |CPGL§(q)( | < |Cr(x)|. Thus, we only need to consider involutory field or graph-field

automorphisms, so we can assume € = + and [ is even.
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Let y;1 be an involutory field automorphism. Then by [21, Proposition 3.2.9],

3,¢4"2+1) v
C =——|PGL .
[Cr(yDI BG.a-D | 3(¢7 I
Similarly, if y9 is a graph-field automorphism, then
(3,¢"%-1) v
C =——|PGU
ICr(y2)l G.a-D | 3(g7 I

by [21, Proposition 3.2.15]. Note that
IPGL3(q"?)| < ¢°(g - 1) < IPGU3(¢"?)| < 3|PGL3(g"?)!.

Therefore, A(T) = |Cr(x)| if f is odd or € = —, h(T) = |Cp(y1)| if e =+, f is even and 3 | ql/2 +1,
otherwise A(T) = |Cp(y2)|.

Next, assume 7' = Lj(q) and let z be a graph automorphism of type y1 (see [21, Sections 3.2.5
and 3.3.5]), so by [21, Propositions 3.2.14 and 3.3.17], we have
(2,9-¢)
(4,9-¢)
and we claim that A(T) = |Cp(z)|. Note that

1
IPGSp4(q)| > ————q5(¢% - 1)(q — &) = |C(x)|

|ICr(2)] = @.q-0

2.3 _
|ZT|:¢1 (q 8)‘
2,g-¢)

By [16, Propositions 3.22, 3.36, 3.37 and 3.48], we have

1 q
T 6
>———]q

for any unipotent, semisimple, field or graph-field element y € Aut(T) of prime order. Hence,
lyT| > 12T if ¢ > 4, and for g € {2,3} we can check that |y”| > |zT| using MAGMA. Similarly, if y is
a graph automorphism, then |yT| > |zT| by inspecting [21, Tables B.3 and B.4].

Finally, assume T' = L (¢) and n > 5. Then by applying the bounds in [16, Table 3.11] we see
that

T

11-e) 2n-1
) > |x

2\g+1 q-
if y is a field, graph or graph-field automorphism, unless (n,q) = (5,2) or (6,2), in which cases one
can check that | yTl > |xT| with the aid of MAGMA. If y is a unipotent or semisimple element with

v(y) > 2, then ono1
e
71> % (ﬁ)q‘m‘s > 23? > x|
by [16, Proposition 3.36]. Thus, we only need to consider the cases where v(y) =1 and y is
not Aut(T)-conjugate to x. In this setting, y is semisimple and a pre-image ¥ of y in GL(V) is
[wIy,I,-1], where w is a non-trivial r-th root of unity in F, if € = +, or F 2 if € = —, for some prime
r. It follows that

IC(y)| = (n,q — ) HIGLE _(q).
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Note that |C7(y)| > |Cr(x)| if and only if € = — and n is even. This implies that
WT)=(n,q - ) 'IGL;,_;(q)]

if e = — and n is even, otherwise A(T) = |Cp(x)|.

This concludes the proof of Theorem 5.2.10 for linear and unitary groups. We can use a very
similar approach to handle the symplectic and orthogonal groups and we omit the details. But let
us remark that if ' = PSp,,(q) is a symplectic group, then |C7(x)| is maximal when x is a long root
element, unless n =4 and q is odd, where an involution of type ¢ has the largest centraliser order.
If T =PQ¢ (q), where n is odd or q is even, then |Cr(x)| is maximal when x is an involution of type
t} or by, respectively. Finally, if T' = PQ (q) with n even and ¢ odd, then a graph automorphism
of type y1 has the largest centraliser order. All the relevant information about these elements
can be found in [21, Chapter 3]. |

An immediate corollary is the following.

Corollary 5.2.12. We have h(T) < |T|/10 for any non-abelian finite simple group T.

5.3 Holomorph of simple groups

Recall that Hol(T') = T:Aut(T) is the holomorph of T, which acts faithfully and primitively on
T (in fact, Hol(T) = T2.0ut(T) is a diagonal type primitive group). Note that every element in
Hol(T') can be uniquely written as ga, where g € T acts on T by left translation and a € Aut(T")
acts naturally on T'. That is,

5% = (g~ ')"

for every ¢t € T. Let Hol(T', S) be the setwise stabiliser of a subset S < T in Hol(T"). Throughout this
section, we assume P =S}, so W = T* (Out(T) x Sp,). The following result is a key observation.

Lemma 5.3.1. The following statements are equivalent.

() {D,D(¢y,,...,¢z,)} is a base for W;
(ii) t1,...,tp are distinct and Hol(T,{t1,...,t3}) = 1.

Proof. First assume (i) holds. If ¢; = ¢; for some i # j, then (i, j) € W stabilises the points D
and D(¢¢,,...,¢:,), which is incompatible with (i). Thus, ¢1,...,¢; are distinct. Suppose ga €
Hol(T,{t1,...,t%}). Then for any i we have

(5.3.1) tj=t5" = (g 1t;))" = (g H)t?

for some j. That is, ga induces a permutation 7 € Sj by (g_l)“t;.’ = t;=. Now it is easy to see that
(a,...,@)n fixes D(¢;,,...,¢s,). Hence, @ = 1 and 7 = 1, which implies that g = 1 by (5.3.1), noting

that i = j since 7 = 1.
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Conversely, suppose (ii) holds and (a,...,a)n fixes D and D(¢,,...,¢;,). Then there exists
g € T such that t;» = g_lt‘i" for all i. It follows that g“_la € Hol(T',{t1,...,t3}), which implies that
g=1land a=1. As ¢1,...,t} are distinct, this gives 7 = 1 and so (i) holds. |

Let 22, (T) (or just &, if T is clear from the context) be the set of k-subsets of T'. Recall that
r(@) is the number of regular suborbits of G.

Lemma 5.3.2. The number of regular orbits of Hol(T') on &, or & -, is r(W). In particular,
b(W) =2 if and only if Hol(T) has a regular orbit on &, or P |-

Proof. This follows directly from Lemma 5.3.1, noting that Hol(T',S) = Hol(T', T'\ S). |

Given a subset S € T, it is difficult to determine Hol(T,S). In particular, it is difficult to
construct a subset S € T such that Hol(7,S) = 1. By the transitivity of Hol(T) on T, we may

assume 1€ S.

Lemma 5.3.3. Let X1 and Xo be subsets of T such that 1€ X1nN X9 and Xfa =Xo. Then g€ X;.
Proof. We have g7 1X; = Xé"_l, so 1€ g71X; and thus g € X;. [ |

Now we give some sufficient conditions that allow us to deduce that Hol(T',S) = 1 for a subset
S < T containing 1. Here we write Aut(T, R) for the setwise stabiliser of R € T in Aut(T).

Lemma 5.8.4. Let S ={t1,...,t3} € &, with t1 = 1. Then Hol(T',S) = 1 if the following conditions

are satisfied:
(1) Aut(T,{to,...,tr}) =1, and
(i) Forall 2 <i <k, {It; 1, |67 ¢x 1} # (L, 1tal,..., ltx ]},

Proof. Suppose ga € Hol(T,S), where g € T and a € Aut(T"). By Lemma 5.3.3, we have g€ S. If
g =t1=1then a € Aut(T,{to,...,tz}) and condition (i) forces a = 1. If g =¢; for some 2 <i <k
then t;1S =S¢, which implies that {|¢;'¢1],...,1¢; ¢ 1} = {1,|¢2l,..., |21}, which is incompatible
with the condition (ii). |

Corollary 5.3.5. Let S = {t1,...,t3} € P}, with t1 = 1. If Out(T) = 1 then Hol(T,S) = 1 if all the

following conditions are satisfied:
(i) to,...,tp have distinct orders;
(ii) M = (tq,...,tp) is a maximal subgroup of T such that Z(M)=1;
(iii) for all 2<i <k, {1t 1,16 ) £ {1, ltal, .. 124 ).
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Proof. In view of Lemma 5.3.4, it suffices to show that conditions (i) and (ii) imply that
Aut(T,{to,...,t2}) = 1. Suppose a € Aut(T,{tg,...,tz}). Then a € Cauyr)(t;) for each i, as ta,...,t3
have distinct orders. It follows that a centralises (¢9,...,fz) = M and so a € Cayyr)(M). Since
Out(T) = 1, this implies that a € C7(M) < Np(M) = M since M is maximal, so a € Z(M) = 1. This
completes the proof. |

Lemma 5.3.6. Let X1 ={t1,...,t3} and X9 ={s1,...,s,} be k-sets in P}, such that 1€ X1nXq and
Hol(T',X;) =1 for each j€{1,2}. Then X1 and X2 are in distinct Hol(T)-orbits if

1

(e S OO s 4 X (FR RN A

for any i € [k].
Proof. This follows immediately from Lemma 5.3.3. |

Remark 5.3.7. Let us briefly discuss the main computational techniques we will use to show
that r(W) > 2 for some suitable T and k. We refer the reader to Appendix A.1.3 for the relevant
MAGMA function RanHolOrder to implement this approach.

(i) Let X1 and X3 be k-element subsets of T' containing 1, and let O; ={|#|: ¢ € X;}. Assume
that |Oj| =k, (XJ) =T and
0; #{x" t:te X;)
for any x € X ;\ {1}. Then Hol(T', X ;) = 1 by Lemma 5.3.4, noting that the first two conditions
imply that Aut(7',X; \ {1}) = 1. Combining Lemmas 5.3.2 and 5.3.6, we have r(W) > 2 if

Oz #{lx71t|: te X1}

for any x € X;. For suitable T and %k, we can construct T in terms of an appropriate
permutation representation in MAGMA, and implement this approach to find k-subsets X1
and X9 of T with these properties by random search. We will only need to use this method
for £ < 11.

(i1) In some cases where Out(T') = 1, we will work with a centreless maximal subgroup M of T,
rather than T itself. More precisely, if X1 and X are k-element subsets of M containing 1
and O; ={|¢| : t € X}, then by Corollary 5.3.5, we have Hol(T', X ;) = 1if [Oj| =k, (X;) =M
and

0; #{x tl:te X}
for any x € X; \ {1}. Again, by Lemmas 5.3.2 and 5.3.6, we have r(W) > 2 if
Oz #{lx™ 't te X1)

for any x € X;. For example, if T' =M is the Monster sporadic group and 3 < % <5, then we
will work with a maximal subgroup M of T isomorphic to Le(71) (this case arises in the

proofs of Lemma 5.5.2 and Proposition 5.5.10).
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5.4 Probabilistic methods

In this section, we assume G = T* (Out(T) x Sz) with 2 < 2 < |T|. By Lemma 5.3.2, we have
r(G) > 2 for k = m if and only if r(G) > 2 for & = |T| — m, so we will assume 5 < &k < |T|/2
throughout this section (we will treat the cases where k € {3,4} separately in Section 5.5).

In Section 5.4.1, we will estimate the probability Pr;(7T) that a random k-subset of T" has
non-trivial setwise stabiliser in Hol(T'), noting that
{S € &), : Hol(T',S) # 1}|

W
k

In view of Lemma 5.3.2, we have r(G) > 2 if and only if

(5.4.1) Pr,(T) =

[Hol(T)
T
(%)
To establish this inequality, we will give upper bounds on Pr;(T) in Section 5.4.1. In particular,

we will show that r(G) > 2 if 41og|T'| < k < |T'|/2 (see Proposition 5.4.7).

Finally, to handle certain cases where % is small, in Section 5.4.2 we will consider the

(5.4.2) Pr,(T)<1-

probability @(G,2) that a random pair of elements in Q is not a base for G, which we recall is a
widely used method in the study of base sizes (see Section 2.4).

5.4.1 Holomorph and subsets

We first consider Pr,(T), as defined in (5.4.1). Let & ={S € &2, : Hol(T',S) # 1} and suppose S € &.
Then there exists o € Hol(T',S) of prime order. In other words, S € fix(g, £7;,), where

fix(o, Py) ={S € P}, : o € Hol(T, S)}

is the set of fixed points of o on ZZ. It follows that

7= U fix(o, Z%)

OER

< ) Ifix(o, P,
OER

where Z is the set of elements of prime order in Hol(7'). Recall that r(G) > 2 if and only if (5.4.2)
holds. Thus, r(G) > 2 if

Y Ifix(a, Zp)| < (':' ~ [Hol(T)l.

OER

Moreover, since 5 < k2 < |T'|/2, we note that |[Hol(T)| < %('g') by Lemma 2.2.5. This observation
yields the following result.

Lemma 5.4.1. We have r(G) > 2, and hence b(G) =2, if

(5.4.3) (ITI) >2 ) [fix(o, Pl
k 0ER
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In order to apply Lemma 5.4.1, we need to derive a suitable upper bound for the summation

appearing on the right-hand side of (5.4.3).

Lemma 5.4.2. Let o € Hol(T) be of prime order r with cycle shape [r™,1T1=""]. Then

W] (o \ (1T = mr
fi D) = .
[fix(a, &%) uZ:O u) by

Proof. This follows by noting that any subset fixed by ¢ is a union of some cycles comprising o.
|

If 0 € Hol(T) is an element as described in Lemma 5.4.2, then |T| — mr is the number of
elements in T fixed by o. It follows that |T'| — mr < fix(Hol(T')), where fix(Hol(T")) is the fixity
of Hol(T') (the fixity of a permutation group is the maximum number of elements fixed by a

non-identity permutation). Recall that
A(T) = max{|C7(x)| : 1 # x € Aut(T)},
which has been determined in Theorem 5.2.10.

Lemma 5.4.3. We have fix(Hol(T')) = h(T).

Proof. Let o € Hol(T') be such that it fixes at least one element in 7. We may assume ¢ fixes
1 e T by the transitivity of Hol(T'). Thus, o € Aut(T") and hence C7(0) is the set of fixed points of
o, which completes the proof. |

Corollary 5.4.4. If 0 € Hol(T') has prime order r, then

\k/r]
fix(o, ) < 3 ('T'/ r)( D )

o\ u J\k-ru

The following bounds on binomial coefficients come from [114, Theorem 2.6], where e is the

exponential constant.

Lemma 5.4.5. Let ¢,m,n be positive integers with n > m. Then
l
e_s%’a(ﬁ,m,n) < (n ) <a(l,m,n),
m¥

where

o) e
GO (n-m)ym) \(n—-mymmm) "
Corollary 5.4.6. Suppose n =tm for some integer t > 2. Then

2 O\E( n 2 \E i\
((t—l)n) ((t—l)t—l) <m(m)<((t—1)n) ((t—l)t—l) '
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Proof. Put /=1 and m = n/t in Lemma 5.4.5. |
Proposition 5.4.7. If 4log|T| <k <|T|/2, then r(G) > 2. In particular, b(G) = 2.

Proof. First, if T = A5, then we construct Hol(7T') as a permutation group on T via the function
Holomorph in MAGMA. We then find two k-subsets of T" lying in distinct regular Hol(T")-orbits by
random search (see the function RanHol in Appendix A.1.3).

Hence, we may assume |T'| > 168 and thus 4log|T'| < |T'|/4. First assume |T'|/4 <k < |T|/2. By
Corollary 5.4.4, we have

Wl (111e\ [ R(T) e[ AT irye| (T
|ﬁx(0,<@k)|<u20( » )(Lh(T)/QJ S2 LR (T)/2) s2 LA (T)/2)

for every element ¢ € Hol(T') of prime order. Hence, (5.4.3) holds if

h(T)
LA(T)/2]

b

(5.4.5) ('Z') > [Hol(T)|2'T2+1

and it suffices to consider 2 =|T'|/4. Now we apply (5.4.4), which gives

eI

and

T N 1 .- 4 (i)lT'
ITV4|  ver  V3ITT \3%4
h(T)

< LA g L 40 oo
w2l S Var \ k(D) var \ T

as h(T) <|T)/10 by Corollary 5.2.12. Combining the inequalities above, we see that (5.4.5) holds
for k =|T|/4 if

B e B LLWT)
Finally, since |Out(T)| < |T V3 by Lemma 2.2.5, it suffices to show that
(5.4.6) t7! > V30es T3,
where

to=4-371.27271 = 1.1577....

and it is easy to check that the inequality in (5.4.6) holds for all |T'| > 168.
Now assume 4log|T'| < k <|T'|/4 and let 0 € Hol(T') be of prime order r. Observe that ru <k <
|T'|/4 for all u €{0,...,|k/r]}, so

Ty Rery ) R\ T2\ [ R(T)

Lk/r)
<5 (|T|/2 h(T))

ru |\k—-ru

u=0
|T/2+ h(T)
k

<

ki
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noting that the third inequality follows from Vandermonde’s identity. Thus, (5.4.3) holds if

T T\/2 T
(5.4.7) TN S ormotcry | TV2 D).
k k
It is easy to see that (5.4.7) is equivalent to
7! (T\/2+ h(T))!
——— > 2|Hol(T' .
aT—mn > 2 e R T = B

Now
T -m S |T

TV2+h(T)—m ~ T2+ hT) '
for every m €{0,...,k — 1} and thus (5.4.7) holds if ¢* > 2|Hol(T)|. By Corollary 5.2.12, we have
|T|/h(T) > 10, and hence ¢ > 5/3. Therefore, (5.4.7) holds if (5/3)% > |T|8/3 (by applying Lemma
2.2.5), which implies the desired result. |

Now we turn to the cases where 5 < k& <4log|T|. We start by giving some sufficient conditions
for r(G) > 2.

Lemma 5.4.8. Suppose 5 <k <4log|T|. Then r(G) > 2, and hence b(G) =2, if

|T/2

|T| |k/2]
4. 2|Hol(T'
(5.48) p |7 2D Y o

W) )

Proof. If 8log|T| < h(T), then k < h(T)/2 and (5.4.3) follows via (5.4.8) and Corollary 5.4.4. By
inspecting Table 5.2, we see that 8log|T'| > A(T') only if T is isomorphic to one of the following

groups:
(5.4.9) M1, J1, 2B2(8), L(3), La(q) (g < 167).

Assume T is one of the groups in (5.4.9) and suppose ¢ € Hol(T") has prime order r. We claim
that

[k/2] ITV/2\( h(T)
5.4.10 fi .
( ) ix(o, Zp)l < Eo( u |[\k—2u
To see this, first assume o is fixed-point-free on 7. Then |[fix(c, %) =0 if r{ k, and
|T\/r
fi D) =
[fix(o, Z) (k/r)

otherwise. In particular, the inequality in (5.4.10) holds. Now assume o has a fixed point on T'.
Since o is conjugate to an element fixing the identity element in T', we may assume o € Aut(T).
Then with the aid of MAGMA and Corollary 5.4.4, it is easy to check that (5.4.10) holds when T is
one of the groups in (5.4.9).

We conclude that the proof is complete by combining (5.4.8) and (5.4.10) with Lemma 5.4.1.
[ |
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Lemma 5.4.9. The inequality (5.4.8) holds if
(5.4.11) 24yt | TIF™% > 2|Hol(T)| [ k/2] k2* e ¥ (T 24
for every u €1{0,...,|k/2]}, where we define u* =1if u=0.

Proof. First observe that (5.4.8) holds if

|T/2\| h(T)

1T
(5.4.12) ( k ) > 2|Hol(T)|1%/2] b —ou

for every u €1{0,...,|k/2]}. Now

k—
(k k2 ) 2u<e2u
—2u

for all such u. Therefore, (5.4.12) follows by combining (5.4.11) and the well-known bounds on

ﬂ<(n)< (en)™

binomial coefficients

mm S \m| > mm
for any integers n > m > 0, where we define m™ =1if m =0. |

We conclude this section by establishing two more technical lemmas, which will play a key

role in Section 5.5.

Lemma 5.4.10. Suppose |T'| > 4080 and 5 < k < 4log|T|. Then (5.4.8) holds if there exists an
integer kg in the range 5 < ko < k such that

(5.4.13) IT%0 > |Hol(T)|2k 50 e3k0
and
(5.4.14) h(T)? < ko|T).

Proof. We first prove that (5.4.8) holds if £ = k¢. In view of Lemma 5.4.9, it suffices to verify
the inequality in (5.4.11) for all u €{0,...,|k/2]} and we will do this by induction. First assume
u = |k/2] and note that (5.4.13) is equivalent to (5.4.11) if & is even. For k2 odd we have u = (k—1)/2
and the inequality in (5.4.11) is as follows:

IT|(k - 1)\ k-1 o(-1\2
In view of (5.4.14), we see that (5.4.15) holds if

T|\*(k-1\F"!
(%) (T) e > k*[Hol(T)P?,
e

(5.4.15) (

which is implied by (5.4.13) since (k%l)k_1 > e~ 1. Therefore, (5.4.11) holds for u = [k/2] and we

have established the base case for the induction. Now suppose (5.4.11) holds for u = ug, where
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1 <ug < |k/2]. Tt suffices to show that (5.4.11) holds for u = ug — 1. Here the desired inequality

holds if
(wo— 1ot
ug’

277 >k 271 y(T)?,

but this is implied by (5.4.14), noting that (“g—;l)”o_l >e 1 and 2ug < k. In conclusion, if & = kg
then (5.4.11) holds for all u € {0,..., %/2]} and thus (5.4.8) holds by Lemma 5.4.9.

Finally, we need to show that (5.4.8) holds when k¢ < k. By (5.4.14) we have h(T) < ko|T| <
k|T|, and by arguing as above, it suffices to show that

(5.4.16) IT* > [Hol(T)|2k2 % ek
Since |T'| > 4080 and 5 < k < 4log|T|, we get
+1 k+2
IT| > 2e*(4log|T|+1) > 2e*(k +1) > (T) e3(k +1).
Therefore, (5.4.16) holds for all 29 < k& < 4log|T| by induction on %, and the proof is complete. W

Lemma 5.4.11. Suppose 5 <k <4log|T|. Then (5.4.8) holds if there exists an integer kg such that

5< ko <k,

(5.4.17) | T'1% > 2|Hol(T)|ko/2) " h(T)*0
and

(5.4.18) 2h(T)? > (41og|T|)%e|T).

Proof. This is similar to the proof of Lemma 5.4.10, working with Lemma 5.4.9 to establish
the inequality in (5.4.8). First assume k& = k¢ and note that (5.4.17) is equivalent to (5.4.11) with
u = 0. We now use induction to show that (5.4.11) holds for all u € {0,...,|2/2]}. To do this, suppose
(5.4.11) holds for u = ug, where 0 < ug < |£/2] — 1. Then (5.4.18) implies that

1 (u0+1)u0+1
———
Uo

21T >k2e-(T)72,

and thus (5.4.11) holds for u = ug + 1 and the result follows.

Finally, let us assume k¢ < k. It suffices to show that
IT|* > 2[Hol(T)| |k/2]e* h(T)*

for all kg < k < 4log|T|. This is clear by induction on %, since we have |T'| > 2eh(T) for every T by
Corollary 5.2.12. [}
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5.4.2 Fixed point ratios

Now we turn to the probabilistic approach discussed in Section 2.4 to study b(G), where G =
T* (Out(T) x S1,). Here we will estimate the probability P, (T) := 1-Q(G,2) that a random element
in Q is in a regular orbit of Gp = D, noting that 6(G) = 2 if and only if P (T") > 0. Equivalently,

r(G)IG|

Pr(T) = |T|2k—2

is the probability that a random pair of elements in Q is a base for G. In view of (2.4.2), we have

%nD?C
1- Pk(T) < Z IxG| fpr(x)2 — Z Ix N | | G(x)l ’
x€R(G) x€R(G) |G|

where R(G) is a set of representatives for the G-conjugacy classes of elements in the stabiliser D
in G which have prime order. We adopt the notation from [51, Section 4] and define
R1(G):={(a,...,a)m € R(G): 7 is fixed-point-free on [£]},
Ro(G):={(a,...,a)te R(G):m =1},
R3(G):={(a,...,a)m € R(G): 1 #1 and 7 has a fixed point on [£]},

and G 9
D|?|C
ri(G):= Z " nDF G(x)l.
xeR(G) G|
It follows that
Q)G
(5.4.19) s = 1P <@ o) +1a(©),

which gives a lower bound on r(G). In particular, b(G) =2 if r1(G) +ro(G) + r3(G) < 1. Thus, we

need to bound each r;(G) above.

Lemma 5.4.12. We have r1(G) < (k!)?|T |83~ Tk21,
Proof. This is established in the proof of Theorem 1.5 in [51]. |
Lemma 5.4.13. We have ro(G) < (|T|/h(T))4_k.

Proof. Let f,(Aut(T)) be the number of conjugacy classes of elements of prime order in Aut(7).
It follows from the proof of [61, Lemma 4.2] that

T k-2
r2(G) < |0ut(T)|fp(Aut(T)) (%) .
Thus, it suffices to show that
(5.4.20) |OUt(T)| £ (Aut(T)) < ('—T')Z
4. u »(Au WD)
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First assume T = A, is an alternating group. Then as discussed in the proof of [61, Lemma
4.2], we have f,(Aut(T)) < %2 This implies (5.4.20) since A(T) = (n —2)! by Theorem 5.2.10.

Next, assume T is a sporadic group. Then f,(Aut(7T')) can be read off from the character table
of Aut(T") and it is easy to check that (5.4.20) holds in every case.

Finally, assume T is a simple group of Lie type over [,. Let f(T') be the number of conjugacy
classes in T'. As noted in [55], we have f,(Aut(T)) < |Out(T)|f(T). Thus, it suffices to show that

(5.4.21) Ou(T)2£(T) < ( 7l )2
4. u h(T)

We divide the proof into several cases.
Case 1. T # L, (g).

Here [57, Theorem 1.2] implies that f(T) < |T|/h(T), so in view of (5.4.21) it suffices to show
that

(5.4.22) R(T)|Out(T)? < |T).

First assume T # PQ{(q). Then |Out(T)| < 8logq and by inspecting Table 5.2, one can see
that |T|/h(T) > ¢°/2. Tt is straightforward to check that if ¢ > 13, then 128(logq)? < ¢2, which
implies that (5.4.22) holds for ¢ > 13. Then there are only finitely many exceptional groups
of Lie type to consider, and in each case we can use the precise value of A(T') in Table 5.2 to
verify (5.4.22). Hence, we may assume ¢ < 11 and T is a classical group. By our assumption,
T = PSp,(¢), Qn(q), PQ,(q), or PQ;(q) with n > 10 in the latter case. In each case, we have
|T|/R(T) > g2 by inspecting Table 5.2, so if n > 8 we get

|0ut(T)|? < 64(log q)? < ¢ < g™ 2 < |TV/R(T)

and thus (5.4.22) holds. There are finitely many groups remaining and we can check that (5.4.22)
holds in each case by using precise values of A(T) and |Out(T)|.

Now assume T =PQ{(q). Here |T|/h(T) > g% and |Out(T)| < 24f < 24logq. This shows that
(5.4.22) holds for g > 4 since we have 24%(logq)? < ¢®. If ¢ = 2, then |Out(T)|? = 36 < 120 =
|T'|/h(T), while for g = 3, we have |Out(T)|% =576 < 1080 = | T|/h(T).

Case2. T=U,(q), n>3.

In this case, [57, Theorem 1.2] implies that f(T) < %ITI/h(T), except when (n,q) =(3,3) or (4, 3).
In the latter two cases, it is easy to check (5.4.21). In the remaining cases, we have |T'|/hA(T) > q™
by inspecting Table 5.2, so (5.4.21) holds if

(5.4.23) |Out(T)|? < 2¢™.

Notice that |Out(T)| < 2(g + 1)logq < ¢ for ¢ > 7, and for g € {3,5} we still have [Out(T)| <
2(q + 1) < ¢2. This implies that if ¢ ¢ {2,4} and n > 4, then

|0ut(T)|? < ¢* < ¢" < 2¢"
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and so (5.4.23) is satisfied. If ¢ = 2 then |Out(T")| < 6, so (5.4.23) holds if n > 5; and if ¢ =4 then
|Out(T")| < 20, and thus (5.4.23) holds for n > 4. It is straightforward to check (5.4.21) when
T =U4(2), where we have f(T) = 20.

Finally, assume n = 3, so |Out(7T)| < 6logq. Here (5.4.23) is satisfied for all ¢ > 4 since
(6logq)? < 2¢3. By our assumption, the only remaining cases are T = U3(3) with f(T) = 14 and
T =U3(4) with f(T) =22, so the inequality in (5.4.21) holds.

Case 3. T = L,(q).

Here we may assume (n,q) # (2,4),(2,5),(2,9),(3,2),(4,2) as noted in Remark 2.2.2. If n =2
and q € {7,11}, then an easy computation using MAGMA shows that (5.4.20) holds, and the result
follows.

In each of the remaining cases, we have |T|/A(T) > g"~! by inspecting Table 5.2. Moreover,
[564, Corollary 1.2] implies that f,(Aut(T)) < 100|T'|/A(T), so (5.4.20) holds if

(5.4.24) 100|0ut(T)| < ¢ L.

Since |Out(T)| < 2(g — 1)logg < q2 for all g, (5.4.24) holds if n > 10. Moreover, if n > 4 then
(5.4.24) holds if ¢ > 100, while for g < 100 it is easy to check that (5.4.24) still holds in each case,
unless g =2 and n <8, or n€{5,6} and g <4, or n =4 and g < 9. But in each of these cases, it
is straightforward to check that (5.4.20) is satisfied, so to complete the proof we may assume
n€{2,3}.

Suppose n = 3, so |Out(T)| < 6logq and (5.4.24) holds if 600logg < ¢2. The latter holds if
q > 59. In fact, by working with the precise value of |Out(T")| we see that (5.4.24) holds if g > 25.
Finally, if ¢ < 25, then we can check (5.4.20) using MAGMA.

To complete the proof, we may assume T = Lg(q), so |Out(T)| < 2logq and |T'|/h(T) > (q +
1)¢2/2. Thus, (5.4.20) holds if

800logq < (g + 1)

since we have f,(Aut(T")) < 100q by [54, Corollary 1.2]. In this way, we deduce that (5.4.20) holds
if ¢ > 71. And for ¢ <71, we can check that (5.4.20) holds with the aid of MAGMA. |

o)

R4(G)={(a,...,a)r e R3(G) : m = (1,2)},
R4y(T)={acAut(T) : (a,...,a)n € R4(G)}
as in the proof of [51, Theorem 1.5]. Set P =S and

Lemma 5.4.14. We have
k)( 1 IOut(T)Ih(T)k‘3)+ k!

. 1
— 4+ +|T|73
2T |T|~=3 g 1

r3(G) < (
T3

Proof. First, let

raG):=11,2° Y

| AU ( ICInn(r)(@)] )H
a€R4(T) |T|

T
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Then we have

1 Aut(T)) (10 k-3
r4(G):]; T '“m l(l Imllgl)(aN)
(5.4.25) ) aeR4(T>\{1}h -
1 (T)\t
< +|Out(T)|(—) ,
2/\IT] T

As noted in the proof of [61, Theorem 1.5], we have

Inf|
(5.4.26) r3(@) <r4G)+

reR\{2) | T3
where R is a set of representatives for the conjugacy classes of elements of prime order in P and
rz is the number of (x)-orbits on [£]. Without loss of generality, we may assume (1,2) € R.

Let x,y € R be representatives of the P-classes (1,2,3)" and (1,2)(3,4)F, respectively. Note
thatry=ry,=k—-2and r, <k-3forall ze R\{(1,2),x,y}. Then

|| Lzl o (B 1(E\[E-2
) e S Db s Sl C L P R
reRM@2) [ T1°7"73  zeR\@,2),x, | T*777 73 3] 2\2 2

! Ry 1[k\[k-2
<= +ITI 5 (2| | +5
T3 3 212 2
and so the lemma follows by combining (5.4.25) and (5.4.26). |
Now we define

k! k4
(5.4.27) Q1(G):=(RDAT|5 2 20as 4 =4 =

T3 2|T|3

where 655, =1if £ =5 and 65 = 0 otherwise, and

B |T| 4-k k |T| 3-k
(5.4.28) QQ(G) = (m) + (2)|Out(T)| (m) .
By Lemmas 5.4.12, 5.4.13 and 5.4.14, we have
(5.4.29) ri(G)+r2(G)+r3(G) < Q1(G) +Q2(G).

Lemma 5.4.15. If Q1(G)+Q2(G) < 1/2 and 5 < k < 4log|T|, then r(G) > 2. In particular, b(G) = 2.

Proof. By (5.4.19) and (5.4.29), we have

3 r(@)IG| 1 r(@)|Out(T)| - k!
|T|2k-2 - |T)k-2

1
3> R1(G)+Q2AG)>1

It suffices to prove that
2|0ut(T)|- k! < |T1*2,

which is clear since k < 4log|T. |
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5.5 Proof of Theorem 5.2

In this section, we will establish Theorem 5.2, which determines the base-two diagonal type
primitive groups. The same method can be applied to establish Theorem 5.3 for base-two groups
G, recalling that reg(G) = 1 if and only if 2(G) is G-arc-transitive (see Lemma 3.1.2). Recall that
r(@) is the number of regular suborbits of G, which is positive if and only if 6(G) < 2, and it
coincides with reg(G) if b(G) = 2.

Theorem 5.5.1. Let G be a diagonal type primitive group with socle T*. Then r(G) =1 if and only
if T =As, k€{3,57) and G = T* .(Out(T) x Sp).

We will consider the following cases in turn:
(a) Pe{A;,Sptand k€ (3,4,|T|-4,|T| - 3};
(b) Pe{A;,Sptand ke{|T|-2,|T| -1}

(¢c) P=Si,5<k<|T/2and G=W.

More specifically, we will prove that r(G) > 2 (so b(G) = 2) for every group in cases (a) and
(c), with the exception of the two special cases arising in the statement of Theorem 5.5.1. Then
Lemma 5.3.2 shows that 5(G) =2 if P € {A;,S;} and 3 <k < |T| -3, as in part (ii) of Theorem 5.2,
which also establishes Theorem 5.7. In particular, we deduce that r(G) > 2 if P ¢ {A;,S}} and
k <32, as noted in Remark 5.2.8.

As explained in Remark 2.2.2, we will exclude the possibilities for T listed in (2.2.1).
5.5.1 The groups with k€ {3,4,|T|—4,|T| -3}
We start with case (a).

Lemma 5.5.2. Suppose k €{3,4}, P =Sj and T is a sporadic simple group. Then r(G) > 2.

Proof. If T ¢ {Ly,Th,J4,B,M} then we can construct 7' as a permutation group in MAGMA using
the function AutomorphismGroupSimpleGroup. Then the result follows by random search (see
Remark 5.3.7(1)). If T € {Ly, Th,J4,B,M}, then |Out(T)| = 1. Let M be a maximal subgroup of T
with

(5.5.1) (T, M) € {(Ly,G2(5)), (Th,AGL2(5)), (J4,M22.2), (B, Fizz), (M, Lo(71))}.

In view of Corollary 5.3.5, the result follows by random search (see Remark 5.3.7(ii)). |
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We define the following set of finite simple groups of Lie type:

€ := {2B5(8),2B2(32),G2(3),G2(4), 2 F4(2), 3D 4(2), F 4(2), La(7), Lo (8),
Ly(11),Ly(13), Lo(16), L(27), L(32), L5(3), L5(4), Us(5), U3(8), L5(3),
PSp,(3),Sp4(4), LE(2), Ug(2), Spe(2), PSpg(3), Sps(2), 25(2), PO (3)).

Recall that an element x of a simple group of Lie type T defined over a field of characteristic p is

regular semisimple if and only if |C7(x)| is indivisible by p.

Lemma 5.5.3. Suppose T ¢ 6 is a finite simple group of Lie type. Then T has at least 8 regular

semisimple Aut(T)-classes.

Proof. Suppose T is a Lie type group defined over [y, where q = p! for some prime p. We will
work with a quasisimple group  with Q/Z(Q)=T. Let m be the number of regular semisimple
conjugacy classes in @. Then T has at least m|T|/|Q| regular semisimple T-classes, and thus T

has at least 8 regular semisimple Aut(7')-classes if
(5.5.2) m|T| = 8|0ut(T)IQ].

First assume @ is a simply connected quasisimple exceptional group. Then m has been
computed by Liibeck [97], and one can see that (5.5.2) holds for every T ¢ ¥ by inspecting [97].
For example, if T = E7(q) with p =3, then |Q|/|T| =2, |Out(T)| = 2f, and we get

m=q" +q¢%+2¢°+7¢*+17¢% +35¢% +70q + 99

from [97], so (5.5.2) clearly holds.
Next, assume Q € {SL:,(q),Sp,,(¢)}, so m is given in [53]. The result now follows by inspecting
[563]. For example, if @ = SLa(q) then |Q|/|T|=(2,q —1), |Out(T)| =(2,q —1)f and

m=q-3+(2,q)
by [53, Theorem 2.4]. Thus, (5.5.2) is valid if
q-3+2,9)>82,q - 1*f,

which holds for all ¢ > 81. For the cases where ¢ < 81 and T ¢ ¢, one can check using MAGMA
that there are at least 8 regular semisimple Aut(7")-classes. We use an entirely similar argument
to treat all the other cases and we omit the details.

To complete the proof, we assume @ = Q% (q), so @ has index 2 in SO (q). First assume q is
even. Here @ = T and every semisimple element in SO (q) has odd order, and so lies in @. This
implies that m is at least the number of regular semisimple SO, (¢)-classes in SO%(q), which is

computed in [53, Theorem 5.12], and the result follows by arguing as above.
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Finally, assume @ = Q(q) and q is odd. Write d = [n/2] — 1. Let A € GL4(q) be of order g -1

and let
A

x= ([&—I)T
In—2d
with respect to a decomposition V = (U1 @ Ug) L W, where U, is a totally singular d-space and W

is a non-degenerate space of type €. Then x € SO;,(q), so y := x2e Q% (g), noting that

B
y=| @BbHT :
In—2d
where B = A2, Let u be an eigenvalue of B of order (g% —1)/2 in the algebraic closure K of Fq.
Then it is easy to show that u # ,uiqt for any 1 <t < d -1, and the set of eigenvalues of y is

d

T T Y. A Tae Tt RN T LS 1§

where 1 has multiplicity n — 2d € {1,2} and every other eigenvalue has multiplicity 1. It follows
that y? is regular semisimple if (i,(¢% — 1)/2) = 1. This gives at least

¢((¢?-DP2)
2d

regular semisimple GO¢ (q)-classes in @, where ¢ is Euler’s totient function (note that two
semisimple elements in @ are not conjugate in GL,(q) if they have distinct sets of eigenvalues in

K). By arguing as above, T has at least 8 regular semisimple Aut(7T')-classes if
(5.5.3) ¢ ((? - 1/2) > 324 |Auk(T) : PGO5 (9],

noting that [Aut(T') : PGO% ()| < f <logq if d # 3, while |Aut(T) : PGO’ (¢)| < 3f < 3logq if d = 3.
It is easy to check that (5.5.3) holds unless

(d,q)€1{(6,3),(5,3),(4,3),(4,5),(4,7),(3,3),(3,5),(3, N}

For these remaining cases, one can use MAGMA to compute m and we find that (5.5.2) holds
unless @ € {QIO(S),Qg(S),Qg(S),Q7(3)}. In the latter cases, we can directly check that there are at
least 8 regular semisimple Aut(T)-classes in T', with the aid of MAGMA. |

We remark that there are exactly 8 regular semisimple Aut(7')-classes in T' = PQér 3).IfTe¥
and T # PQ{(3), then one can check that there are at most 7 such classes. But it is convenient to
include PQ§(3) in ¥ in view of Theorem 5.2.9, so that each T ¢ € is invariably generated by a

pair of regular semisimple elements of distinct orders.

Lemma 5.5.4. Suppose k =3, P =S}, and T ¢ 6 is a simple group of Lie type. Then r(G) > 2.
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Proof. Let x and y be as described in Theorem 5.2.9. Let z; and z2 be semisimple elements in T

lying in distinct Aut(7T')-classes such that

Aut(T) -1 )Aut(T) Aut(T) -1 )Aut( T)

21,29¢ X U(x Uy Uy

Note that the existence of z; and z9 follows from Lemma 5.5.3. Then by applying [61, Theorem 2],
which asserts that the product of any two regular semisimple 7'-classes contains all semisimple
elements in T, there exist g; and &; in T such that z; = x8¢ yhi, and without loss of generality we
may assume g; = 1, so z; = xy™.

It is easy to see that Hol(T,{l,x_l,yhi}) =1, and so b(G) = 2. By Lemma 5.3.2, it suffices to
show that X1 = {1,271, y"} and X5 = {1,x1, y"2} are in distinct Hol(T)-orbits. Suppose Xfa =X
for some ga € Hol(T), and note that g € X; by Lemma 5.3.3. If g = 1 then (x"1)* = x~! and

(yh)®

= y"2 However, this implies that

2% = (xy")% = xyh2 = 29,

which is incompatible with our assumption zi‘ut(T) # zg‘ut(T). If g = x 1 then (y"1)8 = xyM = 24,
which is not Aut(7T')-conjugate to any element in Xs, a contradiction. Similarly, if g = y"1 then
(x~ 1) =y hixg1l= le and once again, this is impossible. Therefore, there is no ga € Hol(T') such
that X ‘lg % = X9, which completes the proof. |

Lemma 5.5.5. Suppose k =4, P =S}, and T ¢ 6 is a simple group of Lie type. Then r(G) > 2.

Proof. Let x and y be as in Theorem 5.2.9. By [61, Theorem 2], every semisimple element in T

lies in xTy7, so we may assume that

(5.5.4) xlye K AUUD) | (= YAUHT) yAut(T) U (y—l)Aut(T)-

Additionally, using Lemma 5.5.3, we can choose a regular semisimple element zg € T such that
(5.5.5) 20 ¢ 2AUD) (= 1yAuD) UyAut(T) U(y—l)Aut(T) U(x—ly)Aut(T) U (y~LpyAutD,

Again, [61, Theorem 2] implies that xng' contains all semisimple elements in 7'. Thus, by Lemma
5.5.3, there exists z € zg such that

(5.5.6) Z—lx ¢ xAut(T) U (x—l)Aut(T) U yAut(T) U (y—l)Aut(T) U (x—ly)Aut(T) U (y—lx)Aut(T).

Set X1 ={1,x,y,2z} and suppose ga € Hol(T,X{). If g =1 then a € Aut(T,X1)=1as {x,y) =T and
x,y,z are in distinct Aut(T)-classes. If g = x then x 1y e x71X; = Xffl, which is incompatible
with either (5.5.4) or (5.5.5). The case where g = y can be eliminated using the same argument. If
g=z2,thenz 1X; = Xifl and by appealing to (5.5.5) and (5.5.6), we see that both z~! and z 1«
are Aut(T)-conjugate to z. But this implies that 27! =z% =271

b(G)=2.

x, a contradiction. Thus, we have
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Similarly, Lemma 5.5.3 implies that there exists a regular semisimple element w € T such
that w # z,

xAut(T) -1 )Aut(T) Aut(T) -1 )Aut(T ) 1 y)Aut(T) )Aut(T)

w¢ U(x Uy ux™ uly tx

Uy

and

Aut(T) -1 )Aut(T) Aut(T) -1 )Aut( T) )Aut(T) )Aut(T )

wlvgx Ux Uy Uy U@y uly x

Set X9 = {1,x,y,w}. By arguing as above, we have Hol(T',X5) = 1 and it suffices to show that X
and Xo are in distinct Hol(7")-orbits. Suppose X f % = X5 and note that g € X; by Lemma 5.3.3. If
g =1 then x% = x and y* = y, which implies that @ = 1. However, this is incompatible with z # w.
If g = x then

18=x"1 y8=x"lyand 28 =x 2.

So one of these elements is Aut(T")-conjugate to w, which has to be 28 = x~1z by our assumption.
However, this gives a contradiction since y& = x~ 1y is not Aut(T')-conjugate to x or y by (5.5.4).

The case g = ¥ can be eliminated similarly. Finally, if g = z then

1

x8=z"1x,y¥=z"lyand 18 =2z"1.

Once again, the only possibility is x8% = w by (5.5.6), but this gives (z~1)® = 18% € {x, y}, which is
incompatible with (5.5.5). |

We can now establish Theorems 5.2 and 5.5.1 for k € {3,4,|T|—4,|T| - 3}.

Proposition 5.5.6. If k €{3,4,|T|—4,|T|— 3} then r(G) > 1, with equality if and only if T = As,
k €13,57} and G = T* .(Out(T) x Sy,).

Proof. By Proposition 5.2.7, we may assume P € {A;,S;}. First assume %k € {3,4} and P = S},
The groups where T is sporadic have been treated in Lemma 5.5.2. If T' ¢ € is Lie type, then
Lemmas 5.5.4 and 5.5.5 imply that r(G) > 2, as desired. The cases where T € 6 can be handled
computationally, using random search (see Remark 5.3.7(i)).

Thus, to complete the proof for % € {3,4} and P =S, we may assume T = A,, is an alternating
group. First assume £ =3 and T = As. One can check using MAGMA that Hol(T") has a unique
regular orbit on &, so r(G)=1ifG=W = Ag.(Z x S3). In addition, we find that r(G) > 2 if
G < W. For the latter, we construct G as a permutation group of degree |Q| = |A5|2 = 3600 via the
primitive groups database in MAGMA.

Next, assume P = S3 and T'= A,, with n > 6. The groups with n < 8 can be easily handled
using MAGMA (see Remark 5.3.7(i)). Now assume n > 9, so by a classical theorem of Miller [102],
there exist x1,y1 € T such that |x1] =2, |y1]| =3 and (x1,y1) =T. Note that if |[x1y1| =2 or 3, then
(x1,y1) = S3 or A4 respectively, so we must have |x1y1| > 4. Hence, Hol(T',{1,x1,y1}) = 1 by Lemma
5.3.4, and thus b6(G) = 2. Let x9 =(1,2,...,n) if n is odd, while x9 = (1,2)(3,...,n) if n is even, and
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let yg = (1,2,3)x2_1. Then (x2,y9) =T and Lemma 5.3.4 implies that Hol(T,{1,x2,y2}) = 1, so we
have r(G) > 2 by Lemma 5.3.6.

Now assume P =S4 and T = A,,. The cases where n < 11 can be handled using MAGMA, as
noted in Remark 5.3.7(1). Assume n > 12 and let x = (1,2)(3,4). Let ¢1,t3 € T be of cycle type
[24,1"78] and [28,1"712], respectively, and let C; = tiT. Note that there exist y; € C1 and yg € Cy
such that xy; # y;x. Moreover, by [13, Theorem 1.2], there exist z; and z9 such that

T =(x,21) = (y1,21) = {x,22) = (¥2,22).

In particular, 2 ¢ {|z;],|x2;l,|y;2;1}. Set X1 = {1,x,y1,21} and Xo = {1,x,y9,22}. We first prove
that Hol(T',X;) = 1. Suppose ga € Hol(T,X;). If g =1 then a € Aut(T,X;) = 1 since {(x,z;) =T
and x,y;,z; are in distinct Aut(7T")-classes. If g = x then 2 ¢ {Iyigl,lzfl} = {lxy;l, |lxz;}, which is
impossible. The cases where g € {y;,z;} can be eliminated similarly. This implies that 6(G) = 2.
And by applying Lemma 5.3.3, one can show that X; and X» are in distinct Hol(T)-orbits.
Therefore, we have r(G) > 1 if k € {3,4}, with equality if and only if G = Ag.(2 x S3). By
Lemma 5.3.2, it suffices to consider the case where T'= A5 and £k =|A5| -3 =57. Here r(G)=1if
G=W= Ag7.(2 x S57), and G has at least |W : G| regular suborbits if G < W. The result follows. l

5.5.2 The groups with Pe{A;,S;}and ke {|T|-2,|T|- 1}

Lemma 5.5.7. Suppose m € {2,3}. Then there exist X1,Xo S T such that |X;| =m, Aut(T,X;) =1

Proof. First observe that if X7 U{1} and X9 U {1} are in distinct regular Hol(T')-orbits, then all
conditions in the statement of the lemma are satisfied. Hence, the result follows from Lemma
5.3.2 and Proposition 5.5.6, except when T'= A5 and m = 2. In the latter case, we can verify the
lemma using MAGMA. u

Proposition 5.5.8. Assume k =|T|—1or |T|-2.

(i) If G contains Sy, then b(G)=3.
(it) If G does not contain Sy, then r(G) > 2.

Proof. Recall that 6(G) € {2,3} by Theorem 5.2.3(iii). First assume G contains Sj,. It suffices to
show that b(G) =3 if G = T*:S;.. Suppose {D,D(¢y,,...,9:,)} is a base for G. If t; = t; for some
i # J, then (i,j) € G stabilises D and D(¢;,,...,¢;,) pointwise. Therefore, ¢1,...,t; are distinct.
Let S =T \{t1,...,t3}, so |S| € {1,2}. Without loss of generality, we may also assume 1€ S. Thus,
there exists 1 #t € T such that S¥ =S, and hence ¢; € Hol(T,T'\ S), which is incompatible with
Lemma 5.3.1.

123



CHAPTER 5. DIAGONAL TYPE GROUPS

Now we turn to the case where G does not contain Sj. Recall that T7%:4, < G by Corollary 5.2.6.
From Lemma 5.5.7, there are subsets X1, Xs € T of size |T|—k+1 lying in distinct regular Aut(T')-
orbits. Write T*\X,; = {t; 1,...,¢; ,—2} and consider A; = {D,D(@¢; ..., p1,,)}, where t; 1=t = 1.
Suppose x =(a,...,a)t € G(p,). By Lemma 5.2.1, t‘l?ij =t; j» for all j. It follows that a € Aut(T', X;)
and thus a = 1. Hence, x =7 € (¢ —1,k)), and so x = 1 since G does not contain S;. This shows
that 5(G) = 2. Finally, if A1 and Ag are in the same G p-orbit, then

D((Ptl,p“"(ptl’k )(ll ..... )y =D((pt2’1,-“7(Pt2)k)

for some a € Aut(T) and 7 € S;. This implies that X{ = Xo, which is incompatible with our

assumption. Therefore, 7(G) > 2 and the proof is complete. [ |

The following lemma will be useful in the proof of Theorem 5.3. Recall that G is called
semi-Frobenius if the generalised Saxl graph Z(G) is complete (equivalently, any two points in Q
can be extended to a base for G of size b(G)). In view of Lemma 3.3.8, if G is semi-Frobenius and

G is not 2-transitive, then 2(G) is not G-arc-transitive and so reg(G) > 1 by Lemma 3.2.5.

Lemma 5.5.9. If k. =|T|—1or |T| -2 and G contains Sy, then G is semi-Frobenius. In particular,
2(G) is not G-arc-transitive, and reg(G) > 1.

Proof. By Proposition 5.5.8(i), we see that b(G) =3. Let x = (¢y,,...,¢:,) € Inn(T)* be such that
D # Dx. Then there exist i,j € [k] such that ¢; # ¢}, and so (i,) ¢ Gp N Gpx. Without loss of
generality, we may assume {i, j} = {£ — 1,k}, and let A; be as in the proof of Proposition 5.5.8. By
arguing as in the proof of Proposition 5.5.8, we have G(x,) < ((k — 1,%)), and thus A; U{Dx} is a
base for G. It follows that D and Dx are adjacent in X((G), and we conclude the proof. |

5.5.3 The groups with P=S,,5 <k |T|/2and G=W

Finally, let us turn to case (c) defined at the beginning of Section 5.5. Note that if 7(G) > 2 in
every case, then the proofs of Theorems 5.2 and 5.5.1 are complete by combining Corollary 5.2.4
with Propositions 5.2.7, 5.5.6 and 5.5.8. By Proposition 5.4.7, it suffices to consider the cases
where 5 < k <4log|T|. Recall that r(G) > 2 if (5.4.8) holds or Q1(G) + Q2(G) < 1/2 (see Lemmas
5.4.8 and 5.4.15).

Proposition 5.5.10. The conclusions to Theorems 5.2 and 5.5.1 hold when T is a sporadic simple
group.

Proof. As noted above, we may assume 5 < k < 4log|T|. With the aid of MAGMA, it is easy to
check that (5.4.8) holds for all % in this range unless T is one of the following groups:

Suz, Co1, Cog, Figg, Fiag, Fi/24, B, M.
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Assume T € {Suz,001,002,F122,Fig3,Fi’2 +)- Here we can construct T' as a permutation group
in MAGMA using the function AutomorphismGroupSimpleGroup, and we can then check that
(5.4.8) holds for 9 < k < 4log|T|. The cases where 5 < k < 8 can also be handled using MAGMA
(see Remark 5.3.7(1)).

Finally, if T € {B,M} then (5.4.8) holds unless & =5 or (T',k) = (B,6). In each case, we can
verify that r(G) > 2 by random search as described in Remark 5.3.7(ii), with the same centreless
maximal subgroup M of T defined in (5.5.1). |

Proposition 5.5.11. The conclusions to Theorems 5.2 and 5.5.1 hold when T = A,, is an alternat-
ing group.

Proof. Once again, we may assume 5 < k& < 4log|T|. The cases where n € {5,6} can be easily
handled using MAGMA, so we also assume n > 7. First assume n < k < 4log|T|. With the aid
of MAGMA, it is easy to check (5.4.8) holds for all 7 < n <29. Note that A(T) = (n — 2)! and thus
(5.4.18) holds. By Lemma 5.4.11, it suffices to establish the inequality in (5.4.17) for kg = n. Thus,

we only need to show that

(n(n — 1))” S n(n!)?
2e 2’
which holds for all n > 30.
Finally, let us assume 5 < k£ < n and define @1(G) and Q2(G) as in (5.4.27) and (5.4.28),
respectively. Then
8_kh_1 k! k4 2 5 2§ 2%n4

QuG) = AT oy (2
T3 2|T|3 n!

and

|T| )4—k k ( |T| )3—k 2 ( ) )2
G)=|—— + Out(T < +20 .
Q2(6) (h(T) 2| OuU DI 7 n(n—-1) n(n—1)
Given these bounds, it is easy to check that @1(G)+Q2(G) < 1/2 for all n > 21. Finally, for the
cases where 7 <n < 20 and 5 <k < n, one can use MAGMA to check that either (5.4.8) holds,
or Q1(G)+Q2(G) < 1/2, or Hol(T') has at least 2 regular orbits on &, (for the latter, we use the

random search approach described in Remark 5.3.7(1)). |

To complete the proofs of Theorems 5.2 and 5.5.1, we may assume 7' is a finite simple group
of Lie type. First we consider some low rank groups, where A(T') is small and Lemma 5.4.10 can

be applied.

Lemma 5.5.12. Suppose T =1Lo(q) and 5 < k <4log|T|. Then r(G) > 2.

Proof. If g <16 then one can check the result using MAGMA. More precisely, we construct Hol(T")

as a permutation group on T via the function Holomorph and we use random search to find two
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k-subsets X1 and X9 of T lying in distinct regular Hol(T')-orbits (this is a viable approach since
|T| is small; see the function RanHol in Appendix A.1.3).

Thus, we may assume g > 16. First assume % > 6 and set ko = 6. For ¢ < 733, one can check
(5.4.8) using MAGMA. Assume g > 733 and note that A(T) < ¢“2(g — 1) by Theorem 5.2.10, so
(5.4.14) holds. Moreover, as |Out(7T)| < 2logq, we can check that (5.4.13) holds if

qz(q2 -1)2> 16(logq)268e18,

which holds true for all ¢ > 733. Now apply Lemma 5.4.10, noting that |T| > 4080.
To complete the proof, we assume k2 = 5. By Lemma 5.4.9, r(G) > 2 if (5.4.11) holds for every
u€{0,1,2}. If u = 2, then (5.4.11) holds if

q1/2(q +1)> 54e7logq,

which is easily checked for all ¢ > 48449. With the same method, one can verify that (5.4.11) holds
for u €{0,1} if ¢ > 48449. With the aid of MAGMA, we see that (5.4.8) holds for all 16 < q < 48449,
unless q € {16,25,49,81}, and the remaining cases can be handled using MAGMA and random
search, utilising the method in Remark 5.3.7(). |

Lemma 5.5.13. Suppose T € {Lg(q),QBz(q),2Gz(q)} and 5 < k <4log|T|. Then r(G) > 2.

Proof. Note that |T'| > 4080 and A(T)2 < 5|T| by Theorem 5.2.10. Thus, in view of Lemma 5.4.10,
we only need to prove (5.4.13) for kg = 5.
Assume T =L{(q), so |T| > q%(g% - 1)(¢® —1)/3 and |Out(T)| < 6logq. Thus, (5.4.13) holds if

3(g% - 1)(q® —1)>3(6logq)?57e'?,

which is true for all ¢ > 73. By applying the precise values of A(T) and |Out(7T)|, we see that
(5.4.8) holds unless e =—, k=5 and ¢ € {3,5,8}, or e = + and

(q,k) €1(3,5),(3,6),(4,5),(13,5)},

all of which cases can be easily handled computationally, as described in Remark 5.3.7(1). We
can apply the same method to the cases where T = 2Bs(q) or 2Ga(q), noting that (5.4.13) holds if
T #2G9(27), 2B(8), 2B2(32) or 2B5(128) (we are excluding the group 2G9(3), as noted in (2.2.1)).

In the remaining four cases, one can check (5.4.8) directly. |

Proposition 5.5.14. The conclusions to Theorems 5.2 and 5.5.1 hold when T is an exceptional
group of Lie type.

Proof. Once again, by the previous results, we may assume 5 < k2 < 4log|T|. In view of Lemma
5.5.13, we may also assume T # 2Bs(q) or 2Ga(g). Note that

1T
— >
(D) >10|0ut(T)| > 10
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and |T| > %qd, where d is defined in Lemma 2.2.4.
First assume 5 < k£ < 8. Then

h(T) TR 1 1
Qz(G)<W+10|0ut(T)|- Vi SETRET

1
"5
and . . )
62 8! 8  63(6)> 6:5-8! 638% 3
Q1(G) < Tt s T < d 4d Z <1h
ITIs ITI5 2ITIs  ¢5 ¢35 2¢5 10
unless T € (2F4(2),2D4(2),2D4(3),2D4(4), F4(2)} or T = Ga(q) for g < 23. In these cases, one can
check (5.4.8) with the aid of MAGMA unless T =3Dy4(¢) and £ =5, or T = F4(2) and % € {5,6}. We

can resolve the latter cases by random search, explained as in Remark 5.3.7(i).

To complete the proof, we assume 9 < & < 4log|T|. The groups with ¢ =2 can be handled by
verifying (5.4.8) directly, so we now assume q > 3. We first prove (5.4.17) for kg = 9. By inspecting
Table 5.2, we have

9
(5.5.7) 29 (%) > |T12¢%2.

For example, if T'= Eg(q), then

1Tl (¢*°-1)(¢g**-1)(g* -1

_ S lqss
h(T) (g0 -1)¢®-1) 2

and |T| < ¢2*8 by Lemma 2.2.4, which implies (5.5.7). Since [Out(T')| < 6logg, it follows that
(5.4.17) holds for ko =9 if
q?2 > 48logq - (2¢)°

and one can check that this inequality holds for g > 3.

By Lemma 5.4.11, it suffices to prove (5.4.18). Here we only give a proof for the case where
T = G2(q), as all the other cases are very similar. First note that |T| = ¢%(¢® - 1)(¢%2 - 1) < ¢* and
R(T)=q5%q?-1)> 3¢8. Then (5.4.18) holds if

q2 > 562(logq)2e,

which holds true for all g > 907. One can also check that (5.4.18) holds for all 601 < g < 907.
If ¢ <601, then we can use the precise values of |T|, A(T) and |Out(T')| to check (5.4.8) for all
9 <k <4log|T|. This completes the proof. |

Lemma 5.5.15. Suppose T = Li(q) and 5 < k <4log|T|. Then r(G) > 2.

Proof. Recall that h(T') = (2,9 — €)|PGSp4(q)|/(4,q — €) by Theorem 5.2.10. First assume that
k >Tand set kg =7. For g < 89, one can check (5.4.8) with the aid of MAGMA. Now assume g > 89.
It is easy to see that

g% > max{48(4e)" log g, 4e - 60%(log ¢)*},
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which implies the inequalities in (5.4.17) and (5.4.18).
Now assume % € {5,6}. Note that |T|/A(T) > 10|Out(T")| > 10, so Q2(G) < % Moreover,

(6! )2 6! 64
+

Q1(G)< I T,
|T|3 |T|5 2|T3

so we have @1(G) < 3 if ¢ > 19 and thus Q1(G) + Q2(G) < 1/2. Finally if ¢ < 17 then we can use
MAGMA (via random search as in Remark 5.3.7(1)) to check that r(G) > 2. |

Lemma 5.5.16. Suppose T'=PSp,(q) and 5 <k < 4log|T|. Then r(G) = 2.

Proof. Asnoted in (2.2.1), we assume q > 3. First assume & > 6. It can be checked using MAGMA
that (5.4.8) holds for g < 607, unless (k,q) =(6,3), in which case we can verify the result using
MAGMA and random search as in Remark 5.3.7(i). Now assume ¢ > 607. By applying the bounds
ITI < ¢, h(T)> ¢% and 1q* < |TV/A(T) < 2¢*, we see that (5.4.17) holds for ko = 6 if

q*>6(2¢)%1oggq,

while (5.4.18) holds if
q2 > 402(logq)2e.

It is easy to check that both inequalities hold for all ¢ > 607.
Finally, assume % = 5. Once again, we have |T|/A(T) > 10|0Out(7T)| > 10 and thus @2(G) < %
Additionally,

(51)2 5! 54 3
Tt T<7Tn
d i e 10
for all ¢ > 27. The remaining groups with ¢ < 25 can be handled with the aid of MAGMA via

Q1(G) =

random search (see Remark 5.3.7(1)). |
Proposition 5.5.17. The conclusions to Theorems 5.2 and 5.5.1 hold when T is a classical group.

Proof. Let T be a classical group over [, and let n be the dimension of the natural module. Note
that |T| > 3 1 n(” b2 by Lemma 2.2.4. As explained above, we may assume 5 < k£ < 4log|T|. In
addition, we may also assume n > 5 by Lemmas 5.5.12, 5.5.13, 5.5.15 and 5.5.16. Then

|T'|
—— > 10|0ut(T
h(T)> |Out(T)| >
by inspecting Table 5.2, and thus
n(T) MTY? 1 1 1
G) < —— +10|0ut(T —+—=-.
QG < + 100D g < 157 1675

First assume 5 <k <n+3. Then

(6')2 , (nt3)! (n+3)* 83(6)% 85(n+3)! 83(n+3)
Q (G) 4 + 1 < n(n-1) + 2n(n-1) + n(n-1) = Q(n’ q)
ITI |T|3 2|T|3 q s q 3 2q~ s
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Evidently, @(n,q) is a decreasing function of q. In addition, if ¢ is fixed, then each summand is a

decreasing function of n. Thus, @(n,q) is also decreasing with n. Note that Q(n,q) < 1% if
(n,q)€{(12,2),(10,3),(9,4),(8,7),(7,9),(6,23),(5,97)} =: A.

Hence, we only need to consider the cases where n < ng or q < q¢ for some (ng,qg) € %. For these
groups, we can show that r(G) > 2 either by checking @ 1(G) + Q2(G) < 1/2 or (5.4.8), or by random
search as explained in Remark 5.3.7(i). This shows that r(G) >2if 5 <k <n+3.

To complete the proof, assume n+4 < k < 4log|T| and let 2y = n + 4. We first consider the case
where T = L£(q). Note that |7 < ¢"*~! and

£
7| PGLL@) 1 5,
W(T) ~ 1GU, 1(g)l ~ 2

by Lemma 2.2.4 and Theorem 5.2.10. Hence, (5.4.17) holds if
g5 8 > 2(n + 4)(2e)* 4

since |Out(T)| < 2(q + 1)loggq < 2¢2. This inequality holds if ¢ > 3 or n > 7, while we can check
(5.4.17) directly when (n,q) = (5,2) or (6,2). Thus, we have (5.4.17) for all n > 5 and q > 2. By
Lemma 5.4.11, it suffices to prove (5.4.18). To do this, first note that

1 1
R(T) > qzn_SIPGLfl_g(q)I S §q2n—3q(n—2)2—1 _ 5an—zn

by Lemma 2.2.4 and Theorem 5.2.10, so (5.4.18) holds if
g 471 > 32¢(n? - 1)?

since log g < g. One can easily check that the above inequality holds for all n > 5 and ¢ > 2, unless
n=>5and g <13, or (n,q) =(6,2), in which cases we can verify (5.4.18) directly. This completes
the proof for linear and unitary groups.

Next assume T' = PSp, (¢) with n > 6. Here |T'| < g™ V2 by Lemma 2.2.4 and

ITI _ ¢"-1 S
A(T) (2,q-1)

n-1

q

Since |Out(T)| < 2logq, we see that (5.4.17) holds if

¢?" 4 >2logq - (n+4)e

n+4

and one checks that this inequality is valid unless ¢ =2 and n < 28, n =6 and g < 5, or
(n,q) €1{(8,3),(10,3)}. In these remaining cases, one can also check (5.4.17) by applying the precise
values of |T'|, A(T) and |Out(T")|, so as above, it just remains to verify (5.4.18). To do this, first
note that

1
R(T) = ¢"11Sp,_s(q)| > éq”("‘l’/z,
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so it suffices to show that
qn(n—3)/2 > 8€n2(n + 1)2(10gq)2

The latter holds unless (n,q) = (6,2) or (6,3), in which cases one can directly verify (5.4.18). The
result now follows from Lemma 5.4.11.

Finally, assume T = PQ¢(¢) is an orthogonal group, so n > 7, and q is odd if n is odd. In this

n(n—-1)/2 and

setting, |T'| < g
T 1
h(T) 2

by Lemma 2.2.4 and Theorem 5.2.10. In addition, (5.4.17) holds if

n—-1

g% > 241logq - (n +4)(2e)* 4

since |Out(T)| < 24log q, which is valid unless ¢ =2 and n < 14. In the remaining cases, (5.4.17)
can be checked directly. Finally, to prove (5.4.18), note that

1
W(T) > =g~ Dn-2)2
(T) 29
by Lemma 2.2.4 and Theorem 5.2.10, so we only need to show that
g VD2 5 39002(n — 1)%(log g)2.

This holds unless (n,q) =(7,3) or (8,2), and in these special cases we can verify (5.4.18) directly.
We now complete the proof by applying Lemma 5.4.11. |

As explained in Remark 5.8, we conclude that the proofs of Theorems 5.2 and 5.5.1 are
complete by combining Propositions 5.5.10, 5.5.11, 5.5.14 and 5.5.17. And the proof of Theorem

5.7 is also complete.

5.6 The groups with £ =2

In this section, we consider the groups with 2 = 2, noting that b(G) € {3,4} by Theorem 5.2.3(ii).
We will establish Theorems 5.1, 5.3 and 5.4 for these groups.

First, we consider the case where P = 1. Here G < Hol(T'), and we have b(G) = 3 by Theorem
5.2.3(ii).

Lemma 5.6.1. Suppose that k =2 and P = 1. Then G is semi-Frobenius. In particular, 2(G) is not

G-arc-transitive.

Proof. As noted in Example 3.3.10, Hol(T') is semi-Frobenius, and so the same is true for G (by

Lemma 3.2.7). In view of Lemma 3.3.8, 2(G) is not G-arc-transitive. |

From now on, we focus on the groups with P = Ss.
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Lemma 5.6.2. Suppose G = T2.(0ut(T) x Ss) and x,y € T. Then {D,D(1,¢,.),D(1,¢,)} is a base
for G if and only if:

(1) Cautr)(x) N Cauyry(y) = 1; and
(ii) there is no a € Aut(T) such that x* =x"! and y* =y~ L.
Proof. This can be deduced from [98, Lemma 3.5]. |

The following is [86, Theorem 1.1].

Theorem 5.6.3. Suppose T is not A7, La(q) or L5(q) for some prime power q. Then there exists a
generating pair (x,y) of T such that |x| = 2 and there is no a € Aut(T) with x® =x"1 and y* =y~ L.

It has recently been proved that each of the excluded groups A7, La(q) and L5(g) in Theorem
5.6.3 are genuine exceptions (see [74, Theorem 1.3]).

Now we are ready to prove Theorems 5.1 and 5.3 for the groups with &2 = 2.

Proposition 5.6.4. The conclusions to Theorems 5.1 and 5.3 hold when k = 2.

Proof. The cases where T € {A5,Ag,A7} can be easily handled using MAGMA, so we assume
T ¢ {As5,Aq,A7} and we are aiming to prove that 5(G) =3 and Z(G) is not G-arc-transitive. To do
this, it suffices to show that {D,D(1,¢,),D(1,¢,)} is a base for some x,y € T with |x| # |y| (note
that this condition implies that (D,D(1,¢,)) and (D,D(1,¢,)) are two arcs in (&) in different
G-orbits). By Theorem 5.6.3, this condition is satisfied if T' ¢ {Li2(q),L5(q)}, so we may assume
T =La(q) or L5(q).

First assume T = La(q). Note that g ¢ {5,9} since T ¢ {A5,Ag}. Let A be a primitive element of
Fg- Additionally, let x € T' be the image of

.AX— /l €SL( )
)
0 A 1 24
and letyETbe the image of
1 2
y = ESL( )

for some p € [F;. Then |x| = (¢ — 1)/(2,q — 1) and |y| = p. We claim that conditions (i) and (ii) of
Lemma 5.6.2 hold. To see this, first note that Crr,(¢)(X) = CgL,(¢)(X), and thus

CPrLy(g)(®) = CpaLy)(®) = Cq-1.
Moreover, Cpgr,(q)(y) = C;, and so

C Aut(1) (%) N C auy(1) () = CpGLy(g)(X) N CpaLy(g)(¥) = 1,
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which gives Lemma 5.6.2(i). Observe next that 8 = %1, where

0 1EGL()
g 1 0 20q ).

It follows that if 2 € TLa(g) and &% =% 1, then A lies in the coset CrLy(g)(®)g = CgLy(q)(®)g. Thus

| SR

1 0 1 —u B
~h -1
= # = .
Y (a_lbu 1) (O 1 ) Y

Lemma 5.6.2(ii) now follows, and the proof is complete for T' = Lo (q).

for some a,b € [F;. However,

It remains to consider the case T'= L5(q), with € € {+,-} and q > 3. It suffices to find x,y € T
of distinct orders such that Ny ({(x)) N Nauyr)({y)) = 1. For ¢ < 32, it is routine to find these
elements by random search with the aid of MAGMA. Thus, we may assume that g > 32. Let H;
be a maximal subgroup of Aut(T") of type GLi(q?’), so that H1 = Nayyr)({x)) for some x € T' with
lx| = (¢% + eq + 1)/(3,q — €). In addition, let y be an element of T' with a pre-image

__[A ¢
=", e SLi(q),

for some A € GLg(q) of order g2 — 1, with ¢ chosen so that det(y) = 1. Then |j| = ¢2 -1 and
Iyl = (g% - 1)/(8,q —¢€). Let Hy := Nawr) (). By [72, Satz I1.7.3(a)], we have HanT = (y).2. It
suffices to show that H' f NHy =1 for some g € Aut(T'), or equivalently, that Aut(T") has a regular
orbit on I'y x I'g, where I'; := [Aut(T') : H;]. Recall that

fpr(z, I') = |2 Aut(D)|

is the fixed point ratio of z € Aut(T') on I';. Letting R(Aut(T')) be a set of Aut(T)-class represen-
tatives of prime order elements in Aut(7"), arguing as in Section 2.4 shows that Aut(7") has a
regular orbit on I'y x I'g if

1289D)| . for(z T1) - fpr(z, Ts)

IZAut(T) NH;l- |2Aut(T) NHo| 3
|zAut(T)|

m:

(5.6.1)

1.

zeR(Aut(T))

Following the proof of [14, Lemma 6.4], let z € H; be an element of prime order r. First assume

that z is unipotent or semisimple, so the proof of [14, Lemma 6.4] gives
1
201> 2¢% (@ - 1ig* -~ g+ D =ic1.
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We note that |[H; nPGL5(q)| < 3(g?+ g +1)=:a; and [Ho nPGL,(q)| < 6(g2 - 1) =: b1.
Now assume that z is a field automorphism with r odd. Here r > 5, as noted in the proof of

[14, Lemma 6.4], so we have

IPGLE(q)|

Aut(T) PGL5(q)| _
A > | POl @) = — —S
g IPGLS(g )|

1 395 _.
9 )
and there are at most 3(q2 + ¢ + 1)logy g =: a2 and 6(q? — 1)log, q =: by of these elements in H;
and Hg, respectively.

Assume next that z is an involutory graph automorphism. Then |CPGL§(q)(2)| = |Spa(q)I
and so |22"T)| > ¢2(¢® - 1) =: c3. Moreover, z inverts the normal subgroup C(q2+eq+1)(3,g—¢) Of
H; and the normal subgroup C(,2_1)(3,4-¢ Of Ha. This implies that both C(,2..11)(3,g-¢)-(2
and C(,2_1)y(3,9-¢)-(2) are dihedral, so H; contains at most ag := q? + q + 1 involutory graph
automorphisms, and Hy contains at most b3 := g2 — 1 such elements.

It remains to consider the case where ¢ = + and z is an involutory field or graph-field

automorphism. Here,

PGL3(q)|
A(T)| 5 |, PGLy() 5 IPGL3(@ a1y 32 4y
2 | 2> |2 | = PGUs(q2)] 2 (g+1)(q ) =:cy,

and (as noted in the proof of [14, Lemma 6.4]) there are fewer than a4 := 2(q + ¢V/2 + 1) of these
elements in H;. We also set b4 := 12(q2 -1)>|(Hgn PGLg(q)).(zH.

Finally, we conclude that the number m defined in (5.6.1) is less than Z?:l a;b;/c;, which is
less than 1 if ¢ > 32. As noted above, this implies that Nuy7)((x8)) N Nawyr)((y)) = 1 for some
g € G, which completes the proof. |

From the proof of Proposition 5.6.4, we deduce the following property of simple groups, which
will be useful in Section 5.7.3 when we seek to establish Theorems 5.1 and 5.3 for the groups
with & = |T¢ - 2.

Lemma 5.6.5. Let O < Out(T) and K :=Inn(T).0, with O # Out(T) if T € {A5,Ag}). Then there

exists a pair (x,y) of elements of T such that:
(@) x| #|yl;
(b) Cg(x)NCk(y)=1; and
(c) there is no a € K such that x* = x~! and y& = y_l.

Now we determine whether or not G is semi-Frobenius in several special cases.

Lemma 5.6.6. Let O < Out(T). Suppose that P = So and T € {A5,Agl. Then G is not semi-
Frobenius if and only if G = T?.(O x Ss) with

(T,Inn(T).0) € {(A5,A5),(As,S6),(As, PGL2(9))}.
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Proof. This can be obtained with the aid of MAGMA, implementing the approach described in
Section 4.2.5. Here we construct the group G via the primitive group database in MAGMA, noting
that |Q| =|T'| € {60,360}. [ |

For the remainder of this section, we assume T ¢ {A5,Ag}, so the conclusion to Theorem
5.1 for these groups implies that 6(G) = 3. In this setting, Lemma 5.6.2 implies that the group

T2 (Out(T) x Sg) is semi-Frobenius if and only if for each non-identity element x € T,

there exists y € T such that Cauyr)(x) N Cautcry(y) =1

(©) . . -1 -1
and there is no a € Aut(T) with (x,y)* =(x~ ",y ).

We start with two basic observations.

Lemma 5.6.7. Suppose that T ¢ {A5,Ag). Then T?.(Out(T) x Sg) is semi-Frobenius if and only if
(o) holds for all x € T of prime order.

Proof. Let m be an integer, and let ¢ € T and a € Aut(7"). Since Cauyr)(t) < Caugr)(t™) and
"™)% = (%)™, the result follows. |

Now we show that G is semi-Frobenius if T = A, with n > 7.

Proposition 5.6.8. Suppose that k=2 and T = A, for some n > 7. Then G is semi-Frobenius.

Proof. The cases where n € {7,8,9} can be handled using MAGMA, so we will suppose that n > 10.
Again, we may assume that G = T?.(Out(T) x Ss). We will appeal to Lemma 5.6.7 and prove the
result by showing that (¢) holds for all elements x € T' of prime order. Conjugating by an element

of S, if necessary, we may assume that
(5.6.2) x=1,2,...,p)(p+1,p+2,....2p)---({—Dp+1,¢-1Dp+2,...,0p)

for some prime p and some positive integer ¢, so that the integers from 1 to ¢/p appear in
consecutive order.

Let m :=n ifn is odd and m := n—1if n is even. Suppose first that x = (1,2)(3,4). We claim that
(¢) holds with vy =(1,4,3,5,2,6,7,...,m) (so that all integers from 6 to m appear in consecutive
order). To see this, first note that Cg, (y) = (y), and that the elements of S, inverting y by

conjugation are precisely the elements of the right coset (y)o, where

o =(4,m)3,m-1)5,m-2)2,m-3)(6,m -4)(7,m -5)---

m+1 m+3
2 7 2 )
It is easy to check that if g € S, \ {1} satisfies y€ € {y,y !} and 12 < 4, then 2¢ >4 or 48 >4, and
thus x8 Zx=x"1.
To complete the proof, suppose that x # (1,2)(3,4). We claim that property (¢) holds with
y=(1,3,4,2,5,6,...,m). By the definition of x in (5.6.2), x cannot lie in (y). In what follows, we

write ordered pairs using square brackets to avoid confusion with permutations.
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First, we will show that Cg, (x)NCg, (y) = 1. Note that Cg, (y) = (y), so for each non-identity
g€Cg, (y), either

[1%,28]€{[2,7],[3,5],[4,6],[m - 2,1],[m — 1,3],[m, 41},

or 18 €{5,...,m — 3} and 28 = 15 + 3. Additionally, 35 = m — 1 if 18 = m — 2. On the other hand,
we see from (5.6.2) that each h € Cg, (x) maps 1 and 2 to points in a common p-cycle of x, and
2h = 1% + 1, interpreted within that cycle. Moreover, if [17,2"1=[m-2,1]1then (1,...,m-2)is a
p-cycle of x and 3" = 2. It follows that Cs,(x)NCg,(y)=1.

Finally, we will show that no element of S,, inverts both x and y via conjugation. To see this,
first observe that the elements of S, inverting y are precisely the elements of the coset (y),

where

T=(3,m)(4,m—1)(2,m—2)(5,m—3)(6,m_4)...(m+1 m+3)

2 7 2
Assume that g lies in this coset. Then either

[18,281€{[1,m - 21,[2,11,[8,m — 11,[4,m],[5,31,[6,41,[7,21},

or 18 €{8,...,m} and 28 = 18 — 3. Furthermore, if g fixes 1, then 3% = m, and if [18,25] = [2, 1],
then [38,58,68] = [4,m,m — 1]. Now let A be an element of S,, that inverts x. Then A maps 1 and
2 to points in a common p-cycle of x, and 2% = 1% — 1, interpreted within that cycle. In addition,
3" =m -3if[1",2"]1=[1,m — 2], and if [1?,2"] =[2, 1], then either p =2 or 3" = p. Thus, if & also
inverts y, then [17,2",3" 5" 6"1=[2,1,4,m,m — 1], and the fact that p is prime yields p = 2. Our
assumption that x # (1,2)(3,4) now gives ¢p > 6, and [5”,6"] = [m,m — 1] implies that (m — 1, m)
is a cycle of x, so that m must be even. However, m is odd, a contradiction. This completes the

proof. |

To complete the proof of Theorem 5.4(i), it suffices to consider the case where T is a sporadic
simple group. To do this, we first present the following result, which will be recorded in my paper
[70]. Here we say a conjugacy class C of a group X is a witness if for any g € X*, there exists
h € C such that (g,h) = X.

Lemma 5.6.9. Suppose that there exists y € T such that yT is a witness and y~1 ¢ y2"D)_ Then
T2 .(Out(T) x Ss) is semi-Frobenius.

Proof. Note that the condition in the statement implies that T' ¢ {A5,Ag}. In addition, for any
ze€T* there exists x € zT such that (x,y) =T, so Caut(m)(®) N Caug)(y) = 1. This gives (o) since
y—l e yAut(T). .

By a theorem of Guralnick and Kantor [63, Theorem I], every non-abelian finite simple group
has a witness. In establishing this result, the probabilistic method introduced in [63, Section 2]
played a central role. To be more precise, for elements s and g in a finite group X, let
HtegX: X =(s,t)}|

1gX|

I]:Ds(g) =
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T |Mj; Mig Mg Mo Mgy HS Ru McL Ly J; Jo Js da
m| 11 10 7 11 23 11 16 11 11 19 7 19 7

T COl COQ CO3 HN He Suz Fi22 Fiz3 Fi’24 ON Th B M
m| 23 23 11 19 17 13 22 23 23 31 31 47 59

Table 5.4: The integer m in Proposition 5.6.10

be the probability that s and a uniformly random element in gX generate X. Thus, g% is a
witness if Ps(g) > 0 for all s € X* (equivalently, for all s € X of prime order). The probability Ps(g)
can be estimated as follows. For an element z € X and a maximal subgroup K of X, we write
fpr(z,K) for the fixed point ratio of z with respect to the action of X on [X : K], recalling that
fpr(z,K) = 12X N K|/|zX|. Then as noted in [63, Section 2],

1-Py@)< Y. fpr(s,K) =:Qs(g),
Ke t(g)
where ./ (g) is the set of maximal subgroups of X containing g.
Given this observation, we now prove that the group G = T2.(Out(T) x S 9) is semi-Frobenius

if T' is a sporadic simple group. Here we establish a stronger result.

Proposition 5.6.10. Suppose T is a sporadic simple group, and let y be an element of order m,

T

where m is described in Table 5.4. Then for any z € T\ yT of prime order, there exists x € zT such

that (x,y) = T and there is no a € Aut(T) with (x,y)* =(x~1,y~1).

Proof. First assume
T € {M11, Mgg, Moz, Ma4, McL, Jy4, Coy, Cog, Cog, Ru, Figg, Fiy,, Th, Ly, B, M}.

If T € {B,M}, then yT is a witness, as noted in [13, Section 4.7], and one can use the GAP function
InverseClasses on the character table of T' to check that y~1 ¢ yA"“D) If instead T ¢ {B, M}, one
can check with the aid of GAP that y~! ¢ yA"™) and ©Q,(y) <1 for all z € T* (the latter implies
that yT is a witness). This gives the desired result for these groups. See Appendix A.2.2 for the
relevant GAP code.

Next, we assume
Te {Mlz, HS, Suz, He, J1, J2, J3, Figg, O/N}.

For an element g € T', let I(g) := {a € Aut(T) : g% € {g,g~1}} < Aut(T) be the group of elements in
Aut(T) centralising or inverting g. With the aid of MAGMA, one can check that for each T'-class
representative z € T\ yT of prime order (obtained via the function ConjugacyClasses), there

exists x € zT such that (x,y) = T and I(x) n I(y) = 1, noting that the latter condition implies that
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there is no a € Aut(T) with (x,y)* = (x~1,y™1). The element x € zT

can be obtained by random
search, and we refer the reader to Appendix A.1.4 for the relevant MAGMA code.

To complete the proof, assume 7' = HN. Here the function ConjugacyClasses is expensive
since |T'| is too large. Thus, we obtain each T'-class representative of prime order within an
appropriate maximal subgroup. For example, we first construct the maximal subgroup K = Us(8).3
of T using the generators given in the Web ATLAS [123], and obtain y in the Sylow 19-subgroup
within K. Other representatives of prime order can be constructed with the same method. As

T such

before, we check that for each representative z € T\ y7 of prime order, there exists x € z
that (x,y) =T and I(x) nI(y) = 1, which gives the desired result. See Appendix A.1.4 for the

relevant MAGMA code. [ |

Corollary 5.6.11. If T is a sporadic simple group, then the diagonal type primitive group
T2 .(Out(T) x S9) is semi-Frobenius.

Proof. This is given by combining Lemma 5.6.7 and Proposition 5.6.10. |

The conclusion to Theorem 5.4(i) follows from Lemma 5.6.1, Proposition 5.6.8 and Corollary
5.6.11 (see Remark 5.8).
Finally, we show that G is not semi-Frobenius if G = T2.(Out(T) x Sg), T = La(q) and g > 11.

Proposition 5.6.12. Suppose that G = T2.(Out(T) x Sy), where T = La(q) for some q > 11. Then

G is not semi-Frobenius.

Proof. Let x € T be an element of order (¢ + 1)/(2,q — 1). We claim that (¢) does not hold, which
implies the desired result. Setting R := PGL2(q), we note that Cr(x) = (x), Cr(x) = Cy41, and
Ngr({x)) = Dy4+1) is a maximal subgroup of R. In particular, each element of Ng({x)) either
centralises or inverts x.

Write ¢ = p/ with p prime, and let y € T. Then either |y| = p, or y lies in a cyclic subgroup of
T of order (g —1)/(2,q — 1) or (g +1)/(2,q — 1). We shall divide the rest of the proof into four cases,
which together account for all possible choices for y; in each case, we will show that y does not

satisfy (o).
Case 1. |y| =2.

The normaliser N7({x)) is the unique maximal subgroup of T' containing x. Thus if y ¢ N7({x}),
then (x,y) =T. It follows (see [112, Theorem 3] and [86, p. 582]) that there exists a € Aut(T') such
that (x, y)® = (x~1,y~1). If instead y € Np({x)) \ (x), then (x,y)? = (x~1,y~1), and if y € (x), then
¥ € Cautr)(%) N Cauyry(y). Hence y does not satisfy (o).

Case 2. p is odd and |y| = p.

Let H be the unique maximal subgroup of R of type P; that contains y. Then H = C;:Cq_l,
and each involution of H inverts y. Since (¢ —1,¢q +1) =2 and any subgroup of H of order 4 is
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cyclic, we see that o := H N Ng({x)) has order at most 2. In fact, |H|-|Nr({x))| > |R|, which implies
that |JJ| = 2. Let a be the unique involution of /. Now, a is contained in a cyclic subgroup of H of
order q — 1. Hence if a centralises x, then a lies in a proper subgroup of R of order divisible by

both g —1 and g + 1. However, no such subgroup exists, and so (x,y)% = (x~1,y™1).
Case 3. 2# |yl (g + 1DN2,q - 1).

Here, y is contained in a cyclic subgroup of T of order (¢ +1)/(2,q —1). Since all such subgroups
of T' are conjugate, we obtain that y € (x®) for some g € T'. It is also clear that the maximal sub-
group Nr({(x%)) = Dg4+1) of R is equal to Nr({y)). If y € {x), then clearly Cau()(x)NCaut(r)(y) # 1,
so we shall assume that y ¢ (x). By inspecting [49, Table 2], we see that N := Nr({x))nNgr({y)) # 1.
As (x) n(x8) =1, it follows that there exists a € N such that (x,y)* = (x_l, y_l).

Case 4. 2# |yl (g —1DN2,q9 - 1).

We shall identify elements of R with corresponding matrices in GLa(q). In this case, y lies in
a cyclic subgroup of T of order (¢ — 1)/(2,q — 1), and so (conjugating x and y by a common element
of T if necessary) we may assume without loss of generality that y is a diagonal matrix. Suppose
that

a b
x:( ) for a,b,c,d €Ty,
c d

noting that b,c # 0 since |x| = (g + 1)/(2,q —1). Then the matrix

0 1
—cbl 0

inverts each of x and y, and so (¢) does not hold. |

Remark 5.6.13. In [70], I will present a complete classification of the semi-Frobenius groups
with G < T2.(0ut(T') x S»), following the approach briefly outlined as below.
As in the proof of Proposition 5.6.10, for an element g€ T', let

I(g)={ac Aut(T): g% = {g, g~} < Aut(T)

be the group of elements in Aut(7T') centralising or inverting g. For elements x,y € T, let ['1 :=
[Aut(T): I(x)] and I'e := [Aut(T") : I(y)]. Then as noted in the proof of Proposition 5.6.4, Aut(T") has
a regular orbit on I'y x I's if and only if there exists g € Aut(T') such that I(x)nI(y¥) = 1. The latter
implies that both {D,D(1,¢,)} and {D,D(1,¢,)} are edges in Z(G) if one of x and y has order at

least 3, whereas the former condition holds if

|zAut(T) NI(x)| - |2Aut(T) N I(y)I -

Aut(T), . . =
E |-fpr(z,T1)-fpr(z,Tg) = |2 AuT))|

zeR(Aut(T)) ze€R(Aut(T))

1,

where R(Aut(T)) is a set of Aut(T')-class representatives of prime order elements.
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Let us finish this section by recording the following remark on the groups satisfying property
(%) (see Section 3.3.1).

Remark 5.6.14. Suppose that G = T2.(Out(T) x So) with T ¢ {A5,Ag} (so that b(G) = 3), and let
N :={teT:D(1,¢;) is a neighbour of D in 2(G)}.

Then we claim that 2(G) has diameter at most 2 (equivalently, G satisfies (%), as noted in Remark
3.3.1) if and only if N2 = T (that is, any ¢ € T' can be written as ¢ = x1x9 for some x; € N).
To see this, note that for g = 1,xHeT?<aG,

(D(]-’ ‘Px),D(]-y (py))g = (D,D(l,(pyx‘l))'
In particular, (D(1,¢,),D(1,¢,)) is an arc in Z(G) if and only if (D,D(l,(pyxa)) is. Hence
(D’D(l’ (sz),D(l, (lexz))

is a 2-arc from D to D(1,¢;), so diam(Z(G)) < 2. The converse also holds by a similar argument.

As an example, in the case of T' = La(q) with ¢ =7 or ¢ > 11, the elements of T of order
(@q—1)/(2,qg—1) liein N (as noted in the proof of Proposition 5.6.4). By [56, Theorems 2(i) and 3(i)],
for the conjugacy class C of an element of order (¢ — 1)/(2,q — 1), we have C2 = T, and so it follows
that N2 =T and diam(Z(G)) < 2.

5.7 Proofs of Theorems 5.1, 5.3 and 5.4

In this section, we will establish Theorems 5.1, 5.3 and 5.4. Note that the conclusions to these
theorems for the groups with £ = 2 have already been established in Section 5.6. Moreover,
Theorems 5.2 and 5.5.1 yield the required results for base-two groups, and one can use Proposition
5.5.8 and Lemma 5.5.9 to handle the groups with & € {|T| - 2,|T| — 1}. With these results in hand,
we will assume £ > |T| and P € {A}, S} in this section. Recall that G contains Aj (see Corollary
5.2.6), and recall that b(G) e {¢ + 1,0+ 2} if |T|"! <k <|T| by Theorem 5.2.3(iii).

Recall that for an element x = (¢;,,...,¢;,) € Inn(T)*, the partition 22* = {2?F :t € T} of [k] is
defined so that j e Z2Fif ¢; =¢.

Lemma 5.7.1. Let x,y € Inn(T)* be such that Dx and Dy lie in a common Gp-orbit. Then there
exist g € T and a € Aut(T) such that for each integer m,

(5.7.1) glteT:|ZF =m}*={teT:|P)|=m}.
Proof. Write x = (¢y,,...,¢x,) and y =(¢y,,...,¢y,), and let a € Aut(T) and 7 € S}, be such that

D((pxi",...,(px;:) :D((pylna"‘y(pykn)'

It follows that there exists g € T' such that gx;?‘ = y; for all j € [k], and that ((@;‘j )= 933,;7,. In
particular, IQ";;I = Ie@ﬁ'jnl = I,@gqu, and thus (5.7.1) holds. [ |
J
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Note from Lemma 3.3.8 that if G is semi-Frobenius, then 2(G) is not G-arc-transitive as G is

not 2-transitive. To establish Theorem 5.4(ii)(b), the following lemma will be a key ingredient.

Lemma 5.7.2. Let 1 =(j1,...,/m) € S} be an m-cycle with m <k, and let x = (¢py,,...,¢1,) € Inn(T)*
such that tj,,...,t; are not all equal. Then n ¢ Gp NG px.

Proof. Suppose for a contradiction that 7 € Gp NG px. Then there exists g € T such that ¢; = gt
for all j € [k]. Since m < k, there exists jo € [E]1\{j1,...,/m}, so by taking j = jo we see that g =1.

However, this yields ¢;, =---=t; , which is incompatible with our assumption. |

Corollary 5.7.3. The group G is semi-Frobenius if there exists a subset A <) of size b(G)—1 such

that G(a) is generated by a transposition.

5.7.1 The groups with £ =|T|

We start with the case where £ =|T'| and P € {A,S:}.

Proposition 5.7.4. Suppose k =|T| and P € {A;,S}). Then G is semi-Frobenius. In particular,

2(GQ) is not G-arc-transitive.

Proof. First note that b(G) = 3 by Theorem 5.2.3(iii). Write x = (@y,,...,¢¥x,) € Inn(T)*. We
consider the following two cases in turn and show that {D,Dx} can be extended to a base for G of

size 3 in each case.
Case 1. There are at least three distinct entries in X.

Without loss of generality, we may assume that x1,x9,x3 are distinct. In view of Lemma 5.7.2,
it suffices to find a = (¢¢,,...,¢s,) € Inn(T)* such that Gp NGpa < (1,2,3),(1,2)). Theorem 5.7
(proved in Section 5.5) implies that there exists a subset S < T* of size |T| — 3 with trivial setwise
stabiliser in Aut(T"). Let {¢4,...,tz} =S and let t; =t = ¢35 = 1. Suppose (a,...,a)w € Gpa. Then by
Lemma 5.2.2(iii) we have S% = S, which forces @ = 1. Thus, Gp NnGpa < {(1,2,3),(1,2)) as desired.

Case 2. There are exactly two distinct entries in X.

We may assume that x =(1,...,1,¢y,...,¢,) for some non-trivial x € T, with 1 appearing
exactly m times for some m <|T'|/2 (that is, |2?{'| = m). By the main theorem of [63], there exists
y € T such that (x,y) = T. Define a = (¢;,,...,¢:,) € Inn(T)* such that the following conditions
hold:

(@ tm=tm+1=1;
() {t1,..., e} \Mtm,tm+1} =T \{1,y}; and

(c¢) if m =1T|/2, then some Aut(T)-conjugacy class C is equal to {t1,...,%|c|} (note that |C| <m).
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Note that since &£ = |T'|, each element of T\ {1, y} is equal to ¢ ; for exactly one j. By Lemma 5.2.2(iii),
if (a,...,a)m € Gpa, then a € Cauyr)(¥).

Suppose now that (a,...,a)r also lies in Gpx. We claim that a € Cayyr)(x). If m <|T'|/2, then
this is immediate from Lemma 5.2.2(iii). Otherwise, the same lemma yields t;.‘ =t for all j €[&]
and

a,...mY={1,...,mlor{m+1,...,k}L

If the latter holds, then for each j < m, there exists j' > m + 1 such that t;‘ =tjr, contradicting
condition (c). Hence, {1,...,m} is fixed by 7, and x;‘ = x;= for all j € [k]. This implies that a €
Caut(r)(%), as claimed.

It now follows that a € Cauyr)({x,¥)) = Caut(r)(T) = 1. Moreover, if x; =x;, then ¢t; #¢;, and
therefore 7 = 1. Thus {D,Dx,Da} is a base for G. [ |
5.7.2 The groups with |7/ 1<k <|T| -3

Next, assume T <k <|T)Y -8 for ¢ > 2. Our aim is to show that 5(G) = ¢+ 1 and the

generalised Saxl graph Z(G) is not G-arc-transitive.

Lemma 5.7.5. Suppose that P € {A;,S}p), and that ITI 1<k <ITI -3 for some ¢ > 2. Then there
exists x € Inn(T)* such that the partition % = {2F 1t € T} of [k] satisfies the following properties.

(P1) |ZX <I|T| L forall teT.

(P2) L@fl # 0 and Hol(T,S) =1, where S ={t e T :|2?}| = Igf’fl}.
(P3) There exists x € T" such that |2¥ e, |T1¢-1 -1}

(P4) Ifk # IT|? — 8, then there exist t1,t9 € T\ S with Igz‘t’il # Ig’t’gl.

Proof. First assume |T|¢ - 2|T|¢"! <k <|T|¢ — 3. In view of Theorem 5.7, let S be a subset of T'
containing 1 with |S| =|T|—-3 and Hol(T',S) =1, and let {x1,x2,x3} = T\ S. Now define x € Inn(T)*
with [22¥| =T if t€ S, and |25 | <|T|7 - 1 with

|25 =TI -1 and | 2% | +| 2% | =k - (IT|-2)IT|" 1+ 1.
Note that such a partition exists since
2<k—(T|I-2ITI" T +1< 2T - 2.

It is then easy to check that 7% satisfies the conditions (P1)—(P4).

Now assume 3|71 <k <|T|¢ —2|T|’~1. Then there exists an integer m such that 3 <m <
IT|-8 and m|T|" 1<k <(m+1)T) L. By Theorem 5.7, there exists a subset S € T' containing
1 with |S| =m and Hol(T',S) = 1. Let x1,x2 € T\ S and define x € Inn(T)* with |2E| = |T|¢-1if
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tesS, |@;‘1| =1and IQ;ZI =k-m|T| - 1, noting that 0 < %2 - m|T|Y"1 =1 <|T|*~. One can check
(P1)—(P4) easily.

To complete the proof, we assume ITI <k <3ITI L and let S = {t1,t2,t3} < T be such that
t1 =1 and Hol(T',S) = 1. In this setting, let x1,x9,x3 € T\ S and define x € Inn(7T") with IQ:I =1,
and |97’3§| <|T) ! with IQZEI #1 and |37’3§1| + IQ?’;‘QI + Iz@;‘sl =k — 3. We conclude the proof by noting
that 2% satisfies the conditions (P1)—(P4). |

For the remainder of this subsection, we fix an element x = (¢4, ,,...,¢1,,) € Inn(T)* such that
the associated partition 2* of [£] satisfies the conditions in Lemma 5.7.5, where S € T and x € T*

are as described in (P2) and (P3), respectively.

Lemma 5.7.6. Suppose (a,...,a)n € Gpx. Then a =1 and n € P(gx).

Proof. First note that there exists a unique g € T such that tg‘,j = gto,j= for all j € [k], and we
have 7 € P(gx by Lemma 5.2.2(i). This implies that 7 fixes the set {27 : ¢ € S}, and thus g 1t%e S
if t € S, whence g“ila € Hol(T',S) = 1. It follows that g =1 and a =1, so to j = to j for all j €[],
which concludes the proof. |

Write T¢"1 = {by,...,bipc1}, where by = (a1 p,...,ar-15). If |22F] = 1, then we may assume
b; =(1,...,1), and if |22}| = IT)¢71 -1, we assume by =(1,...,1). Let 1<i < /-1 and define
a; = (Pt 1,--,P1,,) € Inn(T)*, where ti; = ajp if j is the hA-th smallest number in 27F. Define
X ={jePE t; =t}

Lemma 5.7.7. Forany te T* and i €{1,...,¢ — 1}, we have 1X; ¢l # 1 X511

Proof. If |2X|=1,thenb; =(1,...,1),s0|X; 1/ =1and |X; | = 0 for all t € T*. And if |22¥| = |T|‘"},
then b1 =(1,...,1), which implies that | X; ;| = 1T~ -1 and 1X; ¢l = ITI L forallteT*. W

Lemma 5.7.8. The set A ={D,Dx,Day,...,Das_1} is a base for G.

Proof. Suppose (a,...,a)m € Gp). By Lemma 5.7.6, we have ¢ = 1 and 7 € P(»x). Note that for
any i € {1,...,/ -1}, there exists a unique g; € T such that ¢; ; = g;t; j» for any j € [k]. Now j € X 1
if and only if j” € Xi’gi—l. This implies that g; = 1 by Lemma 5.7.7, and hence ¢; ; = ¢; ;= for all
ie{l,...,f—1} and je[k].

From the definition of a;, we see that if j, ;' € 22 and j # j/, then there exists i € {1,...,¢ -1}
such that ¢; ; # t; j. This yields j" # j', so j" = j since 7 € Pigx. That is, 7 € P(gx) for all t€ T,

whence 7 =1. |

Proposition 5.7.9. Suppose ¢ > 2, P € {A,S;} and T/ <k <|T|Y -8. Then b(G)=¢+1and

2(Q) is not G-arc-transitive.
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Proof. We see that b(G) = ¢ + 1 by combining Theorem 5.2.3(iii) and Lemma 5.7.8, so it suffices
to show that X(G) is not G-arc-transitive.
First assume k = |T|°~3. Then |22¥| € {|T|*"1-1,|T|’ !} for all ¢t € T, whereas |2}| = |T|*~1-3.
Hence by Lemma 5.7.1, (D,Dx) and (D,Daj) are arcs of 2(G) lying in distinct G-orbits.
Now assume & # |T'|¢ —3, and let ¢1,¢2 € T\ S be as in (P4) of Lemma 5.7.5. Define y € Inn(T')*
by setting
@) =X, P, =Px, and P} = P} for t € T\ {t1,ta}.

t1?

By repeating the above argument, we see that D and Dy are adjacent in X(G). Suppose that Dx
and Dy lie in a common Gp-orbit. Then Lemma 5.7.1 implies that |27| = |g)ty | for all £ € T', which
is incompatible with (P4). This gives I(@t’i | # Iyél = I(@Z [ [ |

5.7.3 The groups with [T -2 <k <|T|*

Lemma 5.7.10. Suppose ¢ > 2, ITI -2<Ek<|T), Pe {Ar,Sptand Sp L G. Then b(G)=/¢+1

and 2(G) is not G-arc-transitive.

Proof. First note by [13, Theorem 1.2] that T has a conjugacy class C such that for any x, y € T*,
there exists z € C with (x,z) = (y,z) = T. Let x1,y1 € T" be such that |x;],|y1| and |z| for z € C are
distinct, and let x2, y2 € C be such that (x1,x2) = (y1,y2) = T. In particular, the setwise stabilisers
of {x1,x2} and {y1,y2} in Aut(T) are trivial, and {x1,x2}% # {y1, yo} for any a € Aut(T).

Let £ =|T|  —m with m € {0,1,2} and define x = ((pto,l,...,q)to’k) € Inn(T)* by setting L@f‘l =
1T +1, 1225 =TI =1, 1225 | = T = m, and |97¥| = |T|°"? for t € T\ {1,x1,x2}. We also
write T = {by,... ,b|pi-1}, where by, = (a1 p,...,ar-1,), and we may assume b -1 = (y,...,).
Define a; = (¢t ;,.-.,¢1;,) € Inn(T)* for i € {1,...,¢ — 1}, where

a;p if jis the h-th smallest number in 22F;
tij=
1 if j is the largest number in 2.

We claim that A ={D,Dx,Day,...,Day_1} is a base for G.

Suppose (a,...,a)n € Gp). By Lemma 5.2.2, we have 7 € P{gx; and tg’j =tg j for all j € [k].
We first prove that a = 1. To see this, note that if & € {|T'|’ - 2,|T|’ — 1}, then 7 € P{p});:luyfz},
which implies that a € Aut(T,{x1,x9}), and thus a = 1 since Aut(T,{x1,x2}) = 1. Now assume
kE=|T|’. Then n € P{gﬁ;{l} and thus a € Cayyr)(x1). Note that for each i € {1,...,¢ — 1}, we have
|28 =TI+ 1, |28 =TI -1 and |22%| = |T|*"! for t € T \{1,x2}. By arguing as above,
we have t?’j =t; j» for all i € {1,...,¢ - 1}, which implies that a € CauyT)(x2), and so a =1 since
Aut(T,{x1,x2}) = 1.

Observe that there exists a unique pair {j1,j2} of elements in [k] such that j; # jo and
tij, =tij, foralli€{0,...,¢ 1}, where we have t; ;, =t; j, = 1. For each i, there exists a unique

element g; € T such that ¢; ; = g;¢; j» for all j €[k], so tijr=tijn= gi_l. Since 7 EP{(@i{}, it follows
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that g; =1 and so ¢; j = ¢; j» for all j € [k]. It is then easy to see that m € ((j1,/2)), and thus 7 =1
as G does not contain any transpositions in Sp.

Therefore, A is a base for GG, and so b(G) = ¢ + 1. In particular, (D,Dx) is an arc in Z(G).
Similarly, if y € Inn(T)* is such that |22Y| = |T|*1+1, |2} | = IT|*" 1 -1, |23, | = IT|*"} = m, and
|22Y| =TI~ for t € T \{1,1,y2}, then Dy is adjacent to D in £(G). Suppose (D,Dx) and (D, Dy)

are in a common G-orbit and note that
P = 1T = =120 = 1T+ 1),

Hence, the element g € T described in Lemma 5.7.1 is the identity, and we have x{ = y; for some
a € Aut(T'), which is incompatible with the assumption |x1| # |y1|. This shows that (D,Dx) and
(D,Dy) are arcs lying in distinct G-orbits. |

Proposition 5.7.11. Suppose ¢ >2 and k € {|T|’ - 1,|T|’}. Then

0+2 if S, <Gy
b(G)=
¢+1 otherwise,

and Z(G) is not G-arc-transitive. In addition, if Sy, < G then G is semi-Frobenius.

Proof. The result on base sizes is a combination of Theorem 5.2.3(iii) and Lemma 5.7.10, and
so it suffices to show that G is semi-Frobenius if S; < G. In this setting, the construction in the
proof of Lemma 5.7.10 shows that there exists a subset A of Q of size ¢+ 1 = b(G) -1 such that
G (p) is generated by a transposition. Now apply Corollary 5.7.3. |

Finally, we consider the case where k& = |T | —2 and S}, < G. The case ¢ = 2 requires special

attention.

Lemma 5.7.12. Suppose k= T2 -2, T €{A5,A¢} and G = Tk (Out(T) x S1,). Then b(G) =4 and

G is semi-Frobenius. In particular, 2(G) is not G-arc-transitive.

Proof. From the proof of Lemma 5.7.10, we see that there exists a subset A € Q of size 3 whose
pointwise stabiliser in G is generated by a transposition. Hence, in view of Corollary 5.7.3, we
only need to show that 5(G) = 4. By Theorem 5.2.3(iii), it suffices to prove that there is no base
for G of size 3.

We argue by contradiction and suppose A = {D,Dagy,Da;} is a base for G, where a; =
(P15 P1,) € Inn(T)*. If |227°| > |T'| + 1 for some t, then there exist j,j' € 2 such that j # j,
toj =to, =t and t1j = t1,;, which implies that G(a) contains the transposition (j, ;). Thus, we
may assume that IQ?’:‘OI <|T| for all t € T'. The same argument holds for a;. It follows that the set

Xi={teT:|2M =T}
has size at least |T'| -2, so | X;| €{|T|-2,|T|—1}.

144



5.7. PROOFS OF THEOREMS 5.1, 5.3 AND 5.4

First, assume either |Sg| or |X| is equal to |T| -1, say |So| =|T|—1 and 1 ¢ Sy. For the
same reason as above, for any j, ;' such that j # j’ and ¢o j = to j, we have ¢ j # t1 j, otherwise
(7,7") € G(p). This implies that |X;| = |T| -2, and we may assume T\ X7 = {1,x} for some x # 1.
Write ¢ = (¢9,j,¢1,;) for j € [k], noting that

fej:jelkl =T\ {(1,1),1,x)}.

That is, {c; : j € [k]} is fixed by ¢, setwise, with the componentwise action. This induces a
permutation m € Sj, where

Jf=m ifcfx =cCpn.
In particular, t‘f;. =t; j» for each i € {0,1}. Then

Da/ " =Dl .o ppe )=D(@yy,...rp1,,) = Day

i1 ik

for each i € {0,1}, and so (@, ...,0)7T € G).
To complete the proof, we may assume |So| = |X1| =|T|-2, say T\So ={1,x} and T\ X1 = {1, y}.

Write ¢ = (¢o,j,¢1,;) for j € [k] as above, and observe that
T?\{c;:j €[kl ={(1,1),(x,»)} or {(1,),(x, 1)}

It is easy to check with the aid of MAGMA that there exists an automorphism a € Aut(7") such
that 1# a € Cpuyr)(®) N Caur)(¥), or (x,3)% = (x~1,y71).
Assume a # 1 and (x,y)* = (x,y). Then {c; : j € [k]} is fixed by a setwise, with the component-

wise action. Once again, @ induces a permutation 7 € Sj, where
j”:mifcj‘:cm.

Then by arguing as above, we deduce that (a,...,a)7w € G(a).

Finally, assume (x, y)® = (x~1, y~1) and note that
fe;jelk}* ={(x"y De; jelklh
Here a also induces a permutation 7 € S, where
JF=mif c;’.‘ =Ly Den,
and thus tg’j = x_lto,jn and t‘f,j = y_lt]_,jn for all j € [k], noting that 7 # 1 if @ = 1. Now we have
Dag" = D(wtzﬂ,l SRR )=D(Py-19t, 15, Px192,,) = Dag

and similarly, Da(la"“’a)” = Daj. This completes the proof. |
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Proposition 5.7.13. If P € {A},S:} and k = |T|? -2, then

b(@G) = {4 T € As,Ag) and G =T*.(Out(T) x Sy);

3 otherwise.

Moreover, 2(GQ) is not G-arc-transitive.

Proof. By Lemmas 5.7.10 and 5.7.12, we may assume that S; <G, and G is not Tk (Out(T) x S)
if T € {As5,Ag). That is, G = T*.(O x S1) for some O < Out(T), with O # Out(T) if T € {A5,Ag}. We
will prove the result by construction.

Write K = Inn(7").0 < Aut(T). In view of Lemma 5.6.5, there exist x,y € T such that |x| # |y,
Ck(x)NCg(y) =1 and there is no a € K with (x, ) = (x 1,y 1). Define x = (Ptg1r-->Pty,) € Inn(T)*
by setting |277| = |22F| = |T| -1, and |2%}| = |T'| if t € T \ {1,x}. And we label the elements in T' by
T ={g1,...,81)}, where g1 =1 and g7 = y. Now define y = (¢¢,,,...,¢¢,,) € Inn(T)* by setting

{ ghn if £ #1 and j is the h-th smallest number in 27;
t1,j=

gh+1 if jis the h-th smallest number in 277.

Note by Lemma 5.7.1 that (D,Dx) and (D,Dy) are in distinct G-orbits (as |x| # |y|), so it suffices
to show that A ={D,Dx, Dy} is a base for G.

Suppose (a,...,a)w € G(a), noting that a € K. By Lemma 5.2.2(i), we have 7 € P{gx}, so either
mE P{gaf} N Pigx), or (PP = 2%, hence there are two cases to consider.

First assume that (22])" = 2. There exists a unique g € T such that tg’j = gt j» for all j € [R],
and by taking j € 2I we have g = x~1. This implies that x* = x~! by taking j € 2¥. Note that
12]1= 12| =IT| -1, and |2]| = |T| if ¢ ¢ {1, y}. By arguing as above, either 7 € Pz NP gy or
(@13' ) = 9?’5‘,” . If the former holds, then

(PEnP]) =PEnP].

However, as can be seen from the definitions of x and y, we have L@fﬂ@f | = 0, while IQW;‘OQ?{ |=1.
This implies that (9’{ )= 9’5 , 50 y* = y~! as above. By our assumptions on x and y, there is no
a € K with (x, y)® = (x~1,y~1), which gives a contradiction.

Finally, suppose that 7 € Pzx N Pigy). First note that 7 . = to;= for all j € [k], so x* = x.
Similarly, we have 7 € P{g,ly} nP{g,yy} and y%* = y. This implies that a € Cx(x)N Cg(y) =1, and thus
ti,j =t jr for all i €{0,1} and j € [k], which yields 7 = 1 and completes the proof. |

Proposition 5.7.14. If ¢ >3, k = IT) -2 and P € {Ar,Si}), then b(G) = ¢+ 1 and 2(G) is not

G-arc-transitive.
Proof. First note that there exist x,y,z € T such that |x| # |y|,

Caut(T)®) N Caut(y(¥) N Cauy(r)(2) = 1
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and there is no a € Aut(T") with
(,y,2)* =1y Lz

To see this, if T'¢ {A5,Ag} then we apply Lemma 5.6.5, and if T € {A5,Ag} then it can be checked
using MAGMA. Define x = (¢y, ..., ¢s,,) € Inn(T)* by setting |27¥| = |22¥| = |T|’"! - 1 and |22¥| =
T if ¢ ¢ {1,x}. Write T¢71 = {by1,...,bjp1}, where b, =(a14,...,a7-1,4), and we may assume
b1 =(1,...,1) and bp-1 =(y,%,...,2). Now define a; = (¢¢, ,...,¢¢,,) for i €{1,...,£ -1}, where

. {a ih if t #1 and j is the A-th smallest number in &Z¥;
ij=

a;p+1  if j is the A-th smallest number in 277,

We claim that A ={D,Dx,Da;,...,Day_1} is a base for G.

We argue as in the proof of Proposition 5.7.13. Suppose (a,...,a)n € G(), noting that 7 € Pgx)
by Lemma 5.2.2(i). It follows that either 7 € Pigx N Pgx) or (7)" = .

First assume that (277)" = 22F. Note that there exists a unique g € T such that t&j = gto,j
for all j € [k]. Now g = x~! by taking j € 2%, and thus x® = x~! by taking j € P¥. Note that
|2 = 225 = IT)Y"1 -1, and |2 = IT|¢~1 if ¢ ¢ {1, y}. By applying Lemma 5.2.2(i) again, we
have either 7 € P{gfl} mP{Q,;l} or (.@fl )= @;1. Ifne P{@fl} mPL@;l}, then

(PENPIY = PEN P,

which is impossible since |2} n 2| = IT|“~2 -1, while |2X NP = IT¢~2. Hence, we have
(,@f = .@;‘ ! and thus y* = y~! with the same argument as above. Now suppose m > 2, noting
that Ig?’f’”l =|p2n| = IT)Y"1-1, and nyil =|T|“"1ift ¢ {1,z}). By arguing as above, we have z% =
z~1. However, by our assumptions on x, y and z, there is no automorphism of T simultaneously
inverting all three elements, which gives a contradiction.

It follows that 7 € Pi»x; N Pigx), and with a similar argument we deduce that 7 € P{g"fl} and
TE P{yfm}. Hence, t‘i’"j =t; j» for all i €{0,...,¢ —1} and j € [k]. This implies that

@ € Caut(7)(%) N Caut(7)(¥) N Caut(1)(2),

so & = 1. Moreover, note that if j, ' € 22F for some t € T' and j # j', then there exists i € {1,...,¢ -1}

such that ¢; j # ¢; ;. Hence, = 1 and so A is a base for G. Therefore, b(G) = ¢ + 1, as desired.
Finally, we see that (D,Dx) and (D,Daj) are in distinct G-orbits by Lemma 5.7.1 since |x| # |y|.

This shows that Z(G@) is not G-arc-transitive and completes the proof. |

5.74 Concluding remarks

As explained in Remark 5.8, we conclude that the proofs of Theorems 5.1 and 5.3 are complete,
which are obtained by combining Theorems 5.2.3(i) and 5.5.1 for the groups with P ¢ {A;,S:},
and the relevant results for the groups with P € {A;,S;} as recorded in Table 5.1, noting that
Theorem 5.2 has been proved in Section 5.5.

To complete the proof of Theorem 5.4 (see Remark 5.8), we establish the following lemma.
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Lemma 5.7.15. Suppose P € {Ap, S}, T 1 +3<k<|IT) for some ¢ > 1 and b(G)=¥¢+ 1. Then

G is not semi-Frobenius.

Proof. If / =1 then b(G) = 2 and so G is not semi-Frobenius (see Lemma 3.1.1(iii)). Hence,
we assume ¢ > 2, and so A, < G by Corollary 5.2.6. Let x:=(1,...,1,¢,) € Inn(T)* for some
x € T*. It suffices to show that A := {D,Dx,Day,...,Da,_1} is not a base for any choices of
a; = (@r,,,-..,9z,,) € Inn(T)".

For each j € [k], let ¢; :=(t1,,...,t¢-1,) € T*~1. Note that & — 1> |T'|*~! + 2. This implies that
either there exist ji,j2,/3 € [k — 1] such that ¢;, = ¢j, = ¢j,, or there exist distinct j1,j2 € [k —1]
and distinct j,j; € [k — 1] such that ¢;, = ¢;, # cj. =cj,. In the former case, (j1,/2,/3) € Gn),

while (j1,72)(j],75) € G(a) in the latter case. [ |

However, as one may observe, the method in the above proof cannot be extended to the groups
with2 =T 1 +1or |T| 1 +2. Although we are not able to handle these cases in general, we

obtain partial results.

Lemma 5.7.16. Suppose that Sy <G and k € 4T+ 1, T4 + 2} for some ¢ > 2. Then G is not

semi-Frobenius.

Proof. Note that 6(G) = ¢+ 1 by Proposition 5.7.9. Let x :=(1,...,1,¢,) € Inn(T)* for some
x € T*. Again, it suffices to show that A :={D,Dx,Day,...,Da,_1} is not a base for any choices of
a;:=(pt;1,..,P1,,) € Inn(T)*, and without loss of generality, we may assume that ¢; , = 1 for all i.
As before, let ¢ :=(¢1j,...,t,-1;) € T¢~1 for each J €Ikl

It is easy to see that if 2 = [T~ + 2, then there exist distinct j, ' € [k — 1] such that cj=cj.
Thus (j, ') € G(a), and A is not a base for G.

To complete the proof, we assume that % = |T'|’~! + 1. Arguing as above, we may also assume
that cj,...,cz—1 are all distinct, otherwise there is a transposition in G(a). In particular, for each
j€lk—1], we have cf" =c¢,, (acting componentwise) for some 1 <m <k —1, and clearly cZ" =cyp,

as ¢, =(1,...,1) by our assumption above. Thus ¢, induces a permutation 7w € S, where
Jjf=m ifc‘jp" =Cp.
That is, t‘ij. =t; j» foreachi€{l,...,/ -1} and j € [k]. Now
Dag(px)"':(px)” _ D(‘Pti,p Pt )(tpx,...,wx)n
= D(‘Ptﬁ, s Py )

= D((pti,lﬂ geeey (pti,k” )7[
= D((ptiJ" .. 7(pti,k) = Dal

Therefore, (¢y,...,p.)w € Gp), which concludes the proof. |
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5.8 Proof of Theorem 5.6

Although it seems difficult to verify Conjecture II for diagonal type groups in full generality, we
consider the case where P ¢ {A},S}} in this section, which establishes Theorem 5.6. Recall that
b(G) =2 in this setting, and we may assume G = T*.(Out(T) x P).

Here we adopt the notation from Section 5.4.2, recalling that R(G) is a set of representatives

for the G-conjugacy classes of elements in the stabiliser D in G which have prime order, and

defining

R1(G) :={(a,...,a)m € R(G): 7 is fixed-point-free on [%£]},

Ro(@):={(a,...,x)n e R(G): 1 =1},

R3(G) :={(a,...,a)n € R(G): 1 #1 and 7 has a fixed point on [£]},
and

GnDP2IC
@)= y, 2 0PHCW
x€R;(G) Gl

Recall (2.4.2) that

R(G,2) < Q(G,2) =r1(G) +ra(@) +r3(G).

Thus, in view of Lemma 3.1.3(1), it suffices to show that r1(G)+ro(G)+r3(G) < 1/2.

The following lemma is [51, Lemma 4.5].
Lemma 5.8.1. If x =(a,...,a)n, then

Note that if (a,...,@)7 has prime order and 7 # 1, then |7| is a prime and either |a| = |7| or
a = 1. Define X1(G) := UxeRl(G)(xG N D). That is (recall that a fixed-point-free permutation is

called a derangement),
X1(@)={(a,...,a)te G:m € P is a derangement of prime order and |a| = |7| or a = 1}.
Then

GnD|? GAD
ne= y Z0PHCWI_ -y EnDIC)]
x€R1(Q) (&]] X0 Tel

and by Lemma 5.8.1 we get

|aAD 7P 1Ca(a, . .., a)m)|

(5.8.1) r(G) =
(@,...,0)meX1 (@) G|

Now we can apply [61, Lemma 4.6], where it is proved that

(5.8.2) ICe(a,...,a)m)| = |CP(7T)||COut(T)(a)||T|‘%a
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where @ is the image of a in Out(T). Note that |Coyugr)(@)| < |Out(T")|. Combining (5.8.1) and
(5.8.2), we have

(5.8.3) @< Y T 1 Y et
neA(P) algl?ur("lr)
a|=|T

where A(P) is the set of derangements in P of prime order. We are now ready to bound r1(G) from

above.
Lemma 5.8.2. If (P, k) #(S5,6), then r1(G) <|T|™!, and we have r1(G) < ITI_% if (P,k)=(S5,6).

Proof. First, let us assume £ > 24. As noted in the proof of [51, Lemma 4.1], we have

|Out(T)|2|P|?

G) <
ri(@) |T|r§]_2

and we also note that |P| < 2% by [100, Corollary 1.2]. By applying the bounds |T'| > 60 and
|Out(T)|? < |T'| (see Lemma 2.2.5), we get

|Out(T)%|P|? . 4*

< |T|_1.
|T|f§1—2 60[%1—13*0|T|

ri(@) <

Now assume £ < 24. Here we will use the bound given in (5.8.3), which gives

& _ _
r@O<IT Y TE 1y Y 1@ D) =T e, T)

neA(P) acAut(T)
|a|=|m]
(684 <Y AwtDRTE R
neA(P)
-1 N |
STt Y TE R e, ).
weA(P)

Assume (P,k) #(S5,6). We have % +k(zl7 -1)< % - ’% <0if k> "17. For k <7, one can check
using MAGMA that the inequality % + k(1—1, —1) < 01is still valid. Thus, ¢(P,|T|) is an increasing
function of |T'|. With the aid of MAGMA, it is routine to check that if | 7| > 126000 = |U3(5)|, then
¢(P,|T]) < 1. For each simple group 7" with |T'| < 126000, we use MAGMA to check that p(P,T) <1
and the result follows.

To complete the proof, it suffices to consider the case where (P,k) = (S5,6). Here there are 30
derangements of prime order in P, 10 of which have order 2, and the remainder have order 3.
Then (5.8.4) implies that

_1 _4 11 _a 11 1
r1(G)<10|T| 3 +20|T| 3 <10|T| 3+§ITIIT| 3<?|T| 3,

In particular, when |T'| > 1285608 = |Ly(137)|, we have r1(G) < %ITI_é < ITI‘%. For each simple
group 7" with |T'| < 1285608, we can use MAGMA to check that (P,T) < |T |%, so the result follows.
[ |
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By combining Corollary 5.2.12 and Lemma 5.4.13, we obtain the following upper bound on
ro(G).

Lemma 5.8.3. We have ro(G) < 10%7*,

Finally, we obtain a bound on r3(G). To do this, we first extend [51, Lemma 4.4] with the

following technical result.

Lemma 5.8.4. Suppose k > 11, or 5< k <10 and |T| > |L2(431)| = 40031280. Then

P
T

I <imie
nerp) I T1F =

where R(P) is a set of representatives for the conjugacy classes of prime order elements in P, and

rx denotes the number of orbits of & on [k].

Proof. Note thatif 2 —r,; < g then k£ —r; =1, so & is a transposition, which forces P =S}, by a
classical result of Jordan [75] (that is, a primitive group of degree £ that contains a transposition
is always Sp) and is incompatible with our assumption. Thus, £ —r; > 2, and hence it is easy to
check the desired result holds if 5 <%, <10 and |T'| > |L2(431)| = 40031280.

From now on, assume k£ > 11. Observe that the lemma holds if we can show that

k P
(5.8.5) y Aoy
reR(P) 60% T3

First assume 11 < & < 24. The group P can be accessed via the primitive group database of
MAGMA [10], so one can verify that (5.8.5) holds by checking each group in turn.

Next, we consider the cases where & > 24. Then by [100, Corollary 1.2], we have |P| < 2%. By
arguing as in the proof of [61, Lemma 4.4], the lemma holds if

(5.8.6) Ll

where u(P) is the minimal degree of P (the smallest number of points in [£] moved by any
non-identity element in P).
Let us first assume u(P) > 3k/7. Then
k|P| 2k

wP)

5 < 3k 5
T2 3 360143

<360§k( 2 )k<1
36014
for |T| > 360 = |Agl, and so (5.8.6) holds. Similarly, we can eliminate the cases where T'= A5 and
k > 60, or T = PSLa(7) and & > 30. For the remaining cases, we can check the lemma directly
with the aid of MAGMA.

It suffices to consider the case where u(P) < 3k/7 and k > 24, so by [64, Corollary 1] we have
k=(}),m>5r>1and

Al P <SpSy,
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identifying [%£] with I, where I is the set of subsets of {1,...,m} of size £ with 1 < ¢ <m/2. We

divide the proof into three cases.
Case 1. (r,0)#(1,2) or (2,1).

Following the proof of [51, Lemma 4.4], we set

r-1
m-2\{m

and so (5.8.5) holds if

5
(5.8.7) 3mrlogm +rlogr < (g(m,r,é)— g)logGO.

As noted in the proof of [51, Lemma 4.4], if » > 3 then g(m,r,¢) >m” ™ 1;if r =2 and ¢ > 2 then
g(m,2,0) >m?; and if r =1 and ¢ > 3 then g(m,r,¢) > (m —3)?/2. Using these bounds, we see that
(5.8.7) holds unless m < 8, r =1 and ¢ > 3 (note that the conditions ¢ < m/2 and & > 24 yield m > 7
and ¢ = 3). If m = 8 then we see that (5.8.7) still holds by inputting the exact value g(m,r,¢) =15,
while for m =7 we can check that (5.8.5) holds.

Case 2. (r,?)=(1,2).

In this case, P = A, or Sp,. As noted in the proof of [51, Lemma 4.2], we have f},(S,,) < ’%2,
where f},(X) is the number of conjugacy classes of elements of prime order in a group X, which
implies that £,(P) < m? by [51, Lemma 4.7]. Note that £ = (j) <m?, so we only need to show that
| |60§+r »~k < m~* for each 7 € P of prime order. By arguing as in the proof of [51, Lemma 4.4],
it suffices to show that

4 20
(5.8.8) 1+ —|logm+pt+1+—+s<2m
pt 3pt

for all primes p < m and integers ¢ such that 1 <t < m/p, wheres=0if p >3 and s=2/p if p =2.
Assume m > 12, so 3logm < m. When pt > 4, we have

( 4
1+—

pt
and so (5.8.8) is satisfied. One can also check that (5.8.8) holds if p# < 3 (where we have p € {2,3}

and ¢ = 1). Now assume m < 12. Note that m > 8 since k = ('g ) > 25. Then it is easy to check that
(5.8.8) holds in each case with m > 9. For m = 8, we can check that (5.8.5) holds.

20 2 11
logm+pt+1l+—+s<-—m+m+—<2m
3pt 3 3

Case 3. (r,?)=(2,1).

To complete the proof, we move to the case where (r,¢) =(2,1), so A?n dP < S%,L:SQ =:Q. Here
we adopt the notation in the proof of [61, Lemma 4.4], where 6 and %; are the unions of elements
of prime order in S%l and @ \S%l, respectively. As noted in the proof of [61, Lemma 4.4], ¥ NP and
%6, NP comprise at most 3m3 and 8 conjugacy classes of P, respectively. Note that m = V&, so in
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order to prove (5.8.5), it suffices to show that InP|60§+r”_k is less than %m_5 forallte R(P)NE,
and at most %m_2 for all 1 € R(P)N6;.
For the latter, we have 7P| <m™ land k —ry= %(m2 —m) as noted in the proof of [51, Lemma

4.4], where m € 6; N P. Since log60 > 4, it suffices to prove that

2
(m+1)logm < 2(m?—m) - 39.

This is obvious since logm <m — 1.

Finally, let 7 = (s1,s2) € € NP be of order p, and let f; be the number of fixed points of
7 on [k]. As noted in the proof of [51, Lemma 4.4], we have f; = (m — pt1)(m — pts) for some
0<t1,ts < m/p and t1 or tg is non-zero. We also have &k —r; > (k — f)/2. Thus, in order to prove
that InPIGOgJ“r”_k < %m‘5, it suffices to show that

5
(5.8.9) (pt1+ pta +5)logm +2p2t1te < 2m(pt1 + pty) — 5 log60 —log®.

Note that pt1 + pto > 2 and 2p2t 1t < mp(¢1 + t2) (see the proof of [51, Lemma 4.4]). This implies
that (5.8.9) holds for m > 10 as we have 3logm < m. We now complete the proof by noting that
(5.8.9) holds for 7 < m <9, while (5.8.5) holds for m =5,6. [ |

Lemma 5.8.5. We have r3(G) < |T| 5k,

Proof. As noted in the proof of [51, Lemma 4.3], we have

Out(D)||P
(5.8.10) ro(@) < [QDNPL s s Py,

G| )

where R(P) and r; are as in the statement of Lemma 5.8.4. Thus, by Lemma 5.8.4, the desired

bound holds if 2 > 11, or if 2 < 10 and |T'| > 40031280. For the groups with 2 < 10 and |T| <

40031280, one can check with the aid of MAGMA that the left-hand side of (5.8.10) is less than
1

IT|"5k~1. [ |

We are now in a position to prove Theorem 5.6, which is our final main result on diagonal

type groups.

Proof of Theorem 5.6. As noted above, it suffices to show that r1(G)+ro(G) +r3(G) < 1/2. If
(P,k) #(S5,6) then

1 1 1 1
G +ro@+r3@ <|TI 7 +104 4T3k 1 — 4 — 4 ——— < =
ri(@)+ra(G)+rs3(G) <|T| IT| 60 10 5.601Y3 "2

by Lemmas 5.8.2, 5.8.3 and 5.8.5. Similarly, if (P, k) = (S5,6), then
1 1

101
@) +r2(@) +r3(G) <ITI 75 + 700+ 66013 "2

if T # A5, and for T = A5 the result follows by computing precise values of r;(G). |
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5.9 Remarks on primitive twisted wreath products

We conclude this chapter by establishing Conjecture II and resolving Problem III for some
primitive twisted wreath products (see type V of Table 2.1). Throughout, let T be a non-abelian
simple group, P < S}, be a primitive group on [k], and let G = T*:P be a primitive twisted wreath
product. Here b(G) =2 by [50, Theorem 1.1].

Theorem 5.9.1. Any two vertices in Z(G) have a common neighbour.

Proof. In view of Lemma 3.1.3(i), it suffices to show that Q(G,2) < 1/2. By [50, Lemma 5.5], we
have
l
(5.9.1) RG,2)< ) —or,
wer(p) [TI1*77

where R(P) is a set of representatives for the conjugacy classes of prime order elements in P, and
r denotes the number of orbits of 7 on [%].

IfP¢{A,S:} and k > 11, then we see that Q(G,2) < 1/2 by applying (5.9.1) and Lemma 5.8.4.

One can check using MAGMA that if P ¢ {A;,S:} and £ < 10 then

P 1
k—r <5
xeR(p) 6077 2

which shows that Q(G,2) < 1/2 by (5.9.1). Finally, if P € {A;,S;} then £ > 6 and T'= A,_1 by [50,
Lemma 4.8], and
5
" [ RGE-1) 25k
Z k-1 <IT|"3- s 1T 2
neR@) | T (-1)1525 (k-1)I5
as remarked in the proof of [50, Theorem 5.1]. This shows that Q(G,2) < 1/2 for these groups,

which completes the proof. |

Theorem 5.9.2. We have reg(G) > 2. In particular, 2(G) is not G-arc-transitive.

Proof. As can be seen in the proof of Theorem 5.9.1, we have Q(G,2) < 1/2, so in view of Lemma
3.3.6, it suffices to show that 2|P| < IT\*. IfP ¢ {Ap,Sp}, then this is given by the main theorem of
[105], which shows that |P| < 4%. And if P € {A;, S} then T = Ap_1 by [60, Lemma 4.8], and hence
one can show that 2|P| < |T'|* immediately. This shows that reg(G) > 1. The statement concerning
2(G) follows from Lemma 3.1.2. |
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CHAPTER

PRODUCT TYPE GROUPS

The work in this chapter is heavily drawn from the papers

T.C. Burness and H.Y. Huang, On base sizes for primitive groups of product type, dJ.
Pure Appl. Algebra 227 (2023), Paper No. 107228, 43 pp.

S.D. Freedman, H.Y. Huang, M. Lee and K. Rekvényi, On the generalised Saxl graphs
of permutation groups, submitted (2024), arXiv:2410.22613.

which are [26] and [52], respectively.

In this final chapter, we consider the product type primitive groups (see type IV of Table
2.1). Here we have G < L P and Q can be identified with the Cartesian product I'* where k> 2,
L < Sym(I') is a primitive group of type II or III in Table 2.1, and P < S}, is transitive on [%].

Our main focus will be on the groups of the form G = L P, and we will study 5(G) and reg(G)
as before, establishing Theorems 6.1, 6.2 and 6.3 below. By studying bases for these groups, we
will show that Conjecture II on the generalised Saxl graphs of primitive groups is equivalent to (a
priori, stronger) statement (see Conjecture 6.5 below). Finally, we take the first step in studying
the base size of G when it is a proper subgroup of L!P. One of our main results here is Theorem

B from Chapter 1, and a detailed statement is given in Theorem 6.6.

Most of the results in this chapter are taken from my joint paper with Burness [26], while the
proof of Theorem 6.2 and the results on generalised Saxl graphs for the groups with 5(G) > 3 are

from my joint paper [52] with Freedman, Lee and Rekvényi.
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6.1 Introduction

Recall that if G < Sym(Q) is a product type primitive group, then G < LS}, acts on Q = I'* with
its product action (see (6.2.1) in Section 6.2.2), where £ > 2 and L < Sym(I') is a primitive group
with socle T', which is either almost simple or diagonal type (see Table 2.1). Moreover, G has socle
T* and the subgroup P < S}, induced by the conjugation action of G on the set of factors of T is
transitive. It follows that 7% <G < L1 P and thus 5(G) < b(L P).

Bases for product type groups of the form G = L1 P are considered by Bailey and Cameron
in [6]. In order to state their main result (which imposes no conditions on L or P), let D(P)
denote the distinguishing number of P, which is the minimal number of parts in a distinguishing
partition for the action of P on {1,...,k} (a partition is a distinguishing partition if the intersection
of the setwise stabilisers of the parts in P is trivial). In addition, for a positive integer m, let
reg(L,m) be the number of regular orbits of L in its coordinatewise action on I'” (note that
reg(L,b(L)) = reg(L), and reg(L,m) > 1 if and only if m > b(L)). Then [6, Theorem 2.13] states
that

(6.1.1) b(LP) < m if and only if reg(L,m) > D(P).

In particular, we have b(L) < b(L ! P).

In studying product type groups G < L!P as above, there is a natural distinction to make
between the full wreath product L!P and its proper (primitive) subgroups. Focussing first on the
former case, we consider the groups G = L P with soluble point stabiliser H. In this setting, L
has soluble point stabilisers, so L is an almost simple group and the precise (L) (with respect
to the action on I') has been computed in [14] (in particular b(L) < 5 in every case). Moreover,
the solubility of H implies that P is soluble, and so D(P) <5 by [110, Theorem 1.2]. In view of
(6.1.1), we see that b(L P) = b(L) if and only if reg(L) > 5, and we recall Propositions 4.5.14 and
4.5.19, which determine the groups L with reg(ll) < 4 (see Tables 4.7, 4.8 and 4.9). With these

observations in hand, we will prove the following result in Section 6.3.

Theorem 6.1. Let G = L P be a product type primitive group with soluble point stabiliser J ! P.
Then either

(1) b(G)=0b(L); or

(ii) b(G)=b(L)+1, reg(L) < D(P) and (L,J,reg(L)) is one of the cases in Table 4.7, 4.8 or 4.9.

Now we turn to the problem of classifying the groups G = L P with reg(G) = 1. In order to
state the theorem, let 22,,([k]) be the set of ordered partitions of [k] into m parts, where some
of the parts are allowed to be empty. In Lemma 6.4.5 we will show that reg(G) = 1 if and only if
reg(L,b(G)) = D(P) and P has a unique regular orbit on &?pp)([k]). We are also able to classify
the primitive groups satisfying the latter condition (see Proposition 6.4.15), which extends earlier
results of Seress [109] and Dolfi [47]. This allows us to establish the following theorem.
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Theorem 6.2. Let G = L P be a product type primitive group, where P < Sy, is primitive. Then
reg(G) = 1 if and only if reg(L,b(G)) = D(P) and one of the following holds:

(i) P=Spand D(P)=k;
(ii)) P=As5, k=6and D(P)=3;
(iii) P =PI'La(8), k=9 and D(P)=3; or

(iv) P=AGL3(2), k=8 and D(P)=4.

For base-two groups, we are able to determine a formula for reg(G) = r(G) when G = L1 P
(recall that r(G) is the number of regular suborbits of G, and r(G) > 1 if and only if 5(G) < 2),
which turns out to have some interesting applications. Here ¢,, denotes the number of (unordered)
distinguishing partitions with m non-empty parts for the action of P on {1,...,k}, so ¢,, > 1 if and
only if D(P) < m.

Theorem 6.3. Let G = L P be a product type primitive group acting on Q =T*. Then

1 & L
== 3 m| ).
IP| ,,2D(p) m

In general, it is difficult to compute #,, precisely, but this can be achieved in some special
cases, which then allows us to simplify the given expression for 7(G). For example, see Corollaries
6.4.3 and 6.4.4. Notice that we have a trivial upper bound ¢,, < S(k,m), which is the total number
of partitions of {1,...,k} into m non-empty parts (a Stirling number of the second kind). In fact,
this bound is best possible. For instance, if P = Cj, has prime order, then ¢,, = S(k,m) for all
m > 2. On the other hand, if Il = {ny,...,7,,} is a distinguishing partition for P, then Py < S, is
a permutation group on the set of parts comprising I and thus ¢,, > |P|/m!. Note that ¢,, = |P|/m!
only if each part has the same size in every distinguishing partition for P into m parts. For
example, if P =S}, and m =k, then t,, =1 = |P|/m! since the partition of {1,...,%} into singletons
is the only distinguishing partition for P.

In a different direction, we can use Theorem 6.3 to establish several new results on the Saxl
graphs of base-two product type primitive groups. Recall Lemma 3.1.1(iv), which tells us that
the valency of the Saxl graph Z(G) for a base-two group G is val(G) = r(G)|H|, where H is a point
stabiliser of G. Our main result on the valency of Saxl graphs of product type groups is Corollary
6.4 below, which extends earlier work in [20] and [37]. For part (i), recall that a connected graph

is Eulerian if and only if every vertex has even degree.

Corollary 6.4. Let G = L P be a base-two product type primitive group with Saxl graph 2(Q).
Then the following hold:

(1) Z(G) is Eulerian.
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(ii) val(G) is a prime power if and only if L = Mg, J =SD1g, P is a 2-group and to > 1is a

2-power.

Note that val(G) is a prime power only if |[H| = |J|¥|P| is a prime power, which implies that
both o/ and P are soluble. Let us also observe that there are genuine examples in part (ii), where
P is a 2-group and ¢ is a 2-power. For example, if P = Cg:(Cy x Cs) is the holomorph of the cyclic
group Cg in its natural action on 8 points, then 9 = 16. We refer the reader to Remark 6.5.4 for
further comments.

Now we turn to Conjecture II for the generalised Saxl graph Z(G) of a primitive product type
group G. By considering this conjecture for primitive wreath products, we will show that it is
equivalent to the following (a priori, stronger) statement. Here N(a) is the set of neighbours of a
in 2(G), and a G g-orbit a%# is called almost-regular if {a, B} can be extended to a base of size b(G)
(in particular, a regular G g-orbit is almost-regular, and N(«) is the union of all almost-regular
G ,-orbits).

Conjecture 6.5. Let G < Sym(Q) be a finite primitive permutation group and let a,f € Q. Then

N(a) meets every almost-regular G g-orbit on €.

We will present some evidence for Conjecture 6.5 in Section 6.5.2. For example, we will show
that the conclusion holds for the action of Lo(g) on the set of pairs of 1-dimensional subspaces of
the natural module [F?I (see Proposition 6.5.8).

In the final part of the chapter, we consider general product type groups of the form G <L P.
The analysis of bases in this setting is significantly more difficult and there are very few (if any)
existing results in the literature that are tailored to this particular situation. As a starting point,

we determine the base-two groups in certain families of product type primitive groups of the form
(6.1.2) T'\P<G<LP

with soluble point stabilisers. Here P is soluble and L is almost simple with soluble point
stabilisers. In addition, we may assume G induces L on each copy of I" in the Cartesian product
Q =T%, so both L and P are uniquely determined by G (see Remarks 6.2.4 and 6.2.5).

Our main results are Theorems 6.6.4 and 6.6.11. For instance, the following result in the
special case £ = b(L) =2 is stated as Theorem 6.6.4 in Section 6.6, which establishes Theorem B
in Chapter 1 for the groups with G < L P.

Theorem 6.6. Let G be a product type primitive group as in (6.1.2), where k = b(L) =2 and G
has soluble point stabilisers. Then b(G) < 3, with equality if and only if |LP : G| = 2 and one of
the following holds, where J is a point stabiliser in L:

) (L,J)=(Mjp,5:4).
(ii) (L,J)=(J2.2,5%:(4 x S3)).
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(iii) L =PGU4(3) and dJ is of type GU1(3)1S4.

For the almost simple primitive group L with soluble point stabilisers, note that 6(LiS9) = b(L)
or b(L)+1 by Theorem 6.1, and the latter holds if and only if (L) = 1. Recall that (L) =1 if and
only if L is a base-two group recorded in Table 4.7 (see Theorem 4.5). This gives Theorem B by
combining with Theorem 6.6.

Further observations on the base-two problem for general product type primitive groups are
presented at the end of Section 6.6.

Let us briefly describe the structure of this chapter. We begin in Section 6.2 by recording some
preliminary results that will be needed in the proofs of our main results. This includes work of
Seress [109, 110] on the distinguishing number of permutation groups, which we will combine
with a key result of Bailey and Cameron [6] on bases for product type groups (see Theorem 6.2.6).
Next in Section 6.3 we focus on the product type groups of the form G = L P with soluble point
stabilisers and we will prove Theorem 6.1. Our main results on regular suborbits are presented
in Section 6.4 and we investigate applications involving the Saxl graphs of product type groups
in Section 6.5. Finally, in Section 6.6 we consider general product type groups with G < L P,

focussing on the case where G contains P.

6.2 Preliminaries

In this section we record some preliminary results, which will be needed in the proofs of our main
theorems. Throughout this section, G < Sym(Q2) denotes a finite transitive permutation group of

degree n with point stabiliser H.

6.2.1 Distinguishing number

Let [1={my,...,7m,,} be a partition of Q2 into m non-empty parts. Then Il is called a distinguishing
partition for G if its stabiliser (1. ; Gz, is trivial, where Gz, is the setwise stabiliser of 7; in G.
The distinguishing number of G, denoted D(G), is defined to be the smallest number m such that
there exists a distinguishing partition for G with m parts. For example, D(G) = 1 if and only if
G is trivial, whereas D(G) < 2 if and only if G has a regular orbit on the power set of Q. At the
other end of the spectrum, S,, and A, have distinguishing numbers n and n — 1, respectively.

We will need the following theorem due to Seress [110, Theorem 1.2], which gives a best
possible upper bound on D(G) when G is soluble.

Theorem 6.2.1. If G is soluble, then D(G) < 5.

Remark 6.2.2. It is worth noting that for each d € {2,3,4,5}, there are infinitely many soluble
transitive permutation groups G with D(G) = d. For example, if ¢ € {2,3,4} and m > 2, then
D(G) =t +1 for the natural action of G = S;1C,, of degree tm (see [110, p.244]). And by Theorem
6.2.3 below, there are infinitely many soluble primitive groups G with D(G) = 2.
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The following result on the distinguishing number of primitive groups, which is also due to
Seress [109, Theorem 2], will be useful later.

Theorem 6.2.3. Let G be a primitive group of degree n. Then either D(G) = 2 or one of the
following holds:

(1) G=S, or A,.

(ii) G is one of 43 groups listed in [109, Theorem 2], each with n < 32 and D(G) € {3,4}.

The precise distinguishing numbers of the groups arising in case (ii) of Theorem 6.2.3 were
determined by Dolfi (see [47, Lemma 1]).

6.2.2 Product type groups

Let L < Sym(TI') be a finite primitive group with socle T' and point stabiliser /, which is either
almost simple or diagonal type (see Table 2.1). Let £ > 2 be an integer and consider the product
action of LS on the Cartesian product Q =T'1 x---xI'; = r*:

zZ - 2 -
(6.2.1) 1, )07 = (0,

where y; €T, z; € L and 0 € Si,. Since this action is faithful and primitive, we can view LS}, as
a product type primitive group on Q, with socle T* and point stabiliser J1Sj. More generally,
a subgroup G < LS}, is a primitive group of product type if G has socle T* and the subgroup

P < S}, induced by the conjugation action of G on the set of factors of T is transitive. Therefore
(6.2.2) T" QG <L1P.

Remark 6.2.4. Let G1 ={(z1,...,23)0 € G : 1° =1} and let L1 < L < Sym(I'7) be the group induced
by G1 on I';. Then by a theorem of Kovacs [81, (2.2)], we may replace G by a conjugate G* for
some x € Hle Sym(I';) < Sym(Q) so that G < L1!P and G induces L1 on each factor I'; of Q. Since
L1 <Sym(I'y) is primitive, we are free to assume that L1 =L, so (6.2.2) holds and the groups L
and P are uniquely determined by G. This observation will be relevant when we consider general

product type groups with G < L P in Section 6.6.

Remark 6.2.5. Consider the special case where G < L P is a product type primitive group with
soluble point stabiliser H = G4, where a =(y,...,y) € Q for some y € I'. By the transitivity of the
socle T* on Q, we have G = T*H and thus H induces P on the set of factors of T%. Therefore, P
is soluble. In addition, we have (Ty)k =(T*), <H, so T, is soluble and thus L is almost simple
(indeed, if L is a diagonal type group with socle 7'=S™ for some non-abelian simple group S, then
T\ =S is insoluble). In particular, L/T < Out(T) is soluble (see Lemma 2.2.6). Now the primitivity

of L implies that L = TL,, so L/Ty = L/T is soluble and we conclude that L, is soluble.
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Given a positive integer m, let reg(L,m) be the number of regular L-orbits with respect to
the natural coordinatewise action of L on the Cartesian product I'"™. Note that reg(L,2) = r(L) is
the number of regular suborbits of L on I'. As before, when m = b(L) we simply write reg(L) =
reg(L,m).

In this chapter we are primarily interested in product type primitive groups of the form
G = L P as above. In this setting, the following theorem of Bailey and Cameron (see [6, Theorem
2.13]) will be an essential tool (with D(P) defined with respect to the action of P on [£]).

Theorem 6.2.6. Let G = L P be a product type primitive group. Then b(G) < m if and only if
reg(L,m) > D(P). In particular, b(G) = b(L) if and only if reg(L) > D(P).

6.3 Soluble stabilisers

In this section, we assume G = L P is a product type primitive group on Q = I'*,| with socle T*
and soluble point stabiliser J ! P. In particular, P is soluble and L < Sym(I') is almost simple with
socle T and soluble point stabiliser J. We will prove Theorem 6.1.

We begin with a useful observation in this setting.

Lemma 6.3.1. Let G = L P be a product type primitive group with soluble point stabilisers. Then

either

(i) reg(L) > D(P) and b(G) =b(L); or
(i) reg(L) <D(P)and b(G)=b(L)+1.

Proof. Part (i) follows from Theorem 6.2.6. Now assume reg(L) < D(P), so b(G) > b(L)+ 1. By [6,
Corollary 2.14], we have
b(G) < b(L) + [log,, D(P)1,

where m = |I'| is the degree of L. Since P is soluble, we have D(P) < 5 by Theorem 6.2.1, while
m > 5 since L is almost simple. Therefore, [log,, D(P)] =1 and thus b(G) < b(L)+ 1 as required.
[ |

Remark 6.3.2. In general, if G = L P does not have soluble point stabilisers, then the difference
b(G)—b(L) can be arbitrarily large. For example, if m is a positive integer and %k > reg(L,m), then
b(L1S}y)> m by Theorem 6.2.6.

Since D(P) < 5 for every transitive soluble group P (see Theorem 6.2.1), we are naturally
interested in determining the almost simple primitive groups L with reg(L) < 4. The following

theorem can be deduced immediately from Propositions 4.5.14 and 4.5.19.

Theorem 6.3.3. Let L be a finite almost simple primitive group with soluble point stabiliser <J.
Then reg(L) < 4 if and only if (L,J) is one of the cases in Table 4.7, 4.8 or 4.9.
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The proof of Theorem 6.1 is now completed by combining Lemma 6.3.1 and Theorem 6.3.3.

6.4 Regular orbits

In this section, we describe the bases for a product type primitive group G = L P as in (6.2.2),
where L < Sym(I') is a primitive group and P < S;, acts transitively on [k]. Recall from The-
orem 6.2.6 that b(G) is the smallest integer m such that reg(L,m) > D(P), where D(P) is the
distinguishing number of P.

Our first lemma describes the bases for G of size b := b(G), which extends [20, Lemma 2.8] for
base-two groups. Let A :={a; ;} be a k x b array, where «; j € I'. Define a partition II of [£] such
that i and j are in the same part if and only if (a; 1,...,a; ) and (a; 1,...,a; ) are in the same
L-orbit. Note that a column (ay j,...,a ;) of A lies in Q = I'*. Let A be the set of columns of A, so
that Ac Q.

Lemma 6.4.1. The set A is a base for G if and only if each {a; 1,...,a;p} is a base for L and I1is a
distinguishing partition for P into D(P) parts.

Proof. First assume that each {a; 1,...,a; s} is a base for L and Il is a distinguishing partition
for P. Suppose that x € G(p), so that x = zo for some z =(z1,...,2;) € L* and o eP. If i =J, then
(ai1,...,a;p)* =(aj1,...,a;p), which implies that o fixes the partition II. Thus,c =1 asIlis a
distinguishing partition. Now z; € ﬂfﬂ -1Ga;,, =1since {a;1,...,a;p} is a base for L. Therefore,
z=1, and so A is a base for G.

To complete the proof, we assume that A is a base for G. Suppose for a contradiction that
{ai1,...,a;p} is not a base for L, for some i € [k]. Then there exists a non-identity element x € L
fixing {@; 1,...,a; »} pointwise. Now, let z:=(21,...,2) € L, where z; :=x and zj := 1 for j #i. It is
then easy to show that 1 # z € G(a), a contradiction. Thus {«; 1,...,a; p} is a base for L.

Finally, we prove that Il is a distinguishing partition for P. Recall that II is defined in terms of
the L-orbits on I'?, so without loss of generality, we may assume that Qi m = a;m for any m €[k]
if i and j are in the same part of I1, noting that the columns of A still form a base for G with this

assumption. In particular, we have
(aj1,...,a;p)=(aj1,...,a;p) if and only if i and j are in the same part of II.

Thus, if ¢ € P fixes the partition I, then it also fixes every column of A. Since the set A of columns

of A is a base for G, we obtain o =1, as required. |

By arguing as in the proof of Lemma 6.4.1, we are also able to derive a formula for the number
r(G@) =reg(G,2) of regular suborbits of G. In order to do this, we will write ¢, for the number of
(unordered) distinguishing partitions for the action of P on [k] into m non-empty parts, where
1 <m < k. Note that ¢,, >0 if and only if m > D(P). In general, it is rather difficult to compute

t,, precisely, but this is possible in some special cases. For example, if P = Sj, then D(P) =%
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and £, = 1 since the partition of [k]={1,...,%} into singletons is clearly the only distinguishing
partition for P. Similarly, if P = A then D(P) =% —1 and we have t;_1 = k(k — 1)/2. In general, if
m > D(P) then

P
u <ty <S(k,m),
m!

where S(%,m) denotes the number of partitions of [£] into m non-empty parts (a Stirling number

of the second kind). The following theorem is stated as Theorem 6.3.

Theorem 6.4.2. Let G = L1 P be a product type primitive group acting on Q. =T*. Then

1 & L
== 3 m|™ e
IP| ,,2D(p) m

Proof. Set r =r(L) and D = D(P). If r <D then Theorem 6.2.6 gives b(G) > 3, so r(G) =0 and
the result follows (note that each summand in the given expression is 0 in this situation). Now
assume r > D. By arguing as in the proof of Lemma 6.4.1, we see that |G|r(G) is the number of

k x 2 arrays satisfying the following conditions:

(A1) each row of the array is an ordered base for L; and

(A2) the partition of [k] with respect to L-orbits on rows is a distinguishing partition for P.

Let A be an arbitrary & x 2 array satisfying (A1) and (A2), where II is the partition of [%]
corresponding to (A2). Let m be the number of parts in II, so D < m < k and there are precisely
t, possibilities for IT in total. Each part comprising IT corresponds to a distinct regular L-orbit
on I'2. Since there are r such orbits, it follows that there are m!( nrm ) different ways to label the
rows of A by regular L-orbits on I'?. In addition, since each of these L-orbits has length |L|, there
are |L|* possibilities for A with respect to each choice of labelling of rows by regular L-orbits. To

summarise, we deduce that

k
GIr@ =Y m'(’:2 tmILIE,

m=D

and the result follows since |G| = |L|*|P|. [ |

We now present several corollaries of Theorem 6.3. Further applications will be discussed in

the next section.

Corollary 6.4.3. Let G = L1 P be a product type primitive group acting on Q =T*, where P = S},.
Then r(G) = ("").

Proof. This is an immediate application of Theorem 6.3, noting that for P =S, we have D(P) =%
and ¢, = 1. |

The next corollary is [20, Proposition 3.5]; here we give a short proof, as an application of
Theorem 6.3.
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Corollary 6.4.4. Let G = L P be a product type primitive group acting on Q =T*, where P = C},
and k is a prime. Then r(G) = (r(L)* — r(L))/k.

Proof. Set r=r(L) and note that D(P) =2, so Theorem 6.2.6 implies that (G) > 1 if and only if
r > 2. Now any partition of [£] into at least two parts is a distinguishing partition for P, so for
m > 2 we observe that ¢,, coincides with the total number of partitions of [k] into m parts. In

other words, ¢,, = S(k,m) is a Stirling number of the second kind. Therefore,

i 'rt—i 1rs(k )_k_
m.mm—m:2m.m ,m)=r"-r,

m=2

where the final equality follows from a basic property of Stirling numbers of the second kind (see

[115, p.75], for example). By applying Theorem 6.3, we conclude that r(G)k = rk—r. |

For the remainder of this section, we focus our attention on the groups with reg(G) = 1. Fix

an integer m € [k] and let
Pu((k]) = {(n1,...,70) : m; S[R], m; N7 = @ for i # j, Uy m; = [k}

be the set of ordered partitions of [k] into m parts, where some of the parts are allowed to be
empty. Note that we may identify % ([k]) with the power set of [k]. Then P acts naturally on
Pr([k]) via

(T1,...,m0)° =(ng,...,75,)

and we see that (71,...,7,,) is in a regular P-orbit if and only if {71,...,7,,} is a distinguishing

partition for P.

Lemma 6.4.5. Let G = L P be a product type primitive group. Then reg(G) = 1 if and only if
reg(L,b(G)) = D(P) and P has a unique regular orbit on Ppp)([k]).

Proof. Let b = b(G) and let A; and Ag be two & x b arrays of elements of I'. For each i € {1,2},
write I1; for the associated partition of [£] with respect to L-orbits of rows of A;, and write A; for
the set of columns of A;. By Lemma 6.4.1, A; is a base for G if and only if I1; is a distinguishing
partition and each row of A; is a base for L.

First assume that reg(G) = 1. Note that if [1; and I13 are in distinct P-orbits, then A; and Ag
are in distinct G-orbits. It follows by Lemma 6.4.1 that reg(L,b(G)) = D(P) and P has a unique
regular orbit on &pp)([k]).

The other direction is clear by applying Lemma 6.4.1. |

Now we focus on the cases where P < Sj, is a primitive group, and our aim is to establish
Theorem 6.2 stated in Section 6.1. In view of Lemma 6.4.5, we are interested in the primitive

groups P < S}, satisfying the following property:
(6.4.1) P has a unique regular orbit on Zpp)([£]),

164



6.4. REGULAR ORBITS

which we will classify in Proposition 6.4.15 below.

Suppose (6.4.1) holds and {71,...,7pp)} is a distinguishing partition for P. Then the unique
regular P-orbit on &pp)([£]) is represented by (71,...,7pp)) and all D(P)! rearrangements of
this ordered partition are in the same P-orbit. Therefore, the ; all have the same size and thus
D(P) must divide k.

Since we are focussing on the case where P < S}, is primitive, we have a special interest in
the groups with D(P) = 2 (see Theorem 6.2.3). Here Lemma 6.4.5 implies that (6.4.1) holds if and
only if P has a unique regular orbit on the power set of [k] and we will classify the primitive
groups with this property (see Corollary 6.4.10 below). This can be viewed as a natural extension
of the main theorem of [109] (stated here as Theorem 6.2.3), which determines the primitive
groups P < S, with a regular orbit on the power set of [£]. It also extends earlier work of Dolfi
[47], where the primitive groups with a unique regular orbit on 225([k]) or Z4([k]) are classified.

For the remainder of this section, define
(6.4.2) X ={AC[k]:|A| #Fk/2}

and note that P has a natural action on X. Of course, if % is odd then X coincides with the power
set of [£].

Lemma 6.4.6. If P has a regular orbit on X, then P has at least two regular orbits on Po([k]).

Proof. If A is in a regular orbit of P on X, then its complement [k]\ A is also contained in a

regular P-orbit. |

Clearly, if D(P) =2 and % is odd, then P has a regular orbit on X and thus P has at least two
regular orbits on & ([k]) by the lemma. Therefore, we are interested in the case where D(P) = 2

and £ is even, so

E
X|=2F- .
X1 (k/z)

Lemma 6.4.7. We have |X| > 2¢"1.

Proof. We may assume £k is even, so it suffices to show that

k E-1
<2070
(k/z)

To do this, we will use the following bounds on m! (valid for all m > 1), which are a consequence

of Stirling’s approximation (see [107]):

mym mym
V2nrm (—) eV12m+D) ot < \orm (—) el/12m
e

e
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Therefore, for £ > 4 we have

( L ) bl \/ﬁ(é)kemzk

_[2V2 gz ghet gh
nk

= <
12 2
k) Ri2) (\/ﬁ (z’ie)mel/(fsku))
and the result follows, noting that the case & =2 is clear. |

Let u(P) be the minimal degree of P, which is the minimal number of points in [2] moved by

a non-identity element of P.

Lemma 6.4.8. If k is even and |P| < QHP) 2-1 then P has a regular orbit on X.

Proof. We follow the proof of the main theorem of [35]. Suppose P has no regular orbit on X,
which means that each set in X is fixed (setwise) by some prime order element of P. Therefore,

XI=|U Cx(0)

TER

< Y ICx(o),
TER

where Z is the set of prime order elements in P and Cx (o) is the set of fixed points of o on X. If
o € P has prime order r, then ¢ has cycle-shape (+,1*77") on [%] for some m > 1 and it is easy
to see that

|CX(O')| g 2k—m(r—l) g 2k—(r—l)u(P)/r g 2k—,Ll(P)/2

since w(P) < mr and r > 2. By applying Lemma 6.4.7 we deduce that
281 CIX <2 P2 P

and thus |P| > 2#E)2-1 |

We will use Lemma 6.4.8 and the O’Nan-Scott theorem to prove the following result.

Proposition 6.4.9. Let P < S}, be a primitive group with D(P)=2. Then P has no regular orbit
on X if and only if (k,P) = (2,S3) or (16,2*:0,(2)).

We then obtain the following as an immediate corollary.

Corollary 6.4.10. Let P < S} be a primitive group. Then P has a unique regular orbit on the
power set of [k] if and only if (k,P)=(2,S2).

Proof. Suppose P has a unique regular orbit on the power set of [k], so D(P) =2 and P has
no regular orbit on X by Lemma 6.4.6. If (¢,P) = (16,24:02(2)) then one checks that P has two
regular orbits on the power set of [£]. Now apply Proposition 6.4.9. |

We now focus on the proof of Proposition 6.4.9, considering each family of primitive groups in
turn (see Table 2.1).
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Lemma 6.4.11. Let P < S}, be a primitive group of type I1I, IV or V. Then P has a regular orbit
on X.

Proof. First assume that P is of type III, so P < S™.(Out(S) x S,,) is a diagonal type group, S
is a non-abelian simple group and % = sm_l, where s =|S| and m > 2. Now |P| < s™*"1m! and [22,

Theorem 4] gives u(P) > 2k/3, so in view of Lemma 6.4.8, it suffices to show that

1om-1_
3$ 1

f(s,m):= m > 1.

If we fix s, then it is easy to check that f(s,m) is an increasing function of m, whence

1.
3s-1

f(s,m)>f(s,2)= 59 >1

for all s > 60 and the result follows.

Next assume P < S,,1S; is a product type primitive group of degree £ = m!, where m > 5 and
t > 2. As explained in the proof of [109, Lemma 4], there exists a subset A <{1,...,k} such that
P{A} =1and

Al =0+ Xt:(m —2) Imtt,
i=1

where £ =3m —5if t > 3, otherwise £ = 2m — 3. If m is odd then %2 = m? is odd and thus A € X. On
the other hand, if m is even, then /2 = m!/2 is even and |A| is odd, so A € X once again.

Finally, suppose P is a primitive group of type V, so P = S™.Q is a twisted wreath product,
where S is a non-abelian simple group and @ < S,, is transitive. Here we can embed P in a
product type primitive group R = S!S, < Sym([%]) and the result follows since we have already
shown that R has a regular orbit on X (see [88, Remark 2(ii)] for the containment of P in R). W

Next, we turn to the primitive groups of affine type. The following result extends [109, Lemma
7].

Lemma 6.4.12. Consider the natural action of P = AGL4(p) on k = p? points, where d > 1, p
is a prime and (d, p) #(1,2). Then either P has a regular orbit on X, or D(P) > 2 and one of the
following holds:

(i) p=2andde€{2,3,4,5}.
(it) d =1and p €{3,5,7}.
(iii) d =2 and p =3.

Proof. First assume p is odd, so % = p? is also odd. Then as previously noted, P has a regular
orbit on X if and only if D(P) = 2, and the groups with D(P) > 2 can be read off from [109, Lemma

7]. For the remainder, we may assume p = 2.
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As noted in the proof of [109, Lemma 7], we have u(P) = 29-1 and thus

2

for d > 9. Therefore, Lemma 6.4.8 implies that P has a regular orbit on X if d > 9. For d =6,7,8,
we can use MAGMA to construct P as a permutation group on [£] and by random search we can
find a subset A € X with Py, =1 and |A| = 16,16,17, respectively. Finally, if d € {3,4,5} then
D(P)>2 by [109, Lemma 7], and similarly D(P) =4 when d = 2. |

We can now complete the analysis of primitive groups of affine type.

Lemma 6.4.13. Let P < AGLy(p) be a primitive affine group of degree k = p%, whered >1, pis a
prime and D(P) = 2. Then P has no regular orbit on X if and only if one of the following holds:

(i) k=2and P =8Ss.
(ii) k=16 and P =2*:0,(2).

Proof. We may assume p =2 and d > 2. If d > 6 then Lemma 6.4.12 implies that AGL4;(2), and
hence P, has a regular orbit on X. Therefore, we may assume d € {2,3,4,5} and P < AGL4(2).
If d =5 then P = 2%:31 or 2°:(31:5) and in both cases we can use MAGMA to find a subset of
[32] of size 5 with trivial setwise stabiliser in P. Next assume d = 4. We can use the MAGMA
database of primitive groups to construct each possibility for P; there are 19 such groups, up
to permutation isomorphism, and 15 with D(P) = 2. In all but one of these cases, we can use
random search to find a set in X with trivial setwise stabiliser in P. The exception is the group
P = 24:02(2) recorded in case (ii). Here 2 = 16, D(P) = 2 and every subset of [16] with trivial
setwise stabiliser has size 8, so this is a genuine exception. Finally, if d € {2,3} then P =237 is
the only group with D(P) =2 and it is easy to check that there is a subset of size 3 with trivial

setwise stabiliser in P. |

Finally, we deal with the case where P is an almost simple primitive group.

Lemma 6.4.14. Let P < S}, be an almost simple primitive group with D(P)=2. Then P has a

regular orbit on X.

Proof. Let R be the socle of P and write @ for the stabiliser of a point in Q = [E]. For the
convenience of the reader, we divide the proof into several cases.

Case 1. R is an alternating group.

First assume R = A,, is an alternating group. The case m =6 can be handled using MAGMA,
so we may assume m # 6 and thus P = S,, or A,,. There are now three cases to consider, according

to the action of @ on {1,...,m}.

168



6.4. REGULAR ORBITS

First assume @ is intransitive, in which case we may identify (2 with the set of ¢-element
subsets of {1,...,m} for some 2 < t < m/2 (note that ¢ # 1 since we are assuming D(P) = 2). Suppose
m >t+5. If t > 4 then the proof of [109, Lemma 9] shows that there exists a subset A of (2 such
that Pipy =1 and |A|=2(m —t+1) <k/2, so P has a regular orbit on X. Similarly, if ¢ = 2,3 then
we can take |A| = m —¢+1. On the other hand, if m <t +5 then (m,t) =(7,3) or (5,2), noting that
P = Aj in the latter case (since D(P) > 2 when P = S5). Here it is straightforward to check that Q
has a subset of size 4 with trivial setwise stabiliser in P.

Next assume @ acts primitively on {1,...,m}. By the main theorem of [105] we have |Q| < 4™
and [22, Theorem 4] implies that u(P) > 2k/3. By combining these bounds and applying Lemma
6.4.8, noting that 2 = |P : @|, we deduce that P has a regular orbit on X if m > 14. For 7<m < 13
we can use MAGMA to determine the possibilities for @ and it is routine to check that |P| < 2#/3-1
unless (k,P,Q) =(15,Ag,AGL3(2)) or (15,A7,L3(2)). In the former case we have D(P) > 2, while
D(P) =2 in the latter and the result follows since £ = 15 is odd. Finally, if m = 5 then one can
check that D(P) > 2.

To complete the argument when R = A,,, we may assume @ acts imprimitively on {1,...,m}.
Here we may identify Q with the set of partitions of {1,...,m} into b sets of size a, where a,b > 2
and m = ab > 8 (we have already considered the case m = 6). Therefore, & = m!/(a!®b!) and the
main theorem of [64] gives u(P) > k/2, so it suffices to show that |P| < 2k/4-1 (see Lemma 6.4.8).
First assume m = 8. If (a,b) = (2,4) then it is easy to check that |P| < 2k/4=1 On the other hand, if

(a,b) =(4,2) then D(P) = 2 and the result follows since & = 35 is odd. Now assume m > 9. Here

2m2/4—1 m

ml < and so it suffices to show that & > m?2. This is clear if a > 3 since k& > (3) > m? for

m > 9. Finally, for a = 2 it remains to show that

(25)!
b);=—5—=>
1o b!1204p2
for all b > 5. It is easy to verify that this is an increasing function, so f(b) > f(5) > 1 and the

result follows.
Case 2. R is a sporadic group.

Next assume R is a sporadic simple group. First observe that D(P) > 2 if R = Mgy and %k = 22,
so this case does not arise and thus u(P) > 2k/3 by [22, Theorem 4]. Therefore, it suffices to show
that |P| < 2¥3~1, Let ¢ be the minimal index of a core-free subgroup of P, which can be read off
from [120]. If P is not a Mathieu group, then it is straightforward to show that |P| < 2731 and
the result follows. On the other hand, if P is a Mathieu group then the cases with D(P) > 2 are
determined in [109, Lemma 12]; by excluding these groups, it is easy to check that |P| < 2831 ag

required.
Case 3. R is a group of Lie type.

For the remainder, we may assume R is a simple group of Lie type over [,, where q = pl and

p is a prime. As before, let £ be the minimal index of a core-free subgroup of P and note that ¢ is
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recorded in [62, Table 4].

First assume R is an exceptional group of Lie type. By [90, Proposition 2] and [22, Theorem
4], we have |P| < k® and w(P) = 2k/3, so it suffices to show that k% < 2#/3-1 The latter bound holds
for k£ > 104 and by inspecting [62, Table 4] we reduce to the case where R =2B9(8) and Q is a
Borel subgroup of P. Here £ =65 and |P| < 3|R| < ok 3_1, so once again Lemma 6.4.8 implies that
P has a regular orbit on X.

Finally, let us assume R is a classical group. As noted in Remark 2.2.2, we may assume R is

one of the following:
L,(¢),n >2;Uy(q),n > 3; PSp,(¢),n >4; PQ:(¢),n >1T.

We may also assume that R is not isomorphic to an alternating group. By [64, Corollary 1] we
have u(P) > 3k/7.

First assume n > 4 and observe that |P| < q”2. By carefully inspecting [62, Table 4] we see
that ¢ > g™ 2 and thus u(P) > 2¢"2. Now, if n > 12 or ¢ > 19 then

qn2 < Z%qu?_l
and we deduce that |[P| < 24PY2-1 which implies that P has a regular orbit on X (in fact, if ¢ >3
then the same bound holds for all n > 8). This leaves us with finitely many groups to consider. In

23[/14—1

each of these remaining cases, it is routine to check that |P| < with the exception of the

following possibilities for (R, %):
(L4(5),156), (L4(3),40), (U4(3),112), (U4(2),40), (U4(2),36),

(Spe(2),36), (Q4(2),120), (Q5(2),136).

(Here we also exclude the relevant groups with D(P) > 2, as recorded in [109, Lemma 12], together
with the groups where D(P) =2 and % is odd.) In each of these cases, we can use MAGMA to
construct P as a permutation group on [k] and then find a subset in X by random search with
trivial setwise stabiliser in P.

Finally, let us assume n € {2,3}. If R = L3(g) then £ =¢% + ¢ +1 and
|P| < 2q3(q2 _ 1)(q3 _ 1)10gq < 23?/14—1

for g > 13. The remaining groups with ¢ < 13 can be dealt with using MAGMA as above. Similarly,
if R = Us(q) then the problem is quickly reduced to the groups with g <5, each of which can be
handled in the usual fashion with the aid of MAGMA. Finally, suppose R = Lg(q). If ¢ > 113 then
¢ =q+1 and one can check that

IP| < q(g? - 1)logq < 2371471,

which implies that P has a regular orbit on X. The remaining groups with ¢ < 113 can be handled
using MAGMA; either the bound |P| < 93k/14-1 jg gatisfied and we conclude via Lemma 6.4.8, or
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we construct P as a permutation group on [£] and then use random search to find a set in X with

trivial setwise stabiliser in P. [ |

This completes the proof of Proposition 6.4.9 and we are now in a position to classify the

primitive groups P such that (6.4.1) holds.

Proposition 6.4.15. Let P < S}, be a primitive group. Then (6.4.1) holds if and only if P =Sy, or
(k,P,D(P)) =(6,A5,3), (9,PT'L2(8),3) or (8, AGL3(2),4).

Proof. Set D = D(P). Note that if P =S, then D = k£ and (6.4.1) holds, whereas (6.4.1) fails to
hold if P = A}, (with D =k —1). Now assume P # Aj,S; and recall that D <4 (see Theorem 6.2.3).
If D = 2 then Corollary 6.4.10 applies, so we may assume D € {3,4}. These groups can be read off
by inspecting parts (a) and (c) in [47, Lemma 1]. |

The proof of Theorem 6.2 is now completed by combining Lemma 6.4.5 with Proposition
6.4.15.

6.5 Saxl graphs

In this section, we use Lemma 6.4.1 and Theorem 6.3 to study the valency and connectedness

properties of the generalised Saxl graphs of product type primitive groups.

6.5.1 Valency

Let G < Sym(Q) be a primitive group with point stabiliser H, and let val(G) be the valency of the
generalised Saxl graph 2(G). In view of Lemma 3.1.1(iv), we have val(G) = r(G)|H| if b(G) = 2.
However, as noted in Section 3.2, it is not straightforward to describe val(G) when b(G) > 3. Thus,
we focus on base-two groups to begin with.

Recall that a graph is Eulerian if it contains an Eulerian cycle, which is a cycle that uses each
edge exactly once. A celebrated theorem of Euler asserts that a connected graph is Eulerian if
and only if the degree of every vertex is even. In particular, the Saxl graph of a base-two primitive
group G is Eulerian if and only if val(G) is even.

A complete classification of the finite base-two primitive groups with an Eulerian Saxl graph
remains out of reach and some genuine exceptions have been identified. For example, if G = Mog
and H =23:11, then the action of G on [G : H] is primitive with b(G) =2 and the corresponding
Saxl graph is non-Eulerian (indeed, we compute r(G) = 159, so val(G) = r(G)|H| is odd). The
problem for almost simple primitive groups is studied in [20, Proposition 3.2] and subsequently
extended in [37, Theorem 4].

As an application of Theorem 6.3, the following result establishes part (i) of Corollary 6.4. It

can be viewed as an extension of [20, Proposition 3.4].
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Proposition 6.5.1. Let G = L P be a base-two primitive wreath product acting on Q =T*. Then
2(G) is Eulerian.

Proof. By Theorem 6.3 we have

k L
(6.5.1) Y m!(r( ))tm = r(@)IP|
m=D(P) m
and each summand on the left hand side of this equality is even since D(P) > 2. Therefore, at

least one of r(G) or |P| is even, so val(G) = r(G)|H| is even and the result follows. |

The finite base-two transitive groups G such that 2(G) has prime valency are determined
in [20, Proposition 3.1]. For almost simple primitive groups, this has been extended in my joint
paper [37] with Chen. More specifically, the following result is [37, Theorem 3], which classifies
all the groups of this form with the property that val(G) is a prime power (in each case, val(G) is

a 2-power).

Theorem 6.5.2. Let G be a base-two almost simple primitive group with point stabiliser H. Then
val(@) is a prime power if and only if one of the following holds:

(1) (G,H)=Mjg,8:2) and val(G) = 32.

(it) (G,H)=(PGL2(q),D2(4-1)), where q > 17 is a Fermat prime or q =9, Z(G) is isomorphic to
the Johnson graph J(q +1,2) and val(G) = 2(q — 1).

In our next result, which gives part (ii) of Corollary 6.4, we extend the analysis to product

type primitive groups of the form G =L P.

Proposition 6.5.3. Let G = L1 P be a base-two product type primitive group acting on Q =T*
with point stabiliser J P. Then val(G) is a prime power if and only if L=Mjg, J =SD14, Pisa
2-group and tg > 1is a 2-power.

Proof. Suppose val(G) = p® with p a prime. Then J and P are p-groups, so ¢/ is soluble and thus
L is almost simple. By [37, Proposition 6.3], the possibilities for (L,./) are recorded in [37, Table
3], which we reproduce as Table 6.1, and we deduce that p = 2.

By Theorem 6.3, we see that (6.5.1) holds and thus

L r(L))
m! tm
m:%:(P) ( m

is a 2-power. This observation immediately implies that D(P) = 2, otherwise each summand
is divisible by 3. In addition, r(L) = 2 (mod 3) because the binomial coefficient (" (2L)) must be

indivisible by 3. By inspecting Table 6.1, we now consider each possibility for (L,J) in turn.
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L J Conditions

Lo(q) D, 1 q > 17 is a Fermat prime
D4 g > 31 is a Mersenne prime

PGL2(q) Dg-1) q > 17is a Fermat prime
Dyy+1y q = 7is a Mersenne prime

PGL2(9) Dis

M10 8:2

PTLy(9) 8:22

Table 6.1: Almost simple groups L with a maximal subgroup ¢/ of prime-power order

First assume L = Lo(q) and J = D,_1, where g > 17 is a Fermat prime. Then ¢ =1 (mod 4)
and so r(L) = (g + 7)/4 as noted in Remark 4.5.15(ii). If we write ¢ = 2™ + 1 then r(L) =2""2 +2
and thus r(L) # 2 (mod 3), so this case does not arise. Now suppose L = La(q) and J =Dy with
g =2" -1 > 31 a Mersenne prime. Here ¢ =3 (mod 4) and r(L) = (¢ — 3)/4 by the proof of [24,
Lemma 7.9]. Therefore r(L) =2™"2 -1 and once again we deduce that r(L) # 2 (mod 3).

Finally, let us turn to the remaining cases in Table 6.1. If L = PGL2(q) and J = Dy(,_1) with
q > 17 a Fermat prime, then r(L) = 1 (see Example 3.1.4) and thus b(G) > 3. The case where
L =PGL2(q) and J = Dy, +1) with ¢ > 7 a Mersenne prime can be immediately excluded since
b(L) =3 by [14, Theorem 2]. The handful of remaining possibilities can be checked using MAGMA,
implementing the approach presented in Section 4.2.4 to compute r(L). In this way, we find that
r(L)=2 (mod 3) if and only if L =Mjg and J = SD14, where we observe that r(L) = 2.

We conclude that L = Mg with J = SD1g is the only possibility. Here Theorem 6.3 implies
that |P|r(G) = 2¢2 and thus ¢2 is a 2-power (note that 9 = 1 if and only if P = S3). This completes
the proof of the proposition. |

Remark 6.5.4. There are genuine examples in Proposition 6.5.3, where P < S}, is a transitive
2-group and ¢ is a 2-power. For example, we can take (k,P)=(2,S2) or (4,Cq x C2), where to =1
or 4, respectively. By inspecting the MAGMA database of transitive groups, we find that there are
165 groups of degree & < 16 with the desired property. For example, 9 is a 2-power for 156 of the
1427 transitive 2-groups of degree 16.

6.5.2 Connectedness

Now we turn to an application of Lemma 6.4.1 to the study of Conjecture II for general primitive
groups. Recall that if 5(G) = 2, then the neighbourhood of a € Q2 in 2(G) is the union of regular
G 4-orbits on Q. We introduce the following terminology in order to generalise this observation to
the case b(G) > 3.

Definition 6.5.5. Let a € Q. An orbit O # {a} of G, on Q is called almost-regular if O N A # @ for
some base A for G of size b(G) with a € A.
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In other words, f lies in an almost-regular G ,-orbit if {a, 8} can be extended to a base for
G of size b(GQ), i.e. if {a, B} is an edge in 2(G). Thus, the set of neighbours of a in X(G) is equal
to the union of almost-regular G ,-orbits. Note that any permutation group G with 5(G) > 2
has an almost-regular suborbit, and if 6(G) = 2, then a suborbit is regular if and only if it is
almost-regular. The set N(a) of neighbours of @ in 2(G) is exactly the union of the almost-regular
G ,-orbits.

For a permutation group G < Sym(Q) with 6(G) > 2, we define the following property:

(*%) N(a) meets every almost-regular G g-orbit for all a,p € Q.

Note that (x%) implies (%) defined in Section 3.3.1, and recall that Conjecture II asserts that
(x) holds for every primitive group G < Sym(Q) with 6(G) > 2. We now propose the following
strengthening of Conjecture II, which is stated as Conjecture 3.3.3 in Section 3.3.1 and Conjecture
6.5 in Section 6.1.

Conjecture 6.5.6. Let G < Sym(Q) be a finite primitive permutation group with b(G) > 2. Then
property (x%) holds.

Theorem 6.5.7. Conjecture 6.5.6 is equivalent to Conjecture I1.

Proof. Clearly, Conjecture 6.5.6 implies Conjecture II. Let L < Sym(I') be a counter-example
for Conjecture 6.5.6. That is, there exist vertices a, € (L) such that N(8)n O = @ for some
almost-regular L ,-orbit O. Set r :=reg(L), and let G = LS, act on Q =17 with its product action.
Then G is primitive, and by Theorem 6.2.6, we have b(G) = b(L). It suffices to show that the two
vertices (a,...,a) and (B,..., ) in 2(G) have no common neighbour.

Let b := b(G), and suppose that the set

{(a> LR a):(al,Za teey “r,2)7(“1,3a LR ar,3)- . a(al,ba LR ar,b)}

is a base for G. Then by Lemma 6.4.1, each {a,a;2,;3,...,@; } is a base for L, and for any
i # J, the b-tuples (a,a;2,a;3,...,a;p) and (a,a;2,a;3,...,a;p) are in distinct L-orbits. Since
r =reg(L), there are at most r almost-regular L ,-orbits, so each set {@1,..., @, ;} meets every
almost-regular L ,-orbit. In particular, for each 2 <i < b, there exists j € [r] such that a;; € O,
and so our assumption implies that a;; ¢ N(f). By applying Lemma 6.4.1 once again, we see that,
for each i, the point (ay,,..., @, ;) € Q) is not in any almost-regular orbit of G(g,... g). Therefore, the

two vertices (a,...,a) and (B,..., 8) in Z(G) have no common neighbour. This completes the proof.
|

We conclude with some evidence for Conjecture 6.5.6.

Proposition 6.5.8. Let G = Lo(q), where g > 4, and consider the action of G on Q =[G : H], where
H is a subgroup of type GL1(q)1So. Then G satisfies (*).
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Proof. First assume q is even. As noted in Example 3.1.4, b(G) =2 and G satisfies (x), which
coincides with (x%) since r(G) = 1.

For the remainder, we may assume q is odd, so H = D,_1 and [14, Lemma 4.7] implies that
b(G) = 2. As in Section 4.3.4, we may identify Q with the set of unordered pairs of distinct
1-dimensional subspaces of V = [Fg‘

Fix a basis {e1,e} for V and set §={(e1),(e2)} € Q2. Note that if x € Gg, then x is the image

(modulo scalars) of an element A € SLy(g) of the form

el

for some A € [F;, where the matrices are presented with respect to the basis {e1,e2}. We first
determine the regular G g-orbits (as recorded in Remark 4.5.15(ii), G g has (q + a)/4 regular orbits,
where a =7 if ¢ =1 (mod 4), otherwise a =5). Fix an element y € Q.

Suppose v ={{e1),{e1 + seg)} for some s € F;. Then an easy calculation shows that {§,y} is a

base for G and the regular G g-orbit containing y is
Ry ={{(e1),(e1+cea)} : c€F ).

Similarly, if y = {{e2), (€1 + seo)} for some s € [F;, then {B,7} is also a base for G and
Ry ={{(e2),(e1+cea)} : c€Fy}

is the regular G g-orbit containing y.
Now suppose y = {(e1 + seg),(e1 +te2)}, where s,¢ € F are distinct. By arguing as in the proof
of Lemma 4.3.11 we calculate that {f,y} is a base for G if and only if —st~! is a non-square in Fq.

So let us assume —s¢~! is non-square and suppose A € SLo(q) fixes B. If A = diag(1,A™1), then
r* = (e1+ A7 ses), (e1+ A %tes)),

whereas
YA ={e1 - 17257 teg), (e1 — 172t Ley))

/1—1

A
if A= ( ) It follows that the regular G g-orbit containing y is

Ry;={{(e1+7%ses),(e1+A%tea)} : A €F  U{ler — A%s Tea), (e1 — A%t lea)}: A€ Fy).
We conclude that
{R1,R9,Rs; :s,t€ [F;, s#t and —st~! is a non-square in Fq}

is the set of regular Gg-orbits. Note that we are not claiming that the orbits denoted R ; are all

distinct.
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Fix an element a € Q with a # § and let N(a) be the set of neighbours of a in the Saxl graph
2(G). In order to verify (x*), we need to show that N(a) meets every regular G g-orbit. There are
several cases to consider.

First assume a = {{e1),{e1 + bey)} for some b € [F;. It is easy to see that each y € R\ {a} is
contained in N(a) and we also have {{e2),(e1+be2)} € RanN(a). Now consider R, ;, where s,¢ € [F;
are distinct and —s¢ ! is non-square. Note that either —bs or b¢~! is a square in Fq, so there are

two cases to consider. If —bs = y? is a square then b = —u?s~! and
{{e1 — s Les), (e1 — PPt Lea)} € Ry, N N(a).
On the other hand, if b¢~! = u? then b = %t and
((e1+”sea), (o1 + ’tes)} € Ry NN (a).

Therefore, N(a) meets every regular G g-orbit as required.

A very similar argument applies when a = {{e2),(e1 + beg)} for some b € [F; and we omit the
details.

Finally, let us assume a = {{e1 +spe2),{e1 + toe2)}, where sq,tg € [F; are distinct. Note that
{(e;),(e1+spea)} e R, NN(a) for i = 1,2, so it just remains to show that N(a) meets each R, ;. As
before, either —sgs or so¢t ! is a square in [F; and we can repeat the above argument in order to

construct an element in R ; N N(a). |

6.6 General product type groups

So far in this chapter, we have focussed on product type groups of the form G = L!P. As one might
expect, the study of bases in the general setting G < L P is more difficult and this is essentially
unchartered territory. In this final section, we take the first steps in this direction by focussing on
the special case where P < G, which already turns out to be rather challenging. Our main results
are Theorems 6.6.4 and 6.6.11, which describe the groups with 5(G) = 2 in certain families of
product type groups with soluble point stabilisers. Note that Theorem 6.6.4 is stated as Theorem
6.6 in Section 6.1.

6.6.1 Preliminaries

Let us fix the set-up and notation we will work with throughout this section. As before, G < L!P <
Sym(Q) is a product type primitive group on Q =T x --- x ', =I'*, with socle Ty x --- x T}, = T*
and point stabiliser H. Here & > 2, P < S}, is transitive and L < Sym(I') is a primitive group with
socle T and point stabiliser J, which is either almost simple or diagonal type. In addition, we
may assume P is the permutation group on [k] = {1,..., %} induced by the conjugation action of G

on the set of % factors of the socle T*. In view of Remark 6.2.4, we may (and will) also assume
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that L is the group induced by G on I';. In particular, this means that both L and P are uniquely

determined by G. As explained in Remark 6.2.5, if H is soluble then / and P are also soluble.
Since the case G = L1 P has been studied in the previous sections, we will assume G < L1 P.

More importantly, we will also assume that G contains P, which means that we adopt the

following hypothesis for the remainder of this section (in particular, note that L # T').
Hypothesis 6.6.1. G < Sym(Q) is a product type primitive group with TP <G < L P.

In the setting of Hypothesis 6.6.1, we introduce some new notation. Given an element

g=(g1,...,81) € L* NG, let 7(g) be the number of coordinates of g that are contained in T and set
(6.6.1) 7(G) = max{1(g) : g (L* nG)\T* € (0,1,...,k - 1}.

For example, if L = (T',x) and G = (T* (x,...,x),P), then 7(G) = 0. Note that if 7(G) =% — 1 and
G satisfies Hypothesis 6.6.1, then |L : T'| is composite (indeed, if |[L : T'| is a prime then we get
G=LP).

As before, let (L) and r(T') denote the number of regular suborbits of L and T on I', respec-
tively (recall that T acts transitively on I' since L is primitive).

We begin with the following result, which gives a sufficient condition for a group satisfying

Hypothesis 6.6.1 to admit a base of size 2.

Proposition 6.6.2. Assume Hypothesis 6.6.1 and let m € {1,...,D(P)} be minimal such that there
exists a distinguishing partition {n1,...,wpp)} for P with |U;2, 7;| > 7(G). Then b(G) =2 if

(1) r(L)>m;and
(i) r(T)Y>m(L:T|-1)+D(P).

Proof. Suppose the bounds in (i) and (ii) are satisfied. Set D = D(P) and fix an element a =
(ag,...,ap) € Q for some ag € I'. Since r(L) > m, we may choose elements y1q,...,Y, in I' that
are contained in distinct regular L, -orbits. Now each of these L -orbits is a union of |L : T'|
regular Ty, -orbits, so the bound in (ii) implies that we can find additional points y;;+1,...,YD
in I' such that each element in {y1,...,yp} is contained in a distinct regular T'y,-orbit. Define
B=(B1,...,Pr) €, where §; =v; if j € m;. We claim that {«, B} is a base for G.

Let x € Go N Gp and write x = zo, where z = (z1,...,2;) € L* NG and o € P. Recall that 7(z)
denotes the number of coordinates z; that are contained in 7' and observe that z € Tk if 7(2) > 7(G)
(see (6.6.1)). By Lemma 6.4.1, we see that {a, 8} is a base for T P, so it suffices to show that
17(2) > 1(G).

Fix j € m1 and notice that z; € L, since x fixes a. Next observe that the j?-th coordinate of f*
is jj = yij , which is equal to S0 € {y1,...,yp} since x fixes . By construction, none of the elements
Ye,...,YD are contained in the L 4 -orbit of y1, whence ;- = y1 and thus zj € L4, NLy, = 1. In the
same way, we deduce that z; =1 for all j € Ug”zlm and thus 7(2) > |U£117Ti| > 7(G). The result
follows. |
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Remark 6.6.3. Note that Proposition 6.6.2 can be applied when G =L P and L # T'. Here 1(G) =
k-1, s0 m = D(P) and the proposition asserts that b6(G) =2 if r(L) > D(P) and r(T') > |L : T'|. Here
the condition r(L) > D(P) coincides with the one in Theorem 6.2.6, while the bound r(T) > |L : T
always holds when b(L) = 2. So in some sense, Proposition 6.6.2 can be viewed as a generalisation
of Theorem 6.2.6 for base-two groups. However, it is worth noting that there are groups with
b(G) =2 that do not satisfy the bounds labelled (i) and (ii) in the proposition. For example, the
proof of Theorem 6.6.4 shows that there are groups G satisfying Hypothesis 6.6.1 with 2 =m =2,
r(L)=1and b(G)=2.

Let G be a group satisfying Hypothesis 6.6.1 and note that 5(G) =2 only if 5(TP) =2, so we
are interested in the groups with b(T') = 2. Moreover, in view of Theorem 6.2.6, we may assume
r(T) > D(P). Recall that if H is soluble, then L is almost simple with soluble point stabilisers
and as a consequence of [14, Theorem 2] we observe that b(L) € {2,3}. So in the case where G has
soluble point stabilisers, as in the two main results of this section, there are two cases to consider
according to the base size of L on I'. To simplify the analysis, we will focus on the groups with
b(L) = 2, which allows us to bring Proposition 6.6.2 into play. However, it is worth noting that
there are groups of this form with (L) =3 and b(G) = 2. Indeed, we refer the reader to Example
6.6.12 at the end of the section for an infinite family of groups G with soluble point stabilisers
where we have b(L) =3 and b(G) = 2.

6.6.2 Base-two groups with £ =2

Our first main result is Theorem 6.6.4 below. Here we assume k£ = b(L) =2, s0 P =Sg and D(P) = 2.
If (L) > 2 then b(LP) = 2 by Theorem 6.2.6, so we may as well assume (L) = 1. Define 7(G) as
in (6.6.1) and note that 7(G) € {0,1}. If 7(G) = 0, then m =1 in Proposition 6.6.2 and we deduce
that 5(G) =2 if r(T) > |L : T| + 1 (recall that the slightly weaker bound r(T") > |L : T'| always holds
when b(L) =2). On the other hand, if 7(G) = 1 then m = 2 and thus Proposition 6.6.2 is not useful
when r(L) = 1. Also recall that |L : T'| is composite if 7(G) = 1 (otherwise G = L P).

The following result is stated as Theorem 6.6 in Section 6.1.

Theorem 6.6.4. Assume Hypothesis 6.6.1, where k = b(L) = 2, H is soluble and J is a point
stabiliser in L. Then b(G) < 3, with equality if and only if |LP : G| = 2 and one of the following
holds:

(i) (L,J)=(Mjig,5:4) or (J2.2,5%:(4 x S3)).
(ii) L =PGU4(3) and J is of type GU1(3)1S4.

Proof. Here P =S5 and D(P)=2. By Lemma 6.3.1 we have (L P) < b(L)+ 1 and thus 5(G) < 3.
As explained in Remark 6.2.5, we note that ¢/ is soluble and thus L is almost simple. If r(L) > 2
then b(L!P) = 2 by Theorem 6.2.6, so we may assume (L) = 1 and then inspect the possibilities for
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(L,dJ) recorded in Tables 4.7 and 4.8. As discussed above, Proposition 6.6.2 implies that 6(G) =3
only if r(T) =|L : T'| or 7(G) = 1, so there are two cases to consider.

First assume r(T) = |L : T'|. By inspecting Tables 4.7 and 4.8, we see that (L,J) = (M1g,5:4) or
(L,J) = (Js.2,5%:(4 x S3)), so in both cases we have |L: T| =2 and |L1P : G| = 2. More precisely, if
we write L = (T',a) then we may assume G = (T2,(a,a),P). Using MAGMA, we can construct G as
a permutation group on Q = I'? with point stabiliser H and we can then find a complete set R
of (H,H) double coset representatives, implementing the computational approach described in
Section 4.2.4. In both cases, it is routine to check that |[HxH| < |H|? for all x € R and we conclude
that b(G) = 3 as claimed.

For the remainder, let us assume 7(G) = 1 and recall that |L : T'| > 4 is composite since G
is a proper subgroup of L P. By inspecting Tables 4.7 and 4.8 we deduce that there are four
possibilities for (L, J):

(a) L=U3(5):S3 and J is of type GU1(5)1S3.
(b) L =L3(4):D19 and o is of type GL1(43).
(¢) L=PQ(3):2% and J is of type O} (3)1Ss.

(d) L =0U4(3):[4] and ¢/ is of type GU1(3)!S4.

In cases (a) and (b), we can use MAGMA to check that b(G) = 2 (here we construct G and H
as above, and then we use random search to find an element g € G with H n H8 = 1). Now let
us turn to cases (¢) and (d), so [L: T| =4 and |LP : G| € {2,4,8}. In fact, one can check that the
condition 7(G) = 1 forces |L!P : G| = 2. More precisely, if L = T:{a,b) =T :22 then up to permutation

isomorphism, we may assume that

(6.6.2) G =(T?(a,a),(b,1),P).
Similarly, if L = PGU4(3) = T':{(a), then we can take

(6.6.3) G =(T?(a,a),(a®1),P).

First assume L = T:(a,b) = T:22, so (6.6.2) holds and T = PQ§(3) or Uy(3). We claim that
b(G) =2. To see this, fix ap € I" and let y1,...,y; be representatives of the regular T'y,-orbits on T’,
where ¢t = r(T') (as recorded in Table 4.7, we have t =12 if T = PQ;(S) and ¢ = 11 for T = Uy(3)).
We may assume that Ly, NL,, =1 and |Ly,NLy,| =2 (the existence of y2 can be checked using
MAGMA). Now T'q,nT)y, = 1, so without loss of generality we may assume that {ao, Y2} is a base for
T':(b). Suppose x =(z1,22)0 € G fixes a = (g, ag) and B =(y1,Y2), where z1,z9 € L and 0 € P. Then
zi € Ly, for i =1,2 and we note that o =1 since y; and yg are contained in distinct L 4,-orbits.
Therefore, z1 € Lo, N Ly, =1 and thus z; = 1. From the description of G in (6.6.2), it follows that
z9 € T:(b) fixes ag and y9, whence z2 = 1 and thus x = 1. This justifies the claim.
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Finally, let us assume L = PGU4(3) = T':{(a), so the structure of G is given in (6.6.3). We claim
that b(G) = 3. As before, fix ag € I' and set a = (agp,ap) and B = (y1,y2), where y; and y2 are
contained in regular T, -orbits. It suffices to show that the pointwise stabiliser of @ and § in G is
non-trivial. It will be useful to observe that a given element (z1,29) € L2 is contained in G if and
only if z1z9 € T:(a?).

First assume {ao,y1} is not a base for L. Then using MAGMA we see that L, NLy, | €{2,4}, so
there is an involution y € L fixing ag and y;. Since every involution in L is contained in T' «(a?), it
follows that (y,1) € G fixes @ and B. An entirely similar argument applies if {@g, Y2} is not a base
for L.

Finally, suppose {ao,y1} and {ag,y2} are both bases for L, which means that y; and yy are
contained in the unique regular L, -orbit on I'. Therefore, there exists z1 € L4, such that yil =79
and thus (zl,zfl)a € G is a non-trivial element fixing @ and B, where o =(1,2) € P. This completes
the proof of the theorem. [ |

6.6.3 Base-two groups with 7(G)=0

For the remainder of Section 6.6, we will continue to assume that Hypothesis 6.6.1 holds and
b(L) =2, but we will not impose any conditions on k. In exchange, we will focus on the groups
with 7(G) = 0 (see (6.6.1)), which is a natural restriction on the structure of G. In particular, this
means that if x = zo € G, where z = (21,...,zk)€Lk NG and o € P, then either z € T* or z; € L\T
for all j.

Our main result in this setting is Theorem 6.6.11 and the proof will require several prelimi-

nary results. We begin with an easy corollary of Proposition 6.6.2.
Corollary 6.6.5. Assume Hypothesis 6.6.1, where b(L) =2 and 1(G)=0. If b(G) > 3, then

IL:TI<r(T)KIL:T|+D(P)-2.

Proof. This follows immediately from Proposition 6.6.2, noting that m =1 in the statement of

the proposition. |

Remark 6.6.6. Let us apply Corollary 6.6.5 in the case where H is soluble. Suppose b6(G) > 3,
sor(T) < |L:T|+D(P)-2 by the corollary. Now r(T") > r(L)|L : T'| and the solubility of P implies
that D(P) <5 (see Theorem 6.2.1), whence

(rl)-DIL:TI<DP)-2<3

and either r(L)=1, or r(L) =2 and |L : T'| € {2, 3}. In particular, the possibilities for (L, J) can be
read off from Tables 4.7 and 4.8, and we find that r(LL) =2, [L : T €{2,3} and r(T) < |L: T|+ 3 if
and only if one of the following holds:

(a) L=L3(3).2 and J is of type O3(3).
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(b) L =Ly(27).3 and J is of type GL1(272).

(c) (L,J)=(M19,SD1s).

Note that if P is primitive (as in Theorem 6.6.11), then D(P) < 4 by Theorem 6.2.3, so the corollary
implies that r(T') < |L : T| + 2 and this eliminates cases (a) and (b).

In order to state our next result, we define the following condition on the group P < Sj, with
respect to a fixed integer m in the range D(P) < m < k:
If {m1,...,m1,} is a distinguishing partition for P,

() P

then for all i, there exists p € P such that n; N7’ is empty.

i

Note that if there exists a distinguishing partition {7y,...,7,,} for P with |r;| > /2 for some i,

0

then 7; N7, is non-empty for all p € P and thus (P, m) does not satisfy ().

Remark 6.6.7. Recall that 22,,([k]) is the set of ordered partitions of [k] into m parts, where
some of the parts are allowed to be empty. It is not difficult to see that if P has a unique regular
orbit on 22,,([k]) then (P, m) satisfies the condition in (7).

Proposition 6.6.8. Assume Hypothesis 6.6.1, where b(L) =2 and t(G)=0. If b(G) > 3, then ()
holds for all D(P) < m < min{k,r(T)}.

Proof. This is similar to the proof of Proposition 6.6.2. Suppose there exists a distinguishing
partition {71,...,7,,} for P such that D(P) < m < r(T) and 71 N nf is non-empty for all p € P. Fix
ag €T'. Since r(T') > m, we can choose elements y1,...,Y, that are contained in distinct regular
T q,-orbits on I', so each pair {ap,y;} is a base for T'. In addition, we may assume that {ag,y1}is a
base for L. Define a = (ay,...,ao) and =(f1,...,Br) as elements of Q, where ; =y, if j€n;. In
order to prove the proposition, it suffices to show that {a, f} is a base for G.

Let x € G4, NG and write x = zo, where z = (z1,...,2;) € L* NG and o € P. Note that each 2
is contained in Lg,. If z € T* then x € TP and thus x = 1 since we know that {a, B} is a base for
TP by Lemma 6.4.1. Therefore, since 7(G) = 0, we may assume z; € L\ T for all j.

Since 71 N 7§ is non-empty, there exists j € 71 such that ;7 € 7;. Then f; = y; and by consid-
ering the j7-th coordinate of * we deduce that y; = ;0 = ﬁjj = yij . Therefore, zj € Loy NLy, =1
and thus z; = 1, which contradicts the fact that z; € L\ T. The result follows. |

Notice that P is primitive in the statement of Theorem 6.6.11. Therefore, in view of Theorem
6.2.3, we have a special interest in the case D(P) = 2, which means that P has a regular orbit on
the power set of [k] ={1,...,k}. This leads us naturally to consider the following condition, which

coincides with () when m = 2:

If the setwise stabiliser of A <[k]in P is trivial,

(€3]
i then A? =[k]\ A for some g € P.
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Clearly, if D(P) =2 then (f) holds only if % is even and every subset of [£] with trivial setwise
stabiliser in P has size k/2. In other words, () holds only if P has no regular orbit on the set X
defined in (6.4.2). Therefore, if P is primitive and D(P) = 2, then Proposition 6.4.9 implies that (})
holds if and only if (¢,P) =(2,S2) or (16,24:02(2)). We will return to this observation in the proof
of Theorem 6.6.11 below.

The following result is an immediate corollary of Proposition 6.6.8.

Corollary 6.6.9. Assume Hypothesis 6.6.1, where b(L)=D(P)=2 and 1(G)=0. If b(G) > 3, then
(%) holds.

The final ingredient for the proof of Theorem 6.6.11 is provided by the following lemma.

Lemma 6.6.10. Assume Hypothesis 6.6.1, where b(L)=|L:T|=2, 1(G)=0and P =S,1). Then
b(G) = 3.

Proof. Set k = r(T) and fix ag € I'. Recall that an element z = (z1,...,23) € L* is contained in
G if and only if z € T* or z; e L\ T for all i. In view of Lemma 6.4.1, it suffices to show that
a=(ag,...,a0) and B =(y1,...,Yr) do not form a base for G, where the y; are contained in distinct
regular Ty, -orbits.

Since |L : T'| = 2, each regular L ,,-orbit is a union of two regular Ty -orbits. This allows us to
define r = r(L) distinct pairs {s,¢} < {1,...,k}, where {s, t} is a pair if and only if y; and y; are in the
same regular L, -orbit. Let {s1,¢1},...,{s,,¢,} be the pairs arising in this way. For each i € {1,...,r},
there exist z;,,2¢, € L, such that yifi =7, and )/::i =Ys,. In addition, if ¢ ¢ {s1,¢1,...,s,,t,} then
there exists 1 # z¢ € Lo, such that y;’ = y¢. By construction, all of the elements z;,, z;, and z, are
contained in L\ T. Therefore, if we define z = (z1,...,23) € L*, then z € G. Finally, we note that
1#20€GynGp, where 0 =(s1,t1) - (sy,t,) € P, and we conclude that {«, 8} is not a base for G.
|

Theorem 6.6.11. Assume Hypothesis 6.6.1, where b(L) = 2, P is primitive, 1(G) =0 and H is
soluble. Then b(G) < 3, with equality if and only if (L,J) is one of the cases in Table 6.2 and either
r(TY<D(P), or P=S;, k€{2,3,4} and r(T)=D(P)=k.

Proof. First note that L is almost simple with soluble point stabiliser «/, and P is also soluble
(see Remark 6.2.5). By Lemma 6.3.1 we have b(L!P) < b(L)+ 1 and thus b(G) < 3. Since P is
primitive, Theorem 6.2.3 implies that either D(P) =2, or one of the following holds:

(a) D(P)=3 and (k,P) =(4,A4), (3,S3) or one of 8 cases listed in [109, Theorem 2] with P

soluble.

(b) D(P)=4 and (k,P)=(4,S4).
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r(T) L Type of J  Conditions
2 My 5:4
J9.2 52:(4 x S3)

3 L3142 GU3?) L #PXL3(4)
PGLy(11) 2172.05(2)
PGL2(7) Di2

4 PGLg(q) Dsg-1 g€{9,11)
G9(3).2  SLo(3)?
S7 AGL1(7)
Mo SD1s

Table 6.2: The groups (L, <) in Theorem 6.6.11

First assume r(T") < D(P). Here Theorem 6.2.6 gives b(T!P) > 3, so b(G) = 3 and the possibili-
ties for (L, J) can be read off from Tables 4.7 and 4.8, noting that L # T since we are assuming G
satisfies Hypothesis 6.6.1. In this way, we obtain the cases recorded in Table 6.2 with r(T") € {2, 3}.

For the remainder, we will assume r(T") > D(P). We now divide the proof into three cases,
according to D(P).

Case 1. D(P) = 2.

First assume D(P) = 2. By combining Theorem 6.2.6 and Corollary 6.6.5, we deduce that
b(G@) =3 only if r(L) =1 and r(T) = |L : T|. Therefore, by inspecting Table 4.7 we see that
(L,J) = (Mig,5:4) or (J5.2,5%:(4xS3)) are the only possibilities, and in both cases we have |L: T'| = 2.
If 56(G) = 3 then Corollary 6.6.9 implies that the condition (f) holds, which means that P has no
regular orbit on the set X defined in (6.4.2). In addition, since P is soluble, Proposition 6.4.9
implies that (k,P) = (2,S2) and we conclude that 6(G) = 3 via Lemma 6.6.10.

Case 2. D(P) = 3.

Next assume D(P) = 3, so the possibilities for (k,P) are described in case (a) above. Suppose
b(G) =3 and first observe that Proposition 6.6.8 implies that (1) holds with m = 3. By considering
the cases in (a), with the aid of MAGMA it is straightforward to check that (1) holds with m = 3 if
and only if (2,P) =(3,S3), (4,A4) or (9,AGL2(3)).

Next observe that r(T)=|L : T| or |[L : T| + 1 by Corollary 6.6.5. Therefore, r(L) = 1 and by
inspecting Table 4.7 we deduce that (L,J) is one of the three cases recorded in Table 6.2 with
r(T)=|L:T|+1=3. In particular, if (£,P) =(3,S3) then b(G) = 3 in both cases by Lemma 6.6.10.
We now consider the two remaining possibilities for (£,P) in turn.

Suppose (k,P) =(9,AGL2(3)). Using MAGMA, we can find a distinguishing partition {71,712, 73}
for P such that |n;| =i+ 1 for all i. Let (L,J) be one of the relevant cases in Table 6.2 and fix
agel =[L:J]. Since r(T) = 3, there exist points y1,y2,Ys that are contained in distinct regular
Tq,-orbits on I'. In addition, we may assume that {ao,y1} is not a base for L, whereas y3 and y3

are in the unique regular L, -orbit on I'. Set @ = (ay,...,ap) and f=(B1,...,6;) in Q= Fk, where
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Bj=viif jen;. We claim that {a, §} is a base for G, which is incompatible with our assumption
that b(G) = 3. To see this, suppose x € G, NGp and write x = zo, where z = (21,...,2;) € L*nG
and o € P. Suppose j € 71, so §; = y1. Since y2 and y3 are not in the L, -orbit of y1, it follows
that ﬁjj = v1. Therefore, o fixes 71 and w9 Uns (setwise). As a consequence, since |73| =3 and
Im3| = 4, we deduce that there exists j € w3 such that j7 € n3. Therefore, z; € Lo, N Ly, and thus
z; = 1. At this point, the condition 7(G) = 0 forces z € T* and thus Lemma 6.4.1 implies that x = 1.
Therefore, {a, B} is indeed a base for G and so the case (k,P) = (9,AGL2(3)) is eliminated.

An almost identical argument also eliminates the case (k,P) = (4,A4), working with a distin-

guishing partition {71,792, 73} for P with |n1| = |7m2| =1 and |73] = 2. We omit the details.
Case 3. D(P) =4.

Finally, let us assume D(P) =4 and b(G) = 3, in which case (k,P) = (4,S4) (see case (b) above)
and Corollary 6.6.5 implies that |L : T| < r(T) < |L : T| + 2. Therefore r(T) < 2|L : T| and thus
r(L) € {1,2}. By inspecting Tables 4.7 and 4.8, we deduce that either (L,<J) is one of the cases in
Table 6.2 with r(T)=|L:T|+2=4,0r L = Q§(2):3 and o/ is of type 05(2) x GU3(2). In the former
case, Lemma 6.6.10 shows that b(G) = 3, so it just remains to eliminate the latter possibility.

Suppose L = T':{a) = Q4(2):3 and J is of type O5(2) x GU3(2), so (L) = 1 and r(T) = 5. Since
IL :T|=31is a prime and we are assuming that 7(G) =0 and P = S4, it follows that

G =(T*(a,a,a,a),P),

so an element (z1,29,23,24) € L* is contained in G if and only if each z; is in the same coset of T
in L. Fix ag,Y1,...,Y4 €I, where the y; are contained in distinct regular Ty -orbits and {ao,;} is
a base for L if and only if i € {1,2}. Notice that if i € {3,4} then |L,,NL,,| = 3, which implies that
the L 4,-orbit and Ty -orbit of y; are equal (in particular, y3 and y4 are in distinct L 4 -orbits). Set
a = (ap,ap, a0, @) and B =(y1,Y2,Y3,Y4) in Q= I'4. We claim that {a, B} is a base for G.

Assume x € G, NGp and write x = zo, where z = (21,22,23,24) € L*NG and o € P. Since none
of the points y1, y2 and y4 are in the same L, -orbit as y3, we deduce that 37 = 3. Similarly,
4 = 4. Suppose 0 =(1,2). Then y{' =y2 and y;* = y1, which implies that 21,22 € L\ T. Moreover,
2129 € Lo NLy, =1,80 21 =2, I and we deduce that z; and z9 are contained in different cosets of
T in L. But this means that z ¢ G and we have reached a contradiction. This forces o = 1. Finally,
since {ap,y1} is a base for L we deduce that z; =1 and thus z € T*. Since each {ao,7i} is a base

for T', we conclude that z =1 and the proof of both the claim and the theorem is complete. |

6.6.4 Final remarks

We conclude by briefly discussing the general problem of determining the base-two product type
groups with soluble point stabilisers. Let G < L!P be such a group with socle T%, and adopt all
the usual notation as before. The case where G = L P is handled in Theorem 6.1, so we may
assume G < L P and b(L!P) > 3. Continuing with the main theme of Section 6.6, let us also
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assume that Hypothesis 6.6.1 holds. Here L # T and 5(G) =2 only if 6(TP) =2, so r(T) > D(P)
and we deduce that b6(L) € {2,3} as a consequence of [14, Theorem 2]. In this setting, we have
handled the cases

(a) b(L)=Fk =2 (see Theorem 6.6.4); and

(b) b(L)=2, P is primitive and 7(G) = 0 (see Theorem 6.6.11).

So even under the assumption b(L) = 2, there is more work to be done here and it would be
interesting to see if it is possible to relax the conditions on P and 7(G) in case (b). For example, it
might be fruitful to consider the groups with 7(G) = k£ —1 as a starting point.

As the following example demonstrates, we can also find base-two groups under Hypothesis
6.6.1 when b(L) = 3.

Example 6.6.12. Take L = PTLo(q) = T:(a,b) = T:22 and let J be a maximal subgroup of type
GL1(q)1S2, where ¢ = p2, p > 3 is a prime and PGLy(q) = T:(a) and PXLy(q) = T:(b). By [14,
Lemma 4.7] we have b(L) = 3 and b(PGL2(q)) = b(PZLsa(q)) = 2. Set (k,P) =(2,S2) and consider

G =(T?,(a,a),(b,b),P)

as a primitive product type group on Q =I'2, where I' = [L : J1.

As before, we may identify I' with the set of distinct pairs of 1-dimensional subspaces of the
natural module for 7. Given this identification, a precise description of the 2-element bases for
PGL2(q) and PXLs(q) is presented in Section 4.3.4 and this allows us to choose bases {ag,y1}
and {ag,y2} for PGL2(q) and PXLa(q), respectively, where y; and y9 are contained in distinct
L 4,-orbits. In addition, notice that {ag,y2} is a base for T:{(ab) by Corollary 4.3.13. Set a = (ay, ap)
and f = (y1,y2). We claim that {a, B} is a base for G and thus b(G) = 2. To see this, suppose
x=(21,22)0 €G fixes a and B. Then each z; is contained in L4, and thus o =1 since y; and y2
are in distinct Ly -orbits. Since x € G, we may write z; = t;c with ¢; € T and c € {1,a,b,ab}. If
c=1then z; € TyyNTy, =1 and thus x = 1. If ¢ = a then z; € PGL2(q)q, N PGL2(q),, = 1, which is
a contradiction since z; € L\ T'. An entirely similar argument applies if ¢ € {b,ab} and the proof

of the claim is complete.

Notice that |L : T'| = 4 in Example 6.6.12. By the following result, there are no examples
with 6(L) =3, |L:T| =2 and b(G) = 2. Here there is no need to assume that G has soluble point
stabilisers and it is worth noting that the same proof goes through under the weaker hypothesis
T* <L*nG.

Proposition 6.6.13. Assume Hypothesis 6.6.1, with b(L) >3 and |L : T| = 2. Then b(G) > 3.

Proof. We may as well assume b(T) = 2. Fix ag € I' and set a = (ay,...,ap) € Q. It suffices to
show that {a, } is not a base for G, where = (y1,...,yr) and each y; is contained in a regular
T ,-orbit. Since b(L) > 3, for each i there exists x; € L \ T fixing both @ and v;.
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T Type of J r(T) Conditions

La(g)  GL1(gNS2 (g+a)4 q odd, PGLa(q) <L
GL1(g?) (g—b)4 g odd, PGLa(q) <L

Ls(4) GU3(2) 3

Ly3)  0;(3) 6 L=T.22

U4(3) GU1(3)1S4 11 L=T.Dg

Q§(2) 05(2) x GU3(2) 5 L=T.S;

PQg(S) 01(3)282 12 IL:T|>6

Table 6.3: The groups (L, <) in Proposition 6.6.14(ii)

Fix z = (21,...,21) € L* nG)\ T* and define a subset A of [k] such that i € A if and only if
z; ¢ T. Note that A is non-empty since z ¢ T*. Set y=1,...,Yr) E L*, where yi=x;ifxe€eA,
otherwise y; =1, and observe that y is non-trivial and it fixes a and S. Finally, since |[L: T| =2 we
deduce that yz € T* <@, so y € Gg N Gp and the result follows. |

By the proposition, if G has soluble point stabilisers and b(L) = 3, then b(G) = 2 only if
b(T)=2,r(T)>D(P)and |L:T| > 3. Since L is almost simple, the possibilities for (L, /) can be
read off from [14, Tables 4—7], noting that b(T') = 2 only if log,, |T| < 2, where m = |I'|. In [14, Table
4], we deduce that the only possibility is L = Ag.22 with J =[32] or Dsg.2 (here L is isomorphic to
PI'Ly(9) and JJ is of type GL1(9)!S5 or GL1(9%), respectively). One can check that no examples
arise in [14, Tables 5 and 6], while the relevant possibilities for (L,J) in [14, Table 7] are recorded
in Table 6.3 (here we implicitly assume the additional condition |L : T'| > 3). For the values of r(T")
in the first two rows, we have (a,b) =(7,1) if ¢ =1 (mod 4), otherwise (a,b) = (5,3) (see Remark
4.5.15(i1) and the proof of [24, Lemma 7.9]).

It is straightforward to check that none of these possibilities correspond to cases in Table 4.9,

which implies that reg(L) > 5 and we obtain the following result via Theorem 6.2.6.

Proposition 6.6.14. Assume Hypothesis 6.6.1 and H is soluble. Then b(G) = 2 only if one of the
following holds:

(i) b(L)=2 and either b(L1P)=2, or b(L1P) =3, r(L) < D(P) and (L,J) is one of the cases in
Table 4.7 or 4.8.

(ii) b(L)=b(LP)=3and (L,J)isone of the cases in Table 6.3, where r(T) > D(P)and |L : T| > 3.

The study of bases for product type groups becomes rather more complicated if we drop

Hypothesis 6.6.1. As an illustration, we close with the following example.

Example 6.6.15. Let G < L!P be a product type primitive group on Q =TI, where P = S3 and
L < Sym(I') is a primitive group with point stabiliser J. As before, we may assume G induces L
on each factor of Q, and P on the set of factors of the socle T3. Take L = PGLo(11) = T:(a) = T'.2
and J =Sy, so b(L)=2,r(L)=1 and r(T) = 3 (see Table 4.7, noting that o/ is of type 21+2.05(2)).

186



6.6. GENERAL PRODUCT TYPE GROUPS

First assume G contains P and note that there are precisely three possibilities, namely L P,
(T® (a,a,a),P) and (T3,(a,a,1),P). For the full wreath product G = L1 P, Theorem 6.1 implies
that 5(G) = 3 since r(L) < D(P). Similarly, if G = (T3,(a,a,a),P) then 7(G) = 0 (see (6.6.1)) and
thus b(G) = 3 by Theorem 6.6.11, while a MAGMA calculation gives b(G) = 3 if G = (T?,(a,a, 1), P).

Now assume G does not contain P, so |P NG| € {1,2,3}. With the aid of MAGMA, we find that
there are 8 product type primitive groups of this form, up to permutation isomorphism. More
precisely, there are 3 groups with P NG =1 and in each case b(G) = 2. There are also 3 groups
with |P NG| =2 and here we find that 5(G) = 3. Finally, let G1; and G9 be the two remaining
groups with |[P nG;| = 3. For one of them, say G1, we have (G1,P) =L!P and b(G1) =3. On the
other hand, (G, P) has index 4 in L P and one can check that 6(Gg) = 2.
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APPENDIX

APPENDIX: MAGMA AND GAP CODE

In this appendix, we present code for implementing our computational methods. Here we mainly
use MAGMA V2.26-11 [10], and we will use the GAP Character Table Library [12] as an important
tool to do some computations on sporadic groups.

All the calculation times, if not specified otherwise, are based on my own computer (with 8
GB RAM). The author thanks Saul Freedman for the code in A.1.1, A.1.2.1, A.1.2.2, A.1.2.5.

A.1 MAGMA code

A.1.1 Calculation of base sizes

Our first MAGMA function BaseSizeTest determines whether or not the base size of a transitive
permutation group G is at most a given integer k. Here the “iter” variable corresponds to the
iteration depth. As discussed in Section 4.2.2, we first get a set of G-orbit representatives of
(k — 1)-tuples and then inspect the pointwise stabiliser of every representative to check if there
is a regular orbit. The function takes as input a permutation group G and an integer %k, which

returns true if and only if 5(G) > k (equivalently, G has a base of size k).

function BaseSizeTest(G,k:iter:=1);
if iter eq 1 then
if IsRegular(G) then
return true;
end if;
orbs:=[1];
else

orbs:=[i[2]:1 in OrbitRepresentatives(G) |i[1] ne 1];
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end if;
for i in orbs do
S:=Stabiliser(G,i);
if iter le k-1 and #S le Max({j[1]:j in OrbitRepresentatives(S)}) then
return true;
end if;
if iter 1t k-1 then
if BaseSizeTest(S,k:iter:=iter+1) then
return true;
end if;
end if;
end for;
return false;

end function;

Now we use BaseSizeTest to compute 6(G). Note that b(G) > log| |G| for any permutation
group G < Sym(Q2). Starting from the integer [log,q |G|], we use BaseSizeTest to check if G has
a base of size a given integer.

The command BaseSizeCalc(G) returns the precise base size of a transitive permutation
group G in MAGMA.

function BaseSizeCalc(G);
bslower:=Ceiling(Log(Degree(G) ,#G))-1;
// Ceiling(Log(Degree(G) ,#G)) is the lower bound for the base size
repeat
bslower:=bslower+1;
until BaseSizeTest(G,bslower) eq true;
return bslower;

end function;

For example, if G = S718S3 is a product type primitive group of degree 73, then the function

BaseSizeCalc computes b(G) =7 in around 22 seconds.

A.1.2 Calculations on generalised Saxl graphs

In this section, we present the MAGMA functions we use to study the generalised Saxl graph Z(G)
of a transitive group G < Sym(Q) with 6(G) > 2.
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A.1.2.1 The common neighbour property

We first present the MAGMA code to check whether or not G satisfies the property
(x) Any two vertices in 2(G) have a common neighbour.

As explained in Section 4.2.5, we first obtain the pairs of points in Q lying in bases of size
b(G) (recall the function BaseSizeCalc above to compute b(G)). The pairs are stored in MAGMA
as a set of representatives of orbitals by the function PairsInMinSizeBase below. To do this, we
first need the following procedure, which computes a set of G-orbit representatives of bases for G
of size b(G), stored as the sequence E. As before, this can be done iteratively. Here the sequence
tup is a (possibly empty) sequence of points in 2, the group S is the pointwise stabiliser of tup in
G, and the integer b is the base size b(G).

procedure OrbitIter(S,b,tup, E)
orbs:=[1[2]:i in OrbitRepresentatives(S)|i[1] ne 1];
for r in orbs do
Snew:=Stabiliser(S,r);
tupnew:=Append (tup,r) ;
if #tupnew eq b-1 then
E:=E cat [Segset(Append(tupnew,j[2])):j in
OrbitRepresentatives(Snew) | j[1] eq #Snew];
elif #tupnew 1t b-1 then
OrbitIter(Snew,b,tupnew, E);
else
break r;
end if;
end for;

end procedure;

We now use OrbitIter to obtain a set of representatives for pairs of points lying in bases of
size b(G), up to equivalence under the action of G. Here the input is G and the integer 5(G) (the

latter can be computed from the function BaseSizeCalc above).

function PairsInMinSizeBase(G,b)
tup:=[];
if IsRegular(G) then
E:=[[1]1];
else
E:=[];
OrbitIter(G,b,tup, E);
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end if;
E:=Seqgset (E);
minbasereps:=[];
while not IsEmpty(E) do
r:=Rep(E);
Append(“minbasereps,r) ;
E:=E diff {i:i in E|IsConjugate(G,i,r)};
end while;
minpairs:={i:i in Subsets(j,2),j in minbasereps};
minpairreps:=[];
while not IsEmpty(minpairs) do
r:=Rep(minpairs);
Append ("minpairreps,r);
minpairs:=minpairs diff {i:i in minpairs|IsConjugate(G,i,r)};
end while;
return minpairreps;

end function;

For independent interest, one can easily construct the generalised Saxl graph 2(G) via the
function PairsInMinSizeBase. We omit the details since we do not need to construct (@) in this
thesis.

Now we record the MAGMA function to check whether or not G satisfies property (x). This
requires a set of representatives for pairs of points lying in bases of size 5(G), as can be obtained
via the function PairsInMinSizeBase. Here the input is G, and the function returns true if and
only if (%) holds.

function FastMinSizeComNeighbTest (G)
b:=BaseSizeCalc(G);
minpairreps:=PairsInMinSizeBase(G,b);
comb:={};
for m in minpairreps do
comb:=comb join m~G;
end for;
G1:=Stabiliser(G,1);
orbreps:=[i[2]:i in OrbitRepresentatives(G1) [i[2] ne 1];
for o in orbreps do
found:=false;
if exists{s:s in comb|l in s and {o,Rep(s diff {1})} in comb} then

found:=true;
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end if;
if not found then
return false;
end if;
end for;
return true;

end function;

For example, if the input G = S71S3 is a product type primitive group of degree 72, then

FastMinSizeComNeighbTest returns true in 91 seconds.

A.1.2.2 Check if G is semi-Frobenius

Now we present a function to determine whether or not G is semi-Frobenius. Recall that G is
called semi-Frobenius if 2(G) is complete, or equivalently, if any 2-subset of Q can be extended to
a base of size b(G).

To do this, we first introduce the following procedure. Again, the sequence tup is a (possibly
empty) sequence of points in Q, the group S is the pointwise stabiliser of tup in G, which is the
input of the function FastMinSizeIsComplete below, and the integer b is the base size b(G).
Moreover, the sequence orbreps is initially a set of representatives for the orbits of G other
than {1}, and done is initially set to be false.

We iteratively check orbits of non-trivial point stabilisers up to equivalence, using the vari-
ables tup and tupnew to keep track of this, until tupnew has size b6(G) — 1. During this process,
an element « in orbreps is deleted if we find as,...,apG)-1 such that G g q;,... ayc-,) has a
regular orbit (this means that {1, a} is an edge in Z(G)). If orbreps ever becomes empty, then G

is semi-Frobenius and done is set to be true.

procedure OrbitIter2(S,b,tup, orbreps, done:init:=0)
if Type(init) eq GrpPerm then
orbs:=[1];
else
orbs:=Reverse([i[2]:i in OrbitRepresentatives(S)|i[1] ne 1]);
end if;
for r in orbs do
if Type(init) eq GrpPerm then
Snew:=init;
else
Snew:=Stabiliser(S,r);
end if;

tupnew:=Append (tup,r) ;
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if #tupnew eq b-1 then
orbdiff:={j[2]:j in OrbitRepresentatives(Snew)|j[1] eq #Snew};
if not IsEmpty(orbdiff) then
orbreps:=(orbreps diff Segset(tupnew)) diff orbdiff;
end if;
if IsEmpty(orbreps) then
done:=true;
break r;
end if;
elif #tupnew 1t b-1 then
OrbitIter2(Snew,b,tupnew, “orbreps, “done);
if done then
break r;
end if;
else
break r;
end if;
end for;

end procedure;

Using the procedure OrbitIter2, the function FastMinSizeIsComplete has input a transi-

tive permutation group G with 5(G) > 2, which returns true if and only if G is semi-Frobenius.

function FastMinSizeIsComplete(G)
b:=BaseSizeCalc(G);
Gl:=Stabiliser(G,1);
orbreps:={i[2]:i in OrbitRepresentatives(G1)|i[2] ne 1};
tup:=[];
done:=false;
OrbitIter2(G,b,tup,  orbreps, ~done);
return done;

end function;

For example, if the input is the primitive group G = S71S3 as before, then the function

FastMinSizeIsComplete returns false in 90 seconds.
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A.1.2.3 Probability

Recall that for a primitive group G with point stabiliser H, the common neighbour property (x)
holds if Q(G,b(G)) < 1/2 (see Lemma 3.2.6(i)), and recall that Q(G,c) < Q(G,c), where

N k |xGnH|
(G,C) - _r
? gg,lx?F‘l

and U; x? is the set of elements of prime order in G.

Here we present a MAGMA function for computing Q(G, ¢), as explained in Section 4.2.3. The
command Q(G,H, c) returns the precise value of Q(G, ¢) for the transitive permutation group G
with point stabiliser H. Note that obtaining the conjugacy classes of G is expensive since |G| is
large. Instead, we compute the conjugacy classes of H and then use the function IsConjugate to

determine the fusion of these classes in G.

Q:=function(G,H,c);

C:=ConjugacyClasses (H) ;

q:=PrimeDivisors (#H) ;

z:=0;

for r in q do
a:={@ i : i in [1..#C] | C[il1[1] eq r @};
A:={#G div #Centralizer(G,C[i][3]) : i in a};
A:=[x : x in A];
for i in [1..#A] do

m:=A[i];
B:=[j : j in a | (#G div #Centralizer(G,C[j]1[3])) eq m];
E:=B;
while #E ge 1 do

j:=E[1];

x:=C[j1[3];

d:=0;

F:=[1;

for k in E do

y:=C[k] [3];

if IsConjugate(G,x,y) eq true then
d:=d+C[k] [2];
Append ("F,k) ;
end if;
end for;
z:=z+d"c/m"(c-1);

E:=[x : x in E | x in F eq false];
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end while;
end for;
end for;
return z, RealField(4)!z;

end function;

For example, in the proof of Lemma 4.5.6 we need to show that @(G,2) < 1/2 when G =
Aut(?G9(27)) and H = Ng(K), where K is a Sylow 37-subgroup of G. The command Q(G,H,2)
computes Q(G,2) = 85/27702 in 6 seconds.

In the proofs of Lemma 4.5.6 and Proposition 4.5.12, we need to compute Q~(G,2) (see (4.2.1)),
noting that Q(G,2) < Q(G,2). The following function Q2c returns the precise value of Q(G,2),
with input the permutation group G. Compare to the function Q above, the only difference is that

there are no IsConjugate commands needed for the function Q2c, which is a significant saving.

Q2c:=function(G,H);

C:=ConjugacyClasses (H) ;

Q:=PrimeDivisors (#H) ;

z:=0;

for r in Q do
a:={@ i : i in [1..#C] | C[il[1] eq r @};
A:={#G div #Centralizer(G,C[i][3]) : i in a};
A:=[x : x in A];
for i in [1..#A] do

c:=A[i];
B:=[j : j in a | (#G div #Centralizer(G,C[j]1[3])) eq cl;
E:=B;
while #E ge 1 do
j:=E[1];
x:=C[j]1[3];
d:=0;
F:=[];

for k in E do
Cx:=#Centraliser(G,x);
y:=C[k] [3];
if #Centraliser(G,y) eq Cx then
d:=d+C[k] [2];
Append (°F ,k) ;
end if;

end for;
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z:=z+d"~2/c;
E:=[x : x in E | x in F eq false];
end while;
end for;

end for;
return z, RealField(4)!z;

end function;

For example, if G = Aut(PQg(9)) and H is of type 0, (9%) x (0% (92), then we construct H in
MAGMA as the normaliser of a Sylow 41-subgroup of G, and the function Q2c computes

Q(G,2) = 1090030513829/3335430063721392000 =~ 3 x 10~7

in 5 hours. This case arises in the proof of Proposition 4.5.12.

A.1.2.4 Double cosets

Let G < Sym(Q) be a primitive group with point stabiliser H. As explained in Section 4.2.4, we
can work with (H,H) double cosets in order to bound or to compute r(G) (see (4.2.2)). If |Q| =
|G : H| <107 we can directly compute r(G) using the function DoubleCosetRepresentatives in
MAGMA. However, in some cases, |G : H| > 107 and so this method does not work well in MAGMA.
Instead, we can sometimes use the function DoubleCosetCanonical to establish the existence of
sufficiently many regular H-orbits to force Q(G,2) < 1/4, with the aim of proving Theorem 4.5.1.
This approach is implemented in the proofs of Propositions 4.5.11 and 4.5.12. More specifically,
the method is used to treat the cases where soc(G) = PSpg(3) with H of type Sps(3)1S4, and
G =PQJ(3).A4 with H of type O;(3)1Sy.

Example A.1.1. Suppose G = Aut(PSpg(3)) and H is of type Spy(3)1S4. Here
|G : H| = 16523386425 > 101°

and we use the function DoubleCosetCanonical to show that Q(G,2) < 1/4 proceeding as follows,

noting that G has a unique conjugacy class of soluble maximal subgroups.

=AutomorphismGroupSimpleGroup("S",8,3);

G:
M:=MaximalSubgroups(G:IsSolvable:=true);
H:=M[1] ‘subgroup;

m:

=Ceiling(0.75%Index(G,H) /#H); // m = 1657

repeat
g := Random (G);
a := DoubleCoset(G, H, g, H);

until #a eq #H"2;
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Im, base := DoubleCosetCanonical (G, H, g, H);
L :=[];
DC := [1;
for i in [1..1000000] do
if i mod 100 eq O then "test i = ", i; end if;
g := Random (G);
a := DoubleCoset(G, H, g, H);
if #a eq #H"2 then
Append (°L, g);
im := DoubleCosetCanonical (G, H, g, H: B := base);
Append (°DC, im);
r := #Set (DC);
i, #L, r;
if r ge m then break; end if;
end if;

end for;
The “for” loop takes 108.23 seconds. The final line of the output is
8218 6278 1557

which means that 8218 random elements g of G are chosen, 6278 of which are such that
|HgH|=|H I2, and they give 1557 distinct (H,H) double cosets with size |H 12, Therefore, there
are at least 1557 regular H-orbits, whence Q(G,2) < 1/4.

A.1.2.5 Sporadic groups

Now we present the code involved in the calculations for sporadic groups in Section 4.4.

First, we detail how we construct the primitive permutation groups G < Sym(Q2) with G €
{Ly, Th} and b(G) > 3, which arises in the proof of Proposition 4.4.1. In view of [30, Theorem 1],
the latter condition implies that 5(G) =3 and

(G,H) = (Ly,G2(5)), (Ly,3.McL:2), (Th,3D4(2):3) or (Th,25.L5(2)),

where H is a point stabiliser in G. Here we construct a matrix group G< GL4(q) isomorphic to G
with
(248,2) G=Th

(d,q)=4(11L,5) (G,H)=(Ly,G2(5))
(517,5) (G,H)=(Ly,3.McL:2).

This can be done in MAGMA using the function MatrixGroup. For example, MatrixGroup ("Th",1)
returns a group G < GLg4g(2). We then construct a subgroup H of G isomorphic to H using the
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generators from the Web ATLAS [123], and obtain a low-dimensional H-submodule of [Fg. This
allows us construct the permutation group G < Sym(Q) using the function OrbitImage.

As an example, we present the code we use for the case (G, H) = (Th,25.L5(2)) below, recalling
that our aim is to show that G is semi-Frobenius. Here the function OrbitImage, which returns
the permutation group G < Sym((2), requires a significant amount of RAM (around 171 GB). The
author thanks Saul Freedman for his assistance with this computation (which took 122 hours, as
he noted).

G:=MatrixGroup("Th",1);
SS:=function(S)

wl := S.1;
w2 := S.2;
w3 = wl * w2;

w4 = w3 *x w2;

wb = w4 * w3;

w6 := wb * wb;
wb := w3"15;
w7 = wid"9;

w8 = wh * w7;
wb := w3712;
w7 := w8 * wb;
wb = w4~16;
w8 := w7 * wb;
wb = w3"17;
w7 = w8 * wbh;
w8 = wr™-1;
w3 := w8 * w6;
w2 = w3 * w/;

return [wl,w2];
end function;
H:=sub<Generic(G) [SS(G)>;
MH:=GModule (H) ;
C:=Submodules (MH) ;
V:=C[2]; // dimension 5
f :=Morphism(V,MH) ;
U:=VectorSpace (MH) ;
W:=sub<U|U!f(V.1),U!£(V.2)>; // setting up V as a subspace of U
I:=0rbitImage(G,W);
FastMinSizeIsComplete(I); // true
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Next, we treat the special case (G,H) = (Figs,3'8.21%6 31%2 28 ) arising in the proof of
Proposition 4.4.1, and we show that G is semi-Frobenius with its action on [G : H]. Here b(G) =3
and |G : H| = 1252451200 > 10°, so the degree is too large for MAGMA to construct G using
CosetAction. Instead, we use the function DoubleCosetCanonical to verify that for each (H,H)
double coset representative x ¢ H, there exists an element y € G such that HNnH*nH?Y = 1. The

code is shown as below.

G:=Socle(AutomorphismGroupSimpleGroup("Fi23"));
M:=MaximalSubgroups (G:0rderEqual:=3265173504) ;
H:=M[1] ¢‘subgroup;
Gsize:=#G;
im,base:=DoubleCosetCanonical (G,H,H.1,H);
breps:=[im];
dcsize:=#H;
for g in G do
x:=DoubleCosetCanonical (G,H,g,H:B:=base);
if not x in breps then
Append ("breps,x) ;
dcsize:=dcsize+#DoubleCoset (G,H,g,H);
C:=H meet H"g;
found:=false;
repeat
y:=Random(G) ;
if #(C meet H"y) eq 1 then
found:=true;
end if;
until found;
if dcsize eq Gsize then
print "Done.";
break g;
end if;
end if;

end for;

In the proof of Theorem 4.4.4, we need to show that the common neighbour property (x) holds
for the permutation group G < Sym(Q) with G = Fig4 and point stabiliser H = (2 x 2.Fig):2. Here
b(@) = 3 by [30, Theorem 1]. Once again, the degree of G is too large for MAGMA to construct G as

a permutation group on (2, and so the function FastMinSizeComNeighbTest cannot be applied.
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Instead, we will show that there exists r,s € G\ H such that HNnH" nH®* =1 and 2|HrH| > |G/,
noting that this implies that val(G)/|Q2| > 1/2 and thus (x) holds.

To do this, we first construct H using the generators given in the Web ATLAS [123] (Version
2.0). Then we can find the elements r,s described above via random search as shown in the

following code.

G:=AutomorphismGroupSimpleGroup("Fi24") ;

wl:=G.1;
w2:=G.2;
w3:=wl*w2;
wé:=w3*w2;
wb:=wi*w3;
w6 :=w2"3;
W7 :=wi*wb;
w8:=w3*wb;
w9 =w7*W7;
wl0:=w9*w8;
wll:=w10"-1;
wl2:=wll*xw5;
w2:=wl2*w10;
H:=sub<G|wl,w2>;
repeat
r:=Random(G) ;

until 2*#DoubleCoset(G,H,r ,H) gt #G and exists(s){s : s in G |
#((H meet Conjugate(H,r)) meet Conjugate(H,s)) eq 1};
#DoubleCoset (G,H,r ,H); // 1429430650440473640960000

A.1.3 Random search for subsets with Hol(T',S)=1

Let G = T*.(Out(T) x S3) be a diagonal type primitive group (see Section 5.2.1). Recall Lemma
5.3.2 that G has at least 2 regular suborbits if and only if the holomorph Hol(T') has at least 2
regular orbits on the set of £-subsets of 7. We implement this approach in MAGMA by random
search, finding two random k-subsets of T' lying in distinct regular Hol(T")-orbits. The function
RanHol below is used in the proofs of Proposition 5.4.7 and Lemma 5.5.12. Here the input is a
simple group 7" and an integer %, and the function returns two k-subsets of T' (stored as {1,...,|T[}
in MAGMA) lying in distinct regular Hol(7')-orbits.

RanHol:=function(T,k);
G:=Holomorph(T);
d:=#T;
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repeat
A:=[];
B:=[1;

repeat // we keep adding elements to A until it is a k-set
Append (TA,Random([1..4]));
until #{x : x in A} eq k;
repeat
Append ("B,Random([1..d]));
until #{x : x in B} eq k;
A:={x : x in A};
B:={x : x in B};
S1:=Stabiliser(G,A);
S2:=Stabiliser(G,B);
until #51 eq 1 and #S52 eq 1 and not exists(g){g : g in G | B eq
{Image(g,x) : x in A}};
return A,B;

end function;

We only use the function RanHol when |T'| < 1092. For example, for the group T = Lg(13) with

|T| =1092, the command RanHol (T, 25) returns the following two random subsets in 40 seconds

{ 21, 32, 36, 111, 186, 187, 274, 312, 343, 364, 470, 489, 497, 501, 525, 679,
684, 686, 699, 723, 945, 982, 1007, 1038, 1091 }

{5, 13, 38, 101, 116, 125, 140, 156, 324, 341, 350, 395, 459, 473, 482, 547,
644, 788, 831, 857, 936, 944, 981, 986, 1077 }

To determine whether or not the two random subsets A and B obtained in the function RanHol
are indeed in distinct Hol(T')-orbits, we inspect every element g € Hol(T') and check whether or
not A% = B. This process, as well as the calculation of setwise stabilisers, becomes very expensive
when |T'| (and hence |Hol(T')|) is large. Thus, for the groups with |7'| > 1092, we implement the
approach described in Remark 5.3.7.

More precisely, we find two k-subsets of T' with suitable element orders by random search,
using the function RanHol0Order below. Once again, the input is a simple group 7" and an integer
k. With the notation in Remark 5.3.7(i), the function RanHol0Order finds two k-subsets X1 and
Xo containing 1 and satisfying the properties that (X;) =T, 0| =k, O; # {lx~1¢:te X} for any
x€X;\{1}, and Og #{lx"1¢|: t € X1}, where

0;=ltl:te X;}

is the set of element orders in X ;. The function returns O1 \ {1} and O2 \ {1}. As noted in Remark
5.3.7(1), the two k-subsets X1 and X9 are in distinct regular Hol(T")-orbits, and we only need to
use this method for £ <11.
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RanHolOrder:=function(T,k);

repeat
A:=[1;
B:=[1;

for i in [1..k-1] do
Append ("A,Random(T)) ;
Append ("B,Random(T)) ;
end for;
A:={x : x in A};
B:={x : x in B};
01:={0rder(x) : x in A};
02:={0rder(x) : x in B};
until ((#01 eq k-1 and #sub<T|A> eq #T and not exists(y){y : y in A |
{Order(y~(-1)*x) : x in A} eq 01 or {Order(y~(-1)*x) : x in A} eq
02}) and (#02 eq k-1 and #sub<T|B> eq #T and not exists(y){y : y in B |
{Order(y~(-1)*x) : x in B} eq 02}));
return 01,02;

end function;

For example, if T' = Fi'2 4 and k& = 8, the command RanHolOrder (T, k) returns the following in

40 seconds

{8, 17, 21, 26, 27, 29, 39 }
{ 14, 21, 24, 26, 33, 35, 36 }

This means that there exist subsets X and X9 of T lying in distinct regular Hol(T")-orbits such
that 1 €X1 ﬁXz, |X1| = |X2| = 8,

{lz]:te X1} =1{1,8,17,21,26,27,29,39} and {|¢| : t € Xo} = {1,14,21,24,26,33,35,36}.

A.1.4 Proof of Proposition 5.6.10

In this section, we present the MAGMA code involved in the proof of Proposition 5.6.10. Here we
assume
Teo = {Mlz,HS,SuZ,He,Jl,Jz,J3,Fi22,0,N, HN}.

We will handle the sporadic groups with T' ¢ of U {B,M} using GAP (see Appendix A.2.2).

First assume T € «f and T # HN. Here we first inspect the conjugacy classes of Aut(7") and
obtain an element y of order m, where m is as described in Table 5.4. Then we compute the group
I1(y), where

I(y)={a e Aut(T): y* € {y,y 1}
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is the group of automorphisms of T' centralising or inverting y. Note that if y is not Aut(T)-
conjugate to y 1, then I(y) = Cau()(y), otherwise I(y) = (Caut(r)(¥), 8), where g € Aut(T) is such
that y& =y~ L.

Recall that our aim is to show that for any z € T\ yT, there exists x € zT such that (x,y) =T
and there is no a € Aut(T) with (x,y)® = (x~1,y1), noting that the latter condition holds if
I(x)nI(y)=1 and one of x and y has order at least 3. For each T-class representative z € T\ yT
of prime order, one can obtain a random element x € z” satisfying (x,y) =T and I(x)nI(y) = 1.
This can be done with the aid of MAGMA via the following code. Here we present the calculation
for the group T = Figg, noting that other groups in &/ \ {HN} can be handled similarly.

:=C[61][3]; // an element in Table 5.4

:=[1 : i in [2..#C] | IsPrime(C[i][1]) and not i eq 61];

// a set of represetatives of prime order elements in T not conjugating to y
P; // output: [ 2, 3, 4, 5, 6, 7, 8, 14, 26, 36, 37, 49, 50 ]
Cy:=Centraliser(G,y);

G:=AutomorphismGroupSimpleGroup("Fi22");
T:=Socle(G);

t:=#T;

C:=Classes(T);

y

P

Y,g:=IsConjugate(G,y,y~(-1));
// y°g =y (-1), or g = Id(G) if y~g and y~(-1) are not G-conjugate
Iy:=sub<G|Cy,g>; // the group I(y)
for i in P do
z:=C[i][3];
Cz:=Centraliser(G,z);
Z,gz:=IsConjugate(G,z,z~(-1));
Iz:=sub<G|Cz,gz>; // the group I(z)
repeat
h:=Random(G) ;
x:=z"h; // a random element in z~T
Ix:=(Iz)"h; // the group I(x)
until #sub<T|x,y> eq t and #(Ix meet Iy) eq 1;
[Order(z) ,0rder (h),i];

end for;

The output is a sequence consisting of |z, |k| with x := 2 satisfying the prescribed properties,
and the class number of z in Classes(T).
We treat the group T = HN separately in the proof of Proposition 5.6.10. This is because

computing the conjugacy classes in this setting is expensive for MAGMA. We now present a method
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of constructing conjugacy classes of prime order elements without using the function Classes.
As before, we construct Aut(7") using AutomorphismGroupSimpleGroup, and 7' is constructed as
the socle of Aut(T).

First, let us construct an element y of order 19, which is an element of order as described in
Table 5.4. We work with a maximal subgroup H = U3(8).6 of Aut(7T'), which can be constructed
using the generators given in the Web ATLAS [123]. Note that a Sylow 19-subgroup S of H is of
order 19, and y can be obtained as a generator of S.

It is worth noting that S = Cauyr)(y). Thus, for an element g € Aut(T') such that y& = y~1,
which can be obtained as discussed in the above example, the set of elements in Aut(T') inverting
y is the coset gS. Thus, for an element x € T, if there is no element in gS inverting x, then there
is no element a € Aut(T') such that (x, y)* = (x~1, y~1). Given this observation, we do not need to
compute Cayuyr)(x), which is a significant saving.

Next, we construct representatives z of elements in T of prime order r < 19 (note that 19 is
the largest prime divisor of |T'|), so r < 11. Assume z is not of class 5B, 5C or 5D. Then 2TnK is
non-empty, where K = A19 is a maximal subgroup of 7. Here K can be constructed as a point
stabiliser of T'. Once again, since the degree of K is large, it is expensive for MAGMA to obtain
the set of conjugacy classes in K directly. To overcome this difficulty, we work with the group Ao
with its natural permutation representation on 12 points, in which the conjugacy classes of prime
order can be obtained easily. We are then able to obtain a set of K-class representatives of prime
order elements via an isomorphism of K and A 9.

Finally, assume z is of class 5B, 5C or 5D. Here z” nK is empty, so instead we work with a
maximal subgroup L = 21*8.(A5 x A5).2.2 of Aut(T'), noting that z” N L is non-empty. We then
work with a Sylow 5-subgroup of L, which is isomorphic to Cg.

The method explained above can be implemented in MAGMA via the following code.

G:=AutomorphismGroupSimpleGroup ("HN") ;
T:=Socle(G);
t . =#T,;

// construction of a maximal subgroup U(3,8).6 of Aut(T)

wl:=G.1;
w2:=G.2;

w3 = wl * w2;
wid = w3 * w2;
wb := w3714,

w6 = w4 * w4,
wd = w3 * w3;
w3 = w2 * w2;

w2 = w6 * w3;
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w3 = W2 * w4,
w2 := w3"-1;

w4 = w2 * wb;
w2 = w4 * w3;

H:=sub<G|wl,w2>; // H is isomorphic to U(3,8).6

S:=SylowSubgroup(H,19);

y:=8.1;

// an element in Table 5.4, noting that its centraliser in G is equal to S
Y,g:=IsConjugate(H,y,y~(-1));

Inv:={g*a : a in S}; // the set of elements in G inverting y

z:=y~(-1); // check the proposition for z = y~(-1)
repeat

h:=Random(G) ;

x:=z"h; // a random element in z~T

until #sub<T|x,y> eq t and not exists(a){a : a in Inv | x"a eq x~(-1)};

K:=Stabiliser(T,1); // a maximal subgroup of T isomorphic to Alt(12)
tr,f:=IsIsomorphic(Alt(12),K); // f is an isomorphism from Alt(12) to K
C:=Classes (A1t (12));
P:=[1i : i in [2..#C] | IsPrime(C[i][1]1)];
Ele:=[£f(C[i][3]) : i in P];
// the sequence of prime order elements which cover prime order classes
// other than 5B, 5C, 5D, 19A, 19B
for z in Ele do
// check the proposition for |z| < 19 and z is not of class 5B, 5C or 5D
repeat
h:=Random(G) ;
x:=z"h; // a random element in z"T
until #sub<T|x,y> eq t and not exists(a){a : a in Inv | x"a eq x~(-1)};

end for;

// construction of a maximal subgroup 2~(1+8).(A5xA5).2.2 of G
wl:=G.1;

w2:=G.2;
w3 = wl * w2;
wd = w3 * w2;
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wh = w4 * w2;
wb = w2 * w2;
w7 := wb * w3;
w8 := wr7"5;

w9 = w6 * w4;
wl0 := w9°-1;

wll := wl0 * w8;
wl2 := will * w9;
wl0 := w8 * wl12;

wll := wi10°5;

wl := w9 *x will;
w9 = w4 * w3;
wl0 := w9 * w4;
w9 := wi0~-1;
wll := w9 * w8;
w9 := will *x wi0;
wl0 := w8 * w9;
w9 := w10~15;

w2 = Wl * w9;

L:=sub<G|wl,w2>; // L is isomorphic to 2~ (1+8).(A5xA5).2.2

S2:=8ylowSubgroup(L,5);
// a Sylow 5-subgroup of L, which is isomorphic to 572 and contains
// elements of class 5B, 5C and 5D
for z in S2 do // check the proposition for z of class 5B, 5C and 5D
if Order(z) eq 5 then
repeat
h:=Random(G) ;
x:=z"h; // a random element in z~T
until #sub<T|x,y> eq t and not exists(a){a:a in Inv | x"a eq x~(-1)};
end if;

end for;

A.2 GAP code

Throughout this section, let G < Sym(£2) be an almost simple primitive sporadic group with
socle T and point stabiliser H. The character table of G can be accessed via the Character Table

Library of GAP [12], and one can use the function Maxes to access the character table of H unless
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G =M is the Monster group. Moreover, if G #M and (G, H) # (B, (22 x F4(2)):2), the fusion map

from H-classes to G-classes is also available in [12].

A.2.1 Probability

First, we present the function to compute Q(G,c), recalling that

~ ko xGnH|
Q(G5 C) = l—)
2; |G e

where U; x? is the set of elements of prime order in G. The input of the following function is the
character table of G, the character table of H and an integer c. It returns the precise value of

Q(G,¢).

Q:=function(T,t,c);
F:=FusionConjugacyClasses(t,T);;
0:=0rdersClassRepresentatives(t);;
P:=[1;;
for i in [1..8ize(0)] do

if IsPrime(0[i]) then

Add(P,i);;
fi;

od;

PO:=[];;

for i in P do
Add(PO,F[i]);;

od;

£f0:=Set (P0O);;

n0:=[1;;

for n in f0 do
N:=[1;;

for i in [1..Size(P)] do
if PO[i] = n then Add(N,P[i]);; fi;
od;
Add (n0,N);;
od;
S:=SizesConjugacyClasses(T);;
s:=SizesConjugacyClasses(t);;
q:=0;;
for i in [1..Size(n0)] do

n:=n0[i];;
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a:=0;;
for j in [1..Size(n)] do
a:=a+s[n[jl];;
od;
b:=S[£f0[il];;
qg:=q+a~c/(b~(c-1));;
od;
return q;;

end;

For example, in the proof of Theorem 4.4.4 we need to show that Q(G,b(G)) < 1/2 for the case
(G,H) =(Co1,3.Suz:2), noting that b(G) =4 by [30, Theorem 1]. The code

T:=CharacterTable("Col");;
M:=Maxes(T) ;;
t:=CharacterTable (M[2]);;
Q(T,t,4);

returns
12413565400307859/68375035904000000

which is the precise Q(G,b(G)). It is then routine to check that Q(G,b(G)) < 1/2.

Note that the function Q requires the information of the fusion map from H-classes to G-
classes. For the group with G =B and H = (22 x F4(2)):2, this information is not stored in GAP,
and so the function Q does not work. In this setting, we use the function PossibleClassFusions
instead of FusionConjugacyClasses, which returns the possible fusion maps. All possibilities
for this fusion yield the same value for Q(G, b(@)), which is

281269824015848730254/18329682579606295200703125 ~ 1.534 x 10~°.

A.2.2 Proof of Proposition 5.6.10

Finally, let us present the GAP code for the computations in the proof of Proposition 5.6.10 for
the groups with

Te%B:= {M]_]_; M22’ M23, M245 MCL’ J47 COl, CO27 003’ Ru7 Fi23’ Fi/24’ Th’ Ly}'

Recall that a T-conjugacy class yT is called a witness if for any z € T#, there exists x € 2T such
that (x,y) = T. In other words, yT is a witness if, for any z € T* or prime order, the probability
P.(y) that z and a uniformly random element in yT generate T is positive. As noted in [63, Section
2.2], we have

T
2" nK
1-pp< Yy 20K

T :(@z(y),
Ked(y 1271
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where #(y) is the set of maximal subgroups of T' containing y.

Our aim here is to determine whether or not there exists an element y € T' (with T € 98) such
that y~1 ¢ yA"D) and Q,(y) < 1 for all z € T*. Note that the former condition can be checked easily
via the function InverseClasses on the character table of Aut(7'), while the latter condition
implies that y7 is a witness. The elements y satisfying the required properties can be obtained
via the following code (here we take T = Fi;, as an example, and the other cases with T € %8 can

be handled similarly).

T:=CharacterTable("Fi24");;
G:="Fi24’";;
t:=CharacterTable(G);;
Fu:=FusionConjugacyClasses(t,T);;
Inv:=InverseClasses(T);;
0:=0rdersClassRepresentatives(t);;
m:=Maxes(t);;
D:=[1;;
for k in [1..Size(m)] do
t1:=CharacterTable(m([k]);;
chi:=TrivialCharacter(tl)"t;;
Add (D, [t1,chi]l);;
od;
P:=PrimeDivisors(Size(t));;
Q:=[1;;
for j in [2..Size(o)] do
if o[j] in P then Add(Q,j);; fi;

od;

for j in [2..Size(o)] do
B:=[1;;
F:=[1;;
c:=[1;;

for k in [1..Size(m)] do
t1:=D[k] [1];;
chi:=D[k] [2];;
if chil[j] > O then
Add(F,m[k]);;
Add(C,chil[j1);;
fi;
od;
for q in Q do

210



A.2. GAP CODE

z:=0;;

for k in [1..Size(m)] do
t1:=D[k] [1];;
chi:=D[k][2];;
z:=z+chi[jl*chil[q]*Size(t1)/Size(t);;

od;
Add(B,z);;
od;
a:=Fulj];;

if Maximum(B) < 1 and not Inv[al = a then
Print (AtlasClassNames(t) [j]1,"\n",F,"\n",C,"\n","\n");
fi;
od;

The output is as follows:

234
[ "Fi23", "F3+M7" ]
[1, 1]

23B
[ "Fi23", "F3+M7" ]
[1, 1]

which means that there are precisely two witnesses yT such that y=! ¢ yAu(T)

, namely the classes
23A and 23B. In either case, y has precisely 2 maximal overgroups in 7', which are isomorphic to

Figs and 211.Mayy, respectively.
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